
Monotone Convergence Theorem and applications

Let me recall that a sequence {an}∞n=1 ⊂ R is convergent to L ∈ R if for every
ε > 0 there exists N = N(ε) such that an ∈ Oε(L) for all n > N . Here and below
Oε(L) = (L − ε, L + ε) is the ε-neighbourhood of L (= the set of all points which
are on a distance less than ε from L).

Thus, to prove that the sequence is convergent one needs to estimate from above
the value |an−L| for large n and show that it become arbitrarily small if n is large
enough. This is well adapted to the case where L is explicitly known OR at least
you have a good candidate for L (say, L = 1 or L =

√
2) defined independently of

the limit.
But very often in analysis one uses the limit procedure to define a new number

or function which you cannot define without the limit! In this situation the value of
L is not a priori known and you cannot estimate |an − L| and verify the existence
of the limit in a straightforward way. What should we do in this case?

Example. Let us consider the exponential function f(x) = ex. One of the
natural ways to define it is to use the Taylor expansions

ex :=

∞∑
k=0

xk

k!
.

But, in order this definition to make sense, we need to verify the convergence of

this series! This means we need to consider the sequence Sn(x) :=
∑n

k=0
xk

k! and
verify that this sequence is convergent for every fixed x ∈ R. Then, the exponent

ex := lim
n→∞

Sn(x)

will be well defined. Before this is proved, ex makes no sense and we cannot estimate
|Sn−ex| for large n. Of course, you may try to use other definition of the exponent,
but ALL of them use the limit procedure. For instance, natural alternative defs are

1) ex = limn→∞(1 + x
n )n - presence of the limit is obvious;

2) y(x) = ex as a solution of y′(x) = y(x), y(0) = 1 - the limit is ”hidden” here
in the proof of the existence of such solution;

3) ex is the inverse function to lnx and lnx :=
∫ x

1
dx
x - limit is ”hidden” in the

def of the integral (= limit of integral sums).
Thus, we need proper tools to verify the existence of a limit without knowing the

value of L. The Monotone Convergence Theorem (MCT) is one of such tools which
works perfectly with monotone sequences.

Let me recall that the sequence {an}∞n=1 ⊂ R is monotone increasing if an+1 ≥
an for all n. If an+1 > an for all n, the sequence is called strictly increasing.
Analogously, it is monotone decreasing if an+1 ≤ an and is strictly decreasing if
an+1 < am for all n ∈ N. The sequence which is monotone increasing OR monotone
increasing is called monotone.

I also recall that the sequence {an}∞n=1 is bounded from above if there exists
C ∈ R such that an ≤ C for all n. Analogously, it is bounded from below if an ≥ C
for all n. A sequence is called bounded if it is bounded from above AND from below.

Theorem (Monotone Convergence Theorem). Any monotone increasing and
bounded from above sequence is convergent in R.
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Proof. Let the sequence {an}∞n=1 be monotone increasing and bounded from above.
We first utilize boundedness. Indeed, by the completeness axiom, the supremum
L := supn∈N an exists. Next, we utilize monotonicity to prove that supremum will
coincide with limit.

Indeed, let ε > 0 be arbitrary. Since L is the least upper bound (by the def of
sup), the number L− ε is not an upper bound. So, there exists N = N(ε) ∈ N ⊂ R
such that aN > L− ε. Let now n > N . By monotonicity we have

an ≥ aN > L− ε

and by the definition of supremum an ≤ L. Therefore, |an − L| < ε for all n > N
and the convergence is proved. �

Corollary. Let {an}∞n=1 be monotone decreasing and bounded from below. Then
it is convergent.

The proof is analogous. Or you may formally apply the previous theorem to the
sequence {−an}∞n=1.

Remark. The MCT not only proves the existence of the limit, but also gives
the important formula for it, namely,

lim
n→∞

an = sup
n∈N

an

(for the case of increasing sequences) and the analogous formula with inf for de-
creasing one.

The analogous reasons show that if {an}∞n=1 is not bounded from above, we have

lim
n→∞

an = +∞

and limn→∞ an = −∞ if {an} is decreasing and not bounded from below. Thus,
the boundedness assumption can be omitted if you allow the limit to be infinite.
Please, do not omit boundedness at Tests/Exams! Can be easily treated as a mistake
if not properly explained!!!

Remark. Let sequence {an}∞n=1 be monotone increasing. Then it is clearly
bounded from below by a1, so boundedness and boundedness from above is equiv-
alent here. Analogously in the case of monotone decreasing sequences. By this
reason MCT is often formulated in a shorter way. namely, ”Any monotone and
bounded sequence is convergent”. This is allowed for tests and exams!

Remark. Note also that the proof of MCT is crucially based on the existence
of sup provided by the completeness axiom. Actually it can be shown that MCT
is equivalent to the completeness axiom, but we will not do it in this course.

We apply this theorem to define exponent ex with non-negative x. The case
x < 0 will be studied later when we learn the Cauchy theorem.

