MAT3004. FUNCTION SPACES: MoOCK-TEST 1. OCTOBER 29TH 2019

Question 1.

a) (2 points). Define what it means for a function d : X? — R to be a metric
on a set X.

b) (1 point). Define what norms on a vector space X are called equivalent.

c) (1 point). Give a definition of a Banach space.

Question 2. Give examples of metric spaces X and sets A and B such that

a) (2 points).
J(ANB) ¢ 0ANOB.

b) (2 points).
0ANOB ¢ 0(AN B).

Question 3. Let X := [, be a space of bounded sequences and let
lally == sup {la(n)[}, lall2 := sup {sin*(n)|a(n)|} .
neN neN

a) (2 points). Prove that ||a||2 is a norm on X.

b) (3 points). Are the norms |lall; and [ja||2 on X equivalent? Justify your
answer.
Hint: You may use without proving that

lim inf sin®(n) = 0.
n—oo



SOLUTIONS

Question 1

a) A function d : X? — R is a metric on a set X if the following properties are
satisfied:

1. Positivity: d(z,y) > 0 and d(z,y) =0 iff z = y;

2. Symmetry: d(z,y) = d(y, z);

3. Triangle inequality: d(x,y) < d(x,z) + d(y, 2).

b) Two norms || - ||; and || - ||2 are equivalent if there are positive constants C;
and (5 such that
Cillzfly < flzfl2 < Collzf, Ve X.

¢) By definition, Banach space is a complete normed space.

Question 2.
a) For instance X =R, A =10,2], B =[1,3].

b) Take, e.g., X =R, A=(0,1), B
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Question 3.

a) Homogeneity and triangle inequality are obvious. Also ||alj2 > 0, so we only
need to check that |laljo > 0 for a # 0. This follows from the fact that sin?(n) # 0
for all n € Z. Indeed, sin®(x) = 0 iff 2 = mn, n € Z and since 7 is irrational there
are no natural numbers in this list.

b) The norms are not equivalent. Indeed, using the hint, let us take a sequence
{n}32 of natural numbers such that sin®(ny) < +. Take a sequence aj, € [*° by
the following formula:

{ 0, n # nk

ag(n) = 1, n=ny

Then, obviously [lax||1 = 1, but [lagllzs = sin*(nk) < £+ — 0 as k — oo and the
norms are not equivalent.



