MAT3004. COURSEWORK 2. AUTUMN 2012.
DEADLINE: DECEMBER 4, 2012

Problem 1. Let X := C[0,7], T > 0 be the space of continuous functions on
[0, 7] and let the function T': X — X be defined as follows:

(Tgb)(l‘):lﬁ-/om%d

a) Prove that, for every 7 > 0, T is a contraction on X = C|0, 7] with the usual
sup-norm.

b) Find the fixed point of this map.

Problem 2. Prove that it is impossible to find an inner product (-,-) on C|a, b]
such that |2, = (/. )

Problem 3. Orthogonalize functions {1, z, 2%, 23} C L?(—1,1) with respect to
the usual inner product (f,g) := f_ll f(z)g(z) dx.

Problem 4. Let f(z) =sin(z/2), x € [—m, 7.

a) Find the coefficients a,, and b,, for the Fourier expansions of f:

f(x) ~ag+ i a, cos(nx) + by, sin(nz)

n=1

b) Find the point-wise limit of these series. Is the convergence uniform? Justify
your answer.

c¢) Compute the sum » 7, (4;12—)11'



SOLUTIONS

Problem 1. For two functions ¢, ¢2 € C[0, 7], we have

(Ton)(e) - (o)) = | [ 2 sy < [ 18l <
ds

> d
<161 = dallown [ 5z < 101 = Gallus [ 515z = 101 el

Since w/4 < 1, T is a contraction with the contraction factor m/4.
To find the fixed point y € C|0, 7], we need to solve the equation

y(x):1+/0 %d&

From this equation, we see that y € C'[0,7] and y(0) = 1. Differentiating this
equation in x, we have

y(z) dy  da

A S - C 1/2 arctan(z)
21 +22) y  2(1+a2) c

y'(z) = y(z) =

and using y(0) = 0, we see that y(z) = e!/2arctan(z)
Problem 2. Assume that such scalar product exists. Then, due to the paral-

lelogram law, we should have

201 3up +19120p) = I1F + gllZup + 11f = 9ll20p-

Without loss of generality, we may consider the case of C[—1, 1] only. Indeed, there
is an isometry f — f

—a b+a
x+2

)= 1 ), feCl-11

between C[—1,1] and Cla,b] which reduces the general case to the case of space
C[-1,1].
Take now f(z) = x and g(z) = 1. Then,

||f||suzu ||9||sup 1, ||f +9||sup = ||f - QHSUP =2

and the parallelogram law is violated. Thus, Cla, b] is not a Hilbert space.
Problem 3. Note that {1,22} is already orthogonal to {z, 23}, so we only need
to orthogonalize this two systems. We see that

2 2 2
||1||2:27 (17:1"2):5; ||‘/BH2:§7 (xaxg): g
and
I 2 (LxQ) PR /1 2
e1=——, e3 =1a° — 1=z ——, |les||* = r—1/3)*de = —
1= 50 é i 3 el = [ @-1/3Pde =



Thus, e3 = % g(x2 — %) Analogously, e; = \/ga: and

3 1
g (z,27) 3 3 5112 / 33 o 8
_ _ 2 _ 22 dr =
éy== BE z° — £, ||€4]| _1(35 51’) T = oe
and 4 = 34/% (2% — 2x)

Problem 4. The function is odd, so all a,, = 0. To compute b,,, we use that

sin(z/2) sin(nz) = §(cos(n — 1/2)x — cos(n + 1/2)z). Therefore,

by, = %/W sin(z/2) sin(nz) de = %/077 cos(n +1/2)x — cos(n — 1/2)xdx =

—Tr

_ 1 ( L in(n+1/2)7 - — - sin(n — 1/2)7r> =

T \n+1/2 n—1/2
~ —cos(mn) 1 1 _ 8n(-1)"
B s (n+1/2+n—1/2)__7r(4n2—1)'
Thus,
(1) sin(z/2) ~ _2 3 fl;j)_n % sin(nz).
n=1

The function f(x) = sin(z/2) is piece-wise C! and its periodic extension fpe, ()
has jumps at * = 27n+m, n € Z. Due to the Dirichlet theorem, we have point-wise
convergence of the partial sums

fper(z), x# (2n+1)m
In(@) = { 0, z=(2n+1)m.

The convergence is not uniform since fpe,(x) is not continuous.

c) Oops! It seems that you cannot compute the series by just taking the proper
value of z in (1). However, the series can be reduced to the telescopic one and
computation of b, gives a hint how to do that. Indeed, ;—=— = %(n—ll 7ta +11 /2)
and therefore

;4712_1_é(—(1/2+3/2)+(3/2+5/2)—(5/2+7/2)+...)_