Example. Let us consider the sequence of partial sums Sn(x) :=
∑n

k=0
xk

k! for
a fixed x > 0. Then

Sn+1 − Sn =
n+1∑
k=0

xk

k!
−

n∑
k=0

xk

k!
=

xn+1

(n+ 1)!
≥ 0,
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so the sequence is monotone increasing for every fixed x ≥ 0. Let us prove that it
is bounded from above. To this end we need an inequality proved on the previous
lecture. Namely, for every x > 0 there exists a positive number C = C(x) such that

xk

k!
≤ C

2k
∀k ∈ N.

Using this inequality, we estimate

Sn(x) =
n∑

k=0

xk

k!
≤ C

n∑
k=0

1

2k
= C

1− 2−n−1

1− 2−1
< 2C

where we have used the summation rule for the geometric progression. Thus,
{Sn(x)}∞n=1 is monotone increasing and bounded from above. By the MCT it
is convergent and ex is well defined at least for x > 0. �

Example. We establish the famous Euler limit ex = limn→∞(1 + x
n )n (for non-

negative x ∈ R only). Of course it holds for all x ∈ R and even x ∈ C, but we do
not have the proper technical tools for proving this yet.

Let An = An(x) :=
(
1 + x

n

)n
. We first transform it to a more convenient form

using the binomial law

(x+ y)n =
n∑

k=0

Ck
nx

kyn−k, Ck
n :=

n!

k!(n− k)!
=
n(n− 1) · · · (n− k + 1)

k!
.

This gives

An =

n∑
k=0

n!

k!(n− k)!nk
xk =

n∑
k=0

n

n
· n− 1

n
· · · n− (k − 1)

n

xk

k!
=

=

n∑
k=0

(1− 1

n
)(1− 2

n
) · · · (1− k − 1

n
)
xk

k!

and denoting B(n, k) := (1− 1
n )(1− 2

n ) · · · (1− k−1
n ), we rewite An as follows

An =
n∑

k=0

B(n, k)
xk

k!
.

Let us prove that An is bounded from above. Indeed, since obviously B(n, k) ≤ 1,
we have

An ≤
n∑

k=0

xk

k!
= Sn(x) ≤ ex

where Sn(x) is nth partial sum for ex. The existence of the limit ex = limn→∞ Sn(x)
is proved in the previous example, so everything is well defined and An(x) ≤ ex.
Thus, the boundedness is proved.

Let us check monotonicity. Indeed, since (1 − a
n ) < (1 − a

n+1 ) for all a > 0

multiplying these inequalities for a = 1, 2, · · · , k − 1, we see that B(n + 1, k) >
B(n, k). Therefore,

An+1 =
n∑

k=0

B(n+ 1, k)
xk

k!
+B(n+ 1, n)

xn+1

(n+ 1)!
>

n∑
k=0

B(n, k)
xk

k!
= An.
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Thus, by MCT, the limit A(x) := limn→∞(1 + x
n )n exists for every x ≥ 0 and we

have also established that A(x) ≤ ex.
Let us prove the opposite inequality A(x) ≥ ex. To this end, we take an arbitrary

m and write for n > m

m∑
k=0

B(n, k)
xk

k!
≤

n∑
k=0

B(n, k)
xk

k!
= An

and pass to the limit n→∞ here. The right-hand side converges to A(x) as already
proved. To pass to the limit in the left-hand side we note that there are only finitely
many terms there and limn→∞B(n, k) = 1 for all k. Therefore, the left hand side
is convergent to Sm(x) and we get

Sm(x) ≤ A(x) ≤ ex.

Now it is time to pass to the limit m→∞ here and get A(x) = ex. �
Remark∗. Let me explain where this limit (limn→∞

(
1 + x

n

)n
) comes from and

why it is important. Let us try to solve approximately the differential equation
y′ = y with the initial data y(0) = 1 and find the approximation of y(x) for some
x > 0. To this end, we divide the segment [0, x] by n segments of length h := x

n .
After that we replace the derivative y′ by its approximate value

y′(kh) ≈ y((k + 1)h)− y(kh)

h
, yk := y(kh)

and get the approximate difference equation

yk+1 − yk
h

= yk, y0 = 1 ⇒ yk+1 = (1 + h)yk ⇒ yk = (1 + h)k.

Since h = x
n , we get y(x) ≈ yn =

(
1 + x

n

)n
. Thus, we expect that for large n our

approximation becomes better and better and in the limit we expect

y(x) = ex = lim
n→∞

(
1 +

x

n

)n
.

The proved result shows that it is really the case. The above described approxima-
tion scheme is called the Euler method for solving the ordinary differential equations
numerically.

Next example will be related with the rate of divergence of the so-called harmonic
series.

Example. Let

Hn :=
n∑

k=1

1

k
− lnn.

We would like to prove the convergence of this sequence as n→∞ to a finite limit:

γ := lim
n→∞

Hn.
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This number γ is a famous constant in Analysis called Euler (or Euler-Mascheroni)
constant. In particular, this result shows that the harmonic series

∑∞
k=1

1
k is diver-

gent and
n∑

k=1

1

k
≈ lnn+ γ, γ = 0.5772156649.

