
Cardinality.

The purpose of this lecture is to learn how to compare the size of sets. In the
case where the sets are finite it is very easy to do. Namely, let #A be the number
of elements of the set A. Then, a finite set A is smaller than another finite set B
if #A < #B, the sets A and B have the same size if #A = #B.

But what if the sets A and B contain infinitely many elements? Are they always
have the same size (∞ =∞) or there are "different" infinities ( ∞ <∞ )? As we
will see at this lecture, the second assumption is actually true: indeed, there are
different infinities describing the size of a set.

In order to proceed, we need to find another way for comparing finite sets which
is not based on counting the number of elements and will be extendable to infinite
sets. We start with a model example

Example. Imagine that we need to check whether or not it is enough chairs in
our classroom for all students. Here A is the set of students and B is a set of chairs.
The standard way would be to count the number of students and the number of
chairs and to compare these two numbers. This is exactly what we suggested to do
with finite sets at the very beginning.

However, there is a simpler and more elegant way to compare these two sets!
The lecturer may just say: "Sit down, please!" and look what will happen. A priori
there are three possibilities:

a) There are no standing students and no free chairs. Then we conclude that
#A = #B;

b) Some students remain standing and there are no more free chairs. Then
#B < #A;

c) All students are sitting and there are still free chairs. Then #A < #B.
Of course, it is implicitly assumed that no-one is sitting on two chairs and there

are not chairs occupied by several students.
In other words,
In case a) we have constructed one-to-one correspondence (bijection) between

the sets #A and #B and this bijection guarantees us that A and B have the same
size;

In case b), we build up one-to-one correspondence between the set B and a proper
subset of A (which consists of lucky students who were able to occupy a chair). In
other words, we construct an injection from B to A which is not bijection;

Finally, in case c), we get a bijection between A and a proper subset of B (consists
of occupied chairs). In other words, we get an injection from A to B which is not
bijection.

NB!: Please, think about this example! This is the key for understanding
cardinality.

The described construction does not involve counting the number of elements
in A and B and can be extended to any sets. However, before giving the rigorous
defs, let us consider one more example.

Example (Hilbert Hotel). Assume that you are the owner of a hotel where
you have infinitely many rooms enumerated by natural numbers:

Room 1, Room 2, · · · , Room n, · · ·
Assume also that ALL of them are occupied by guests and one more guest is

arriving. Could you accommodate him? Easily! You just relocate the guest who is
1
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living at Room n to Room n+ 1 and do this for all n ∈ N. After that the Room 1
becomes free and you may accommodate the arriving guest in it.

What could we learn from this example? In contrast to finite sets, the proper
subset of an infinite set may have the same "size" as a whole set. In our case, we
have one-to-one correspondence between N and N\{1} realize by the bijective map
f(n) = n + 1. Thus, the bijection between A and the proper subset B does not
guarantee that the size of A is strictly less than the size of B, only that the size
of A does not exceed the size of B. Keeping in mind this observation, we may give
the rigorous definitions just replacing the intuitive word "size" by the "cardinality"
(which means the same but sounds a bit more scientific).

Def.: Two sets A and B have the same cardinality (#A = #B) if there exists a
bijection between sets A and B.

Def.: The set A has cardinality less than or equal to the cardinality of B (no-
tations: #A ≤ #B) if there exists an injective map f : A→ B.

Def.: The cardinality of A is strictly less than the cardinality of B if #A ≤ #B
and #A 6= #B.

NB!: We define what does it mean that the cardinality of A is (equal, less
or equal, strictly less) of the cardinality of B without defining what cardinality
is. The rigorous definition of "what is cardinality or cardinal number is" can be
also introduced, but there is no simple way to state it here. The original Cantor’s
definition introduces a cardinal number of a set as a class of equivalence of the set
X with respect to the relation X ∼ Y iff there is a bijection between X and Y .
However, this equivalence relation is then defined on a set of all sets which should
be excluded from sets in order to avoid Russell’s paradox. This makes the situation
more complicated and will not go deeper into the subject here.

The following transitivity is useful.

Proposition. For any sets A,B,C, #A ≤ #B and #B ≤ #C imply #A ≤ #C.
Analogously, #A = #B and #A = #C imply #A = #C.

