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Question 1

(a) Give the definition of the norm on a vector space X. [1]

(b) Define what it means for two norms on a vector space X to be equivalent. [1]

(c) Let X := C[0, 1] be the space of all continuous functions f : [0, 1]→ R and let

‖f‖1 := max
x∈[0,1]

{
(x− x2)|f(x)|

}
, ‖f‖2 := max

x∈[0,1]

{
sin(x)|f(x)|

}
.

Are these two norms on X equivalent? Justify your answer. [6]

(d) Let (X, d) be a metric space and let U, V ⊂ X.

(i) Give the definition of a closure V̄ of the set V . [1]

(ii) Prove by first principles that the closure V̄ is a closed set. [4]

(iii) Prove that U ∪ V = Ū ∪ V̄ . [4]

(e) Let (X, d) and (Y, d) be two metric spaces and f : X → Y be a function.

(i) Define what it means for a function f : X → Y to be continuous at x0 ∈ X. [2]

(ii) Let X = Y = l∞ with the standard sup-metric and let

f(x) := (cos x1, cos(2x2), · · · , cos(nxn), · · · ).

Is this function continuous at x = 0? Justify your answer. [6]

SEE NEXT PAGE
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Question 2

(a) Let (X, d) be a metric space.

(i) Define what it means for (X, d) to be compact. [1]

(ii) Define what it means for a metric space (X, d) to be separable. [1]

(iii) Prove that any compact metric space is separable. [6]

(b) (i) Define what it means for the metric space (X, d) to be complete. [1]

(ii) Define what it means for the metric space (X̃, d̃) to be a completion of the metric
space (X, d). [3]

(iii) Let X := C[0, 1] be the space of all continuous functions f : [0, 1] → R endowed
with the following norm:

‖f‖ := sup
x∈[0,1]

{x|f(x)|}.

Is this space complete? Justify your answer. Hint: Think about the function
f(x) := 1√

x
. [6]

(c) (i) Define the Lebesgue space Lp(0, 1) where 1 ≤ p <∞. [1]

(ii) Let f(x) := 1
(1−x)

√
x
. Does the function f belong to the space L1(0, 1)? Justify

your answer. [6]

SEE NEXT PAGE
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Question 3

(a) Let (X, d) be a metric space and F : X → X be a function. Define what it means for F
to be a contraction onX and state the Banach contraction theorem. [4]

(b) Let X := R2 and let f : X → X be defined by

f(x) :=

(
1
2
x1 + 5x2

1
2
x2

)
, x =

(
x1
x2

)
∈ R2.

(i) Prove that f : X → X is not a contraction in X endowed with the standard
Euclidean norm. [3]

(ii) Prove that f is a contraction in X endowed with the following norm:

‖x‖ := |x1|+ 20|x2|.

[5]

(c) Let the sequence {xn}∞n=1 ⊂ R be defined by

x1 = 0, xn+1 =
√

6 + xn, n ∈ N.

Prove that the sequence is convergent and find its limit.

Hint: Prove that the map f(x) :=
√

6 + x is a contraction on X := [0,∞) with the
standard norm. [5]

(d) Let X := C[0, 1] be the space of continuous functions f : [0, 1] → R and let the map
F : X → X be defined as follows:

F (f)(x) :=
1

2
f(x) + 1 +

∫ x/2

0

sf(2s) ds.

(i) Prove that F is a contraction on X with the usual sup-norm. [5]

(ii) Find the fixed point of F . [3]

SEE NEXT PAGE
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Question 4

(a) Let H be a real vector space.

(i) Give the definition of the inner product (x, y) on H. [3]

(ii) State the Cauchy-Schwarz inequality. [1]

(iii) Let (x, y) be an inner product on H. Using the Cauchy-Schwarz inequality prove
that ‖x‖ :=

√
(x, x) is a norm on H. [4]

(iv) Let {en}∞n=1 be an orthonormal base in H. State the Bessel equality. [1]

(v) Let (x, y) be an inner product on H and ‖x‖ be the corresponding norm. Prove
that

‖x+ y‖2 + ‖x− y‖2 = 2(‖x‖2 + ‖y‖2).
[2]

(vi) Let H := C[0, 1] endowed with the standard sup-norm ‖f‖sup. Is it possible

to find an inner product (f, g) on H such that ‖f‖sup =
√

(f, f)? Justify your
answer. [4]

(b) Let f(x) = x3, x ∈ [−π, π], with the classical Fourier series

f(x) ∼ −2
∞∑
n=1

(−1)n(π2n2 − 6)

n3
sin(nx)

(the coefficients an and bn are already found for you). Let also

fN(x) = −2
N∑
n=1

(−1)n(π2n2 − 6)

n3
sin(nx)

be the corresponding partial sums.