We will prove the existence of the limit using the MCT.
Step 1 Monotonicity.

Hn+1 −Hn =
n+1∑
k=1

1

k
−

n∑
k=1

1

k
− ln(n+ 1) + lnn =

=
1

n+ 1
+ ln

n

n+ 1
=

1

n+ 1
+ ln(1− 1

n+ 1
) = −x+ ln(1 + x)

where x = − 1
n+1 . We claim that

−x+ ln(1 + x) < 0 ⇔ ln(1 + x) < x ⇔ 1 + x < ex

and the last inequality we have already used before. Thus, Hn is monotone de-
creasing. Step 2 We need to prove boundedness from below. To this end we use
that an integral does not exceed the maximum value of a function multiplied by the
length of the interval. Namely, let f(x) = 1

x . Then it is decreasing and therefore

maxx∈[n,n+1] f(x) = 1
n . Then,

ln(k + 1)− ln k =

∫ k+1

k

dx

x
<

1

k
.

Of course, this inequality can be obtained without integrals (which is important
since you will study rigorously integrals only at RA II next year). Indeed, this
inequality is equivalent to

ln
k + 1

n
<

1

k
⇔ ln(1 +

1

k
) <

1

k
⇔ 1 + x < ex

with x = 1
k which we have already proved.

With the help of this inequality, we estimate

Hn =

n∑
k=1

1

k
− lnn <

n∑
k=1

(ln(k+1)− ln k)− lnn = (ln 2− ln 1)+(ln 3− ln 2)+ · · ·+

+ (ln(n+ 1)− lnn)− lnn = ln(n+ 1)− lnn > 0.

Thus, the sequence Hn is bounded from below and by the MCT the limit γ =
limn→∞Hn exists. �

To conclude this section, we consider one more example where the sequence
{an}∞n=1 is defined recursively an+1 = f(an) for some good (continuous) function f .
More similar examples will be considered later when we will study continuous func-
tions.
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Example. Let f(x) :=
√
x+ 2 and an+1 = f(an) starting with a0 = 0. We

want to prove the convergence of an and to find the limit. The first terms of this
sequence looks like

√
2,

√
2 +
√

2,

√
2 +

√
2 +
√

2,

√
2 +

√
2 +

√
2 +
√

2, · · ·

so it looks amazing that the limit does not contain radicals at all and is a very
simple number!

To verify the existence of the limit we will use the MCT (although in this simple
case it may be found directly without MCT).

Step 1. Let us prove that {an}∞n=1 is bounded from above. To this end we
compute

f(x)− 2 =
√
x+ 2− 2 =

(2 +
√
x+ 2)(

√
x+ 2− 2)√

x+ 2 + 2
=

x− 2

2 +
√
x+ 2

≤ 0

if 0 ≤ x ≤ 2. We see that an − 2 ≤ 0 implies that an+1 − 2 = f(an)− 2 ≤ 0. Since
a1 − 2 = −2 < 0, by induction we conclude that an − 2 < 0 and an < 2 for all n.

Step 2. Let us prove that an is increasing. To this end, we compute

f(x)− x =
√
x+ 2− x =

x+ 2− x2

x+
√
x+ 2

=
(x+ 1)(2− x)

x+
√
x+ 2

≥ 0

if 0 ≤ x < 2. But from Step 1 we know that an < 2 for all n. Therefore,
an+1 − an = f(an) − an > 0 and an is monotone increasing. Thus, by MCT, the
limit α = limn→∞ an exists.

Step 3. We need to find α. To this end we use that limn→∞ an+1 = limn→∞ an =
α (check if not obvious!). The idea is to pass to the limit n→∞ in an+1 = f(an)
and get the equation α = f(α). But for this we need to know that

lim
n→∞

f(an) = f
(

lim
n→∞

an

)
.

Actually this is true for any continuous function f , but we still not prove this (it
will be studied at the part devoted to continuous functions). So, in order to avoid
using unproved things, we do the following trick: take a square from the recurrent
equation to get

a2n+1 = 2 + an

and here we already can pass to the limit n→∞ using the algebraic properties of
limits. Therefore, α2 = α + 2 and α = 2 (another root α = −1 is not appropriate
since an ≥ 0 and α also must be non-negative, the extra roots appears due to taking
a square). Finally, limn→∞ an = 2. �

Remark. From the inequality obtained in Step 1, we see that

|f(x)− 2| = |x− 2|
2 +
√
x+ 2

≤ 1

2
|x− 2|

and therefore |an+1 − 2| = |f(an)− 2| ≤ 1
2 |an − 2|. Iterating this inequality, we see

that
|an+1 − 2| ≤ 2−n|a1 − 2| = 2−n+1

and we see that limn→∞ an = 2 directly without using MCT. Nevertheless, the
above example gives a nice illustration for monotone convergence, so I prefer to
give (longer) proof involving the MCT.