Proof. Indeed, this follows from the fact that the composition of two injections
(bijections) is an injection (bijection). Complete the proof as an Exercise! �

The next two famous theorems show that the relation #A ≤ #B defines a total
order on the "set of all sets".

Theorem (Zermelo). For any two sets A and B either #A ≤ #B or #B ≤ #A.

Idea of the proof ∗∗∗. This is a straightforward corollary of well-ordering theorem.
Indeed, if both A and B are well-ordered, the statement is relatively simple: you
just associate first element from set A with first element of set B, then next element
of set A with next element of set B and so on. Then using the transfinite induction,
you may extend to the desired injection either from A to B or from B to A. To make
the sets A and B well-ordered, the well-ordering theorem is applied. Since well-
ordering theorem is equivalent to Axiom of Choice, the statement of this theorem
is also related with Axiom of Choice and actually cannot be proved without it. �

Theorem (Cantor-Bernstein). If for some two sets A and B we have simulta-
neously #A ≤ #B and #B ≤ #A, then #A = #B.

The proof of this theorem is nice and elementary. Although initially Cantor
deduced it from well-ordering theorem, Axiom of Choice is not necessary for it, see
Wikipedia, article "Schröder-Bernstein theorem" for the proof. Mention also that
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the name of this theorem is varying: Cantor-Bernstein theorem, Cantor-Bernstein-
Schröder theorem or even Bernstein-Schröder theorem. As we will see below, this is
one of the most powerful tools to verify that two given sets has the same cardinality.

Let us now turn to particular examples. We start with the "smallest" possible
infinite sets, namely, with countable sets.

Def.: A set A is called countable if #A = #N. In other words, the set A is
countable if there is a one-to-one correspondence between A and N.

NB!: According to this definition, finite sets are not countable! Indeed, there is
no bijection between N and a finite set, so you cannot enumerate a finite set by nat-
urals. This may look a bit strange, so there are alternative denominations. Namely,
when both finite and countable sets are glued together and are called "countable".
Then finite sets are called "finite countable" and countable sets correspond to "in-
finite countable". Since there are no "finite uncountable" sets these notations look
even stranger. Both approaches are used in the literature, but in this course, we
will ALWAYS use the notation "countable" for infinite sets only. Moreover, since
treating finite sets as countable affects the statements of too many results (which
should be properly reformulated in this case), including finite sets into countable
ones will be treated as an essential mistake.

Proposition. Disjoint union of a countable set and a finite set is countable.

Proof. Let the set A be countable (without loss of generality we may assume just
that A = N) and let B be a finite set which containsm elements: B = {b1, · · · , bm}.
Let C = A ∪ B = N ∪ B. Disjoint means that A ∩ B = ∅. We define a bijection
ϕ : C → N as follows:

ϕ(x) =
{
x+m, x ∈ N,
n, x = bn ∈ B.

Since all bn are different (by the definition of a set), the map is well-defined. The
fact that it is bijection is also immediate. This is just a generalization of the Hilbert
hotel to the case of m guests. Indeed, the map φ(n) := n + m realizes bijection
between N and N \ {1, · · · ,m} and then first "m rooms" are accommodated by
elements of set B. �

Next proposition shows that you can accommodated not only finite, but also
countable number of new guests in fully booked Hilbert hotel.

Proposition. Disjoint union of two countable sets is countable.

Proof. We first note that the map φ1(n) = 2n gives a bijection between N and the
set of all even natural numbers. Analogously, the map φ2(n) = 2n−1 is a bijection
between N and the set of odd naturals. This gives a natural way to build up a
bijection between the disjoint union A∪B of two countable sets and N, namely, we
just identify (=construct a bijection between) the first set A with the set of even
naturals and the second set B with the set of odd naturals. Then the union A∪B
will be naturally identified with the whole N. �

By induction with respect to the number of elements in the union, one can prove
that a disjoint union of finitely many countable sets is countable as well. Actually
the assumption that the union is disjoint is not important and can be removed.
Moreover, countable union of countable sets is also countable. But to prove these
facts, we need to do some preparations which have an independent interest.
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Proposition. Any infinite set contains a countable set as a subset.
Proof. Let X be an infinite set. We need to construct a countable subset A =
{ak}∞k=1 which is a subset of X. The proof is almost tautological. We do it sequence
by induction. Let a1 ∈ X be arbitrary (we can do this since X is not empty.
Assume that {a1, · · · , an} ⊂ X is already constructed. The set X \ {a1, · · · , an}
is not empty (otherwise the number of elements in X would be finite), so we can
find an+1 ∈ X \ {a1, · · · , an}. This gives us the set {ak}n+1

k=1 and completes the
induction step. By induction, we finally get a countable set A = {ak}∞k=1 ⊂ X. �

This obvious proposition has an important conclusion: countable sets have min-
imal size among infinite sets. To be more precise, for any infinite set A, #N ≤ #A.