(i) What is the point-wise limit of fN(x) as N → ∞? Is the convergence uniform
with respect to x ∈ [−π, π]? Justify your answer. [5]

(ii) Prove that
∞∑
n=0

(−1)n

(2n+ 1)3
=
π3

32
.

Hint: Look at x = π
2

in the Fourier expansions of f(x). You may also use that
π
4

=
∑∞

n=0
(−1)n
2n+1

without proving this. [5]

END OF PAPER
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Informal Solutions

Question 1.

a) A function x→ ‖x‖ (X → R) is a norm on X iff:
1) ‖x‖ ≥ 0 for all x ∈ X and ‖x‖ = 0 iff x = 0.

2) ‖λx‖ = |λ|‖̇x‖ for all x ∈ X and λ ∈ R.
3) ‖x+ y‖ ≤ ‖x‖+ ‖y‖ for all x, y ∈ X. [book]

b) Two norms ‖ · ‖1 and ‖ · ‖2 on a vector space X are equivalent if
there are positive constants l and L such that

l‖x‖1 ≤ ‖x‖2 ≤ L‖x‖1
for all x ∈ X. [book]

c) These norms are not equivalent. Indeed, let us consider the func-
tion

Q(x) :=
x− x2

sinx
.

This function is continuous and nonnegative for all x ∈ [0, 1], but
Q(0) = 0 . Let us consider the sequence of spikes localized near x = 1,
say, fn(x) := 1− n(1− x) for x > 1− 1/n and x = 0 otherwise. Then,

lim
n→∞

‖fn‖2 = lim
n→∞

sup
x∈[1−1/n,1]

sin(x)|fn(x)| = sin(1).

On the other hand,

lim
n→∞

‖fn‖1 = lim
n→∞

sup
x∈[1−1/n,1]

x(1− x)|fn(x)| = 0

and the norms are not equivalent. [seen similar]

d)
(i) The point x ∈ X belongs to V̄ iff there exists a sequence xn ∈ V

such that xn → x in (X, d). [book]

(ii) Let xn ∈ V̄ be a sequence such that xn → x in (X, d). We need
to prove that x ∈ V̄ , so we need to find yn ∈ V such that yn → x. Since
xn is a limit point of V , we may find yn ∈ V such that d(xn, yn) < 1/n.
Then, by triangle inequality

d(x, yn) ≤ d(x, xn) + d(xn, yn) <
1

n
+ d(x, xn)

and d(x, yn)→ 0 which means x ∈ V̄ and V̄ is closed. [book]

(iii) Let x ∈ U ∪ V . Then there exists a sequence xn ∈ U ∪ V such
that xn → x. This means that at least one of the sets U or V (say,
U for definiteness) contains infinitely many points of xn, i.e., there is

1
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a subsequence xnk
∈ U which is convergent to x. Thus, x ∈ Ū and

U ∪ V ⊂ Ū ∪ V̄ .
Assume now that x ∈ Ū ∪ V̄ . Then x ∈ Ū or x ∈ V̄ and there

exists a sequence xn ∈ U or xn ∈ V such that xn → x. In both cases
xn ∈ U ∪ V and therefore x ∈ U ∪ V .[seen similar]

e)
(i) The function f : X → Y is continuous at x0 ∈ X if for every

ε > 0 there exists δ = δ(ε) > 0 such that d(f(x), f(x0)) < ε for all
x ∈ X satisfying d(x, x0) < δ.[book]

(ii) This function is not continuous at x = 0. Indeed, let en be the
nth coordinate vector in l∞ and let xn := 1

n
en. Then, obviously, xn → 0

as n→∞. But

f(xn) = (1, 1, · · · , cos 1, 1, · · · ), ‖f(xn)− f(0)‖l∞ = 1− cos 1.

Thus, f(xn) does not tend to f(0) and the function is not continuous.[seen similar]
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Question 2.
a)
(i) The metric space (X, d) is compact if any sequence in X has a

convergent subsequence. [book]

(ii) The metric space (X, d) is separable if there exists a dense count-
able subset of it. [book

(iii) Let (X, d) be compact. Then, due to the Hausdorff criterion, for
any ε > 0 there exists a finite ε-net Cn ⊂ X. Let us take V := ∪∞n=1Cn.
Then this set is countable (as a countable union of finite sets) and is
dense. Indeed, let x ∈ X be arbitrary. Then, by the definition of Cn,
there exists xn ∈ Cn ⊂ C such that d(x, xn) < 1/n. Thus xn → x and
x ∈ C̄. [seen similar]

b)
(i) The space (X, d) is complete if any Cauchy sequence in it is

convergent. [book]

(ii) The space (X̃, d̃) is a completion of the metric space (X, d) if

a) (X̃, d̃) is complete.

b) X is a dense subset of (X̃, d̃).

c) d̃(x, y) = d(x, y) for all x, y ∈ X. [book]

(iii) This space is not complete. Indeed, let us consider the contin-
uous approximations fn(x) to f(x) = 1√

x
defined by

fn(x) :=

{
f(x), x > 1

n
,√

n, x ≤ 1
n
.

Then

‖f − fn‖ = sup
x≤1/n

{x(
1√
x
−
√
n)} =

1√
n

sup
y≤1
{√y − y} =

1

4
√
n

and therefore {fn} is a Cauchy sequence in X:

‖fn − fn+m‖ ≤ ‖f − fn‖+ ‖f − fm‖ =
1

4
√
n

+
1

4
√
n+m

≤ 1

2
√
n
.

We claim that it does not have a limit in X. Indeed, let g ∈ C[0, 1] is
a limit of it. Then,

‖f − g‖ ≤ lim
n→∞

(‖f − fn‖+ ‖fn − g‖) = 0.

Thus, f = g which is impossible since f is discontinuous at x = 0. [unseen]
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c)
(i) The Lebesgue space Lp(0, 1), 1 ≤ p < ∞ is a completion of the

space C[0, 1] with respect to the norm

‖f‖L1 :=

(∫ 1

0

|f(x)|p dx.
)1/p

[book]

(ii) The function f is continuous on [0, 1] except of two points x = 0
and x = 1. According to the criterion, we need to check whether or
not the following improper Riemann integral is finite:

I := lim
ε→0

∫ 1−ε

ε

|f(x)| dx = lim
ε→0

∫ 1/2

ε

f(x) dx+lim
ε→0

∫ 1−ε

1/2

f(x) dx := I1+I2

Let us start with I2. Since 1 ≤ 1√
x
≤
√

2, we have

J ≤ I2 ≤
√

2J, J := lim
ε→0

∫ 1−ε

1/2

1

1− x
dx.

Integral J can be found using the Newton-Leibnitz formula:

J = lim
ε→0

ln
1

1− x
∣∣1−ε
x=1/2

= lim
ε→0

(ln
1

ε
− ln 2) =∞

and f /∈ L1(0, 1).[seen similar]
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Question 3.

a) A function f : X → X on a metric space (X, d) is a contraction
if there exists a number κ < 1 such that

d(f(x), f(y)) ≤ κd(x, y).

for all x, y ∈ X.
The Banach Contraction Theorem: If (X, d) is a complete metric

space and f is a contraction on (X, d) then f has a unique fixed point
p (i.e., the equation f(x) = x has a unique solution x = p). This point
can be obtained as a limit of iterations xn+1 = f(xn) starting from any
point x0 ∈ X. [book]

b)
(i) Let x = 0 and y = (0, 1). Then f(0) = 0 and f(y) = (5, 1/2).

Therefore, ‖x− y‖2 = 1 and ‖f(x)− f(y)‖2 = 1
2

√
101 > 1 and f is not

a contraction. [seen similar]

(ii) Let x = (x1, x2) and y = (y1, y2). Then

‖f(x)−f(y)‖ = ‖f(x−y)‖ = |1
2

(x1−y1)+5(x2−y2)|+10|x2−y2| ≤

≤ 1

2
|x1 − y1|+ 15|x2 − y2| ≤

3

4
(|x1 − y1|+ 20|x2 − y2|) =

3

4
‖x− y‖

and f is a contraction with κ = 3
4
. [seen similar]

c) The map f is a contraction on X = [0,∞) since

|f ′(x)| = 1

2
(6 + x)−1/2 ≤ 1

2
√

6
< 1

and, due to the mean value theorem,

|f(x)− f(y)| ≤ κ|x− y| with κ :=
1

2
√

6
< 1.