The next lemma gives the crucial property of the set of natural numbers.
Lemma. Any non-empty subset A ⊂ N has a minimal element.
Proof. We recall that a ∈ A is a minimal element if a ≤ x for all x ∈ A. The
proof of it is a funny mixture of proof by induction and proof by contradiction
which deserves to be considered. First, we assume by contradiction that there
exists A ⊂ N which does not possess a minimal element. Second, we prove by
induction that n /∈ A for all n ∈ N which means that A = ∅ and gives the desired
contradiction.

Step 1. If 1 ∈ A then 1 is a minimal element of A which is impossible, so 1 /∈ A.
Step 2. Assume that k /∈ A for all k < n. Then if n ∈ A it would be the

minimal element of A which is impossible, so n /∈ A and the strong induction step
is completed.

Step 3. By induction we conclude that n /∈ A for all n ∈ N, so A = ∅ and this
contradiction proves the lemma. �

The next corollary also shows the minimality of countable sets.
Corollary. Any infinite subset of countable set is countable.
Proof by first principles. It is enough to consider the situation where A ⊂ N is
infinite. The desired bijective map φ : N→ A can be constructed by the following
inductive (recursive) rule: φ(1) is a minimal element of A; φ(n + 1) is a minimal
element of A \ {φ(1), · · · , φ(n)}.

Let us check that φ : N → A is bijective. Since, by construction, φ(n + 1) ≥
φ(n) + 1 > φ(n) for all n, the map φ is injective. We need to check surjectivity.
Assume that φ(N) 6= A. Then, B = A \ φ(N) is nonempty and contains a minimal
element k ∈ N. Since k ∈ A \ {φ(1), · · · , φ(n)} ⊃ B for all n, we get φ(n) ≤ k for
all n ∈ N. On the other hand φ(n + 1) ≥ φ(n) + 1 implies that φ(n) ≥ n. Thus
φ(k + 1) ≥ k + 1 > k. This contradiction shows that φ is a desired bijection. �

Proof by Cantor-Bernstein. We have already proved that #N ≤ #A (since A is
assumed to be infinite). On the other hand, since A ⊂ N then #A ≤ #N (you
may take an identity map as an injection). Thus, by Cantor-Bernstein theorem,
#A = #N and A is countable. �

NB!: You see that the second proof is much simpler than the first one. This is
typical situation in examples where you need to prove that two sets have the same
cardinality, so Cantor-Bernstein is indeed very useful (for you at exam as well; learn
it properly!)

We are now ready to remove the assumption that the union should be disjoint
in our first propositions.
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Corollary. Union of two countable sets is countable. Union of finite and countable
set is countable.

Proof. Let A and B be countable. Then using the obvious formula A ∪ B =
A ∪ (B \A) (check!), we reduce the problem to already solved problem for disjoint
unions. Indeed, the set B \A ⊂ B and therefore it is either countable or finite. On
the other hand, A ∩ (B \A) = ∅. This finishes the proof. �

Remark. The same procedure works for any finite or countable union:

A1 ∪A2 ∪A3 ∪ · · · = A1 ∪ (A2 \A1) ∪ (A3 \ (A1 ∪A2)) ∪ · · ·

and the union in the right-hand side is disjoint (check if not clear!)
We now turn to Cartesian products.

Proposition. Cartesian product A×B of two countable sets is countable.