Thus, by the Banach contraction theorem, the sequence xn is conver-
gent to p which is a unique fixed point for f on X. The fixed point
satisfies p2 = p+ 6 and p = 3. [unseen]
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d)
(i) Let f1, f2 ∈ C[0, 1]. Then

|F (f1)(x)−F (f2)(x)| = 1

2
|(f1(x)−f2(x))+

∫ x/2

0

s(f1(2s)−f2(2s)) ds| ≤

≤ 1

2
|f1(x)− f2(x)|+ max

s∈[0,1/2]
|f1(2s)− f2(2s)|

∫ x/2

0

s ds ≤

≤ (1/2 + 1/8)‖f1 − f2‖sup =
5

8
‖f1 − f2‖sup.

Therefore, ‖F (f1)− F (f2)‖sup ≤ 3/4‖f1− f2‖sup and F is contraction.[seen similar]

(ii) The unique fixed point p ∈ C[0, 1] should satisfy the equation

p(x) =
1

2
p(x) + 1 +

∫ x/2

0

sp(2s) ds.

From this equation we see that p must be continuously differentiable
and p(0) = 2. Differentiating this equation by x, we find 1

2
p′(x) −

1
4
xp(x) = 0 and p(x) = 2ex

2/4.[seen similar]
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Question 4.
a)

(i) A bi-linear form (x, y) on a real vector space V is an inner product
iff

1) It is symmetric: (x, y) = (y, x);
2) Positive definite: (x, x) ≥ 0 and (x, x) = 0 iff x = 0. [book]

(ii) Cauchy-Schwarz inequality: |(x, y)| ≤ ‖x‖‖y‖. [book]

(iii) Positivity and homogeneity are obvious, so we only need to
check the triangle inequality. Let x, y, z ∈ H. Then, we need to check
that ‖x + y‖ ≤ ‖x‖ + ‖y‖. Squaring this inequality and using the
Cauchy-Schwarz, we get

‖x+y‖2 = (x+y, x+y) = ‖x‖2+‖y‖2+2(x, y) ≤ ‖x‖2+‖y‖2+2‖x‖‖y‖ = (‖x‖+‖y‖)2.
[book]

(iv) Bessel inequality:
∑∞

n=1(x, en)2 ≤ ‖x‖2. [book]

(v)

‖x+y‖2+‖x−y‖2 = ‖x‖2+‖y‖2+2(x, y)+‖x‖2+‖y‖2−2(x, y) = 2(‖x‖2+‖y‖2)
[unseen]

(vi) Let f(x) ≡ 1 and g(x) = x. Then, ‖f‖sup = ‖g‖sup = 1,
‖f + g‖sup = 2 and ‖f − g‖sup = 1 and the parallelogram law is not
satisfied. [unseen]

b)
(i) Extend the function f(x) = x3 periodically from x ∈ [−π, π] to

the whole real line. Then the obtained function fper(x) will be piece-
wise continuous and piece-wise smooth with jumps at points xn =
π + 2πn, n ∈ Z. At jump points we define fper by

fper(xn) =
fper(xn+) + fper(xn−)

2
= 0.

By the Dirichlet theorem, the Fourier sums converge point-wise to the
limit function

(1) flim(x) = fper(x), x ∈ R.

This convergence is not uniform since the limit function is not contin-
uous. [seen similar]
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(ii) Let us put x = π
2

into the Fourier expansions of f(x) = x3.

Then, using sin(πk) = 0 and sin((k + 1/2)π) = (−1)k, we get

π3

8
= 2

∞∑
k=0

(−1)k
(

π2

2k + 1
− 6

(2k + 1)3

)
= 2π2

∞∑
k=0

(−1)k

2k + 1
−12

∞∑
k=0

(−1)k

(2k + 1)3
.

Since
∑∞

k=0
(−1)k
2k+1

= π
4
, we get the desired formula.[seen similar]
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