Proof by first principles. Without loss of generality, we may assume that A = B =
N, so we need to construct a bijection between N and N2. In other words, we need
to "enumerate" all pairs (m,n) of natural numbers by naturals. We show how to
organize this enumeration graphically (although the explicit formulas can be also
written. Let us interpret these pairs by entries of an infinite matrix and indicate
the next element in this enumeration by arrows:

(1, 1) → (1, 2) (1, 3) → (1, 4) (1, 5) → · · ·
↙ ↗ ↙ ↗ ↙ · · ·

(2, 1) (2, 2) (2, 3) (2, 4) (2, 5) · · ·
↓ ↗ ↙ ↗ ↙ ↗ · · ·

(3, 1) (3, 2) (3, 3) (3, 4) (3, 5) · · ·
↙ ↗ ↙ ↗ ↙ · · ·

(4, 1) (4, 2) (4, 3) (4, 4) (4, 5) · · ·
↓ ↗ ↙ ↗ ↙ ↗ · · ·

(5, 1) (5, 2) (5, 3) (5, 4) (5, 5) · · ·
...

...
...

...
...

...
...

...
...

...
. . .

and the desired bijection is constructed. �

Proof by Cantor-Bernstein. Let φ : N → N2 be defined as a diagonal map φ(n) =
(n, n). Obviously, it is an injection and, therefore, #N ≤ #N2. To obtain the
opposite inequality, we need to proceed a bit more delicate. For instance, let ψ :
N2 → N be defined by ψ((m,n)) := 2m3n. Then ψ is injective by the fundamental
law of arithmetic. Indeed,

ψ((m1, n1)) = ψ((m2, n2)) ⇒ 2n13m1 = 2n23m2 ⇒ n1 = n2, m1 = m2.

Thus, #N2 ≤ N and by Cantor-Bernstein, #N = #N2 and N2 is countable. �

Corollary. The set Nn is countable for any n ∈ N.

Proof. Say, induction by n or argue as in the proved proposition, but use products
of powers of n different primes. Complete the details! �
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Corollary. A countable union of countable sets is countable.

Proof. Let Ai, i = 1, · · · be countable. Without loss of generality we may assume
that they are disjoint (see the reduction explained above). Then, for all k ∈ N,
we identify Ak with the set Āk := {(k, n) : n ∈ N} by the proper bijection (it is
possible to do since both of them are countable). Then the disjoint union ∪∞k=1Ak
will be naturally identified with ∪k=1Āk = N2. Since this square is countable, the
proof is complete.

Remark ∗∗∗. Countable product NN which is a set of all functions f : N → N is
not countable! It has cardinality of R as we will see soon.

We now turn to the standard subsets of R and see and check that many of them
are countable.

Example. The set Z of integers is countable.

Proof. The set Z of integer numbers can be presented as a disjoint union of three
sets Z = (−N) ∪ {0} ∪ N, two of them are countable and the third one is finite.
Thus, Z is countable.

Example. The set Q of rationals is countable.

Proof. This can be proved by identifying Q with a subset of a countable set Z×N
(since Z is countable, #(Z × N) = #(N × N) = #N). Indeed, by definition, any
rational number r ∈ Q can be presented in a unique way as a fraction r = p

q where
p ∈ Z, q ∈ N and gcd(|p|, q) = 1, so the injective map r → (p, q) is well-defined.
Then, Q is countable as a subset of a countable set (obviously, Q is infinite). �

Example. The set Qn is countable for all n ∈ Z as a finite product of countable
sets.

Example. The set A ⊂ C of algebraic numbers is countable.

Idea of Proof ∗∗∗. This is a bit more complicated example. Since algebraic numbers
are those which are the roots of polynomials with integer coefficients, so the idea
is to relate algebraic numbers with the set P int[x] of polynomials with integer
coefficients. This set is countable. Indeed, it can be presented as a countable union
P int[x] = ∪∞k=0P

int
k [x] where P intk [x] is a set of polynomials of degree k with integer

coefficients. Since polynomials are determined by their coefficients we may identify
P intk [x] with a proper subset of Zk+1. Thus, P intk [x] is countable (as an infinite
subset of a countable set) for any k ∈ Z∪ {0}. After that we conclude that P int[x]
is countable as a countable union of countable sets.

But this is still not the complete proof due to some small problems. The first one:
an algebraic number may be the root of many polynomials with integer coefficients,
for instance, α =

√
2 solves x2 − 2 = 0 as well as (x − 1)(x2 − 2) = 0. In order

to overcome this we need to find a polynomial of minimal degree with integer
coefficients and require that its coefficients do not possess a common divisor. It is
not difficult to check using the polynomial division that such a minimal polynomial
is uniquely defined by an algebraic number α, so the map α → Pα(x) is now well-
defined as a map from A→ P int[x]. This overcomes the first problem.

The second problem is that the constructed map is not an injection since a
polynomial of degree n has exactly n complex roots (in the case of a minimal
polynomial, all roots will be different). Roughly speaking, we have n-times more
algebraic numbers of degree n than minimal polynomials of the same degree. To
overcome this problem, we identify the set An not with a subset of P intn [x], but
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with a subset of n-copies of this set, namely, {1, · · · , n} × P intn [x]. This set is
also countable as a product of finite and countable set, so A = ∪∞n=0An is also
countable. �

Remark. The cardinality (cardinal number) of N is often denoted by ℵ0 or by
ω0. We will use the second notation, just because it is easier for me to write ω
than ℵ on a blackboard. Then we may write #A = ω0 instead of #A = #N,
but the meaning remains the same: A is countable. We can also introduce the
"summation" and "multiplication" rules for ω0. For instance, ω0 + n where n ∈ N
means the cardinality of a union of a countable set and a finite sets with n elements.
As we have proved ω0+n = ω0 for all n, Furthermore, 2ω0 means the cardinality of
a (disjoint) union of two countable sets and nω0 is defined analogously. As we have
proved, nω0 = ω0 for all n ∈ N. Analogously ω2

0 means the cardinality of Cartesian
product of two countable sets and ωn is defined analogously. As we have proved,
ωn0 = ω0. We also may introduce 2ω0 as the cardinality of the power set 2N and
ωω0

0 for the cardinality of the set of all functions f : N→ N and so on.
These summations and multiplications are natural in the following sense: in the

case of finite sets where #A is just a number of elements in A, these notations are
self consistent. For instance #(A∪B) = #A+#B (the sets A and B are disjoint),
#(A×B) = #A×#B and so on. These notations are widespread in the literature,
but we will not use them regularly in these notes.

Up to the moment we have only the examples of infinite sets which are countable.
The natural question is "are there infinite uncountable sets"? In particular, what
about the set R? The next theorem answers this question.

Theorem (Cantor). The set A = [0, 1] ⊂ R is not countable, i.e., #[0, 1] > #N.

Proof. The proof is based on decimal expansions of real numbers and on the famous
Cantor’s diagonal procedure. Namely, argue by contradiction. Assume that A is
countable, so A = {ak}∞k=1 is a sequence. We write decimal expansion

an = 0, αn,1αn,2αn,3 · · · =
∞∑
k=1

αn,k
10k ,

where αn,k are digits and produce a table:

| 1 | 2 | 3 | 4 | 5 | 6 | · · ·
−− | −− | −− | −− | −− | −− | −− | · · ·
a1 | α1,1α1,1α1,1 | α1,2 | α1,3 | α1,4 | α1,5 | α1,6 | · · ·
−− | −− | −− | −− | −− | −− | −− | · · ·
a2 | α2,1 | α2,2α2,2α2,2 | α2,3 | α2,4 | α2,5 | α2,6 | · · ·
−− | −− | −− | −− | −− | −− | −− | · · ·
a3 | α3,1 | α3,2 | α3,3α3,3α3,3 | α3,4 | α3,5 | α3,6 | · · ·
−− | −− | −− | −− | −− | −− | −− | · · ·
a4 | α4,1 | α4,2 | α4,3 | α4,4α4,4α4,4 | α4,5 | α4,6 | · · ·
−− | −− | −− | −− | −− | −− | −− | · · ·
a5 | α5,1 | α5,2 | α5,3 | α5,4 | α5,5α5,5α5,5 | α5,6 | · · ·
−− | −− | −− | −− | −− | −− | −− | · · ·
a6 | α6,1 | α6,2 | α6,3 | α6,4 | α6,5 | α6,6α6,6α6,6 | · · ·
−− | −− | −− | −− | −− | −− | −− | · · ·
...

...
...

...
...

...
...

...
...

...
...

...
...

...
. . .. . .. . .
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The idea of the proof is the following: look at the diagonal of this table where we
have digits αnn and produce a number

b = 0, b1b2b3 · · · =
∞∑
k=1

bk
10k

in such a way that digits bn satisfy the condition bn 6= αnn for all n. As we know,
any sequence of digits {bn}∞n=1 gives us a real number b ∈ [0, 1] whose decimal
expansion is generated by this sequence (see Lecture "Numbers"). Since all such
real numbers are enumerated by our assumption, we should have b = am for some
m ∈ N. Decimal expansion of this number is written inmth row of our table. So, we
should have bn = αm,n for all n ∈ N in particular, we should have that bm = αmm
which contradicts our construction. This contradiction should prove the theorem.

However, there is a small gap here. Namely, as we also know from Lecture
"Numbers", the decimal expansions may be non-unique. So, we may have different
expansion for b written in the mth row and then our proof formally fails. Fortu-
nately, we know how this non-uniqueness looks like: it occurs for decimal fractions
only and is based on the following formula:

1, 0000 · · · = 0, 999999 · · · .

Thus, we only need to take care that b is not a decimal fraction. To this end, we
just require that bn /∈ {0, 9, αnn}. Obviously, we can choose digits of b in such a
way. Then decimal expansion for b will be unique and the proof works. �

To proceed further we need the following general statement.

Proposition. Let A be infinite and let B be countable or finite. Then the following
equality holds: #(A ∪B) = #A.

Proof. Without loss of generality we may assume that A ∪ B = ∅ (otherwise we
just replace B by B \A ⊂ B which is also countable or finite). Since A is infinite, it
contains a countable set C, so we may write A = A′ ∪C where A′ = A \C (A′ = ∅
is not excluded). Thus, A = A′ ∪ C and A ∪ B = A′ ∪ (B ∪ C) and all unions are
disjoint. Since both C and C ∪B are countable, there is a bijection φ : C → B∪C.
Then we define a map φ̄ : A′ ∪ C → A′ ∪ (B ∪ C) as a hybrid map

φ̄(x) :=
{
x, x ∈ A′;
φ(x), x ∈ C.

Then φ̄ is the desired bijection between A = A′ ∪C and A∪B = A′ ∪ (C ∪B). �

Corollary. Let the infinite sets A and B have the same cardinality and let C and
D be finite or countable. Then #(A ∪ C) = #(B ∪D).

Proof. Indeed, according to the proposition,

#(A ∪ C) = #A = #B = #(B ∪D).

�

Example. #(0, 1) = #[0, 1) = #[0, 1] = #R.
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Proof. Indeed, [0, 1) = (0, 1) ∪ {0} and [0, 1] = [0, 1) ∪ {1}, so first two inequalities
are proved and we only need to check that #(0, 1) = #R. To this end, we take
a function f(x) := 1

2 + 1
π arctan x. This function gives us the bijection between R

and (0, 1). Indeed, the inverse function is given by f−1(x) := tan
(
π(x− 1

2 )
)
. This

proves that #R = #(0, 1). �

Remark. The fact that #(0, 1) = #[0, 1] can be proved in many interesting ways.
First, we may construct the desired bijection φ : (0, 1) → [0, 1] in an explicit
way following the proof of the last proposition. Namely, let C := { 1

k+1}
∞
k=1 be

a sequence (countable set) and let A := (0, 1) \ C. Then, (0, 1) = A ∪ C and
[0, 1] = A ∪ (C ∪ {0} ∪ {1}). Analogously to Hilbert hotel, we define φ as a hybrid
map:

φ(x) =


x, x ∈ A,
0, x = 1

2 ,

1, x = 1
3 ,

x
2x+1 , x ∈ {

1
k+1}

∞
k=3.

This map leaves A unchanged and realizes one-to-one correspondence between C

and C ∪ {0} ∪ {1}. Indeed, φ(1/(k + 1)) = 1/(k+1)
1+2/(k+1) = 1

k+3 , so it is the analog
of Hilbert hotel shift on two rooms and the first two rooms are occupied by "new
guests" {0} and {1}. This is a good illustration for the abstract method used in
the last proposition. �

Alternatively, there is a simple and elegant proof using the Cantor-Bernstein
theorem. Indeed, f(x) = x give an injection from (0, 1) to [0, 1], therefore, #(0, 1) ≤
#[0, 1]. To get the inverse inequality, let us consider g(x) = 1

2 + 1
4x. This map is

injective and f([0, 1]) = [1/2, 3/4] ⊂ (0, 1). Thus, #[0, 1] ≤ #(0, 1) and Cantor-
Bernstein theorem gives the equality. �

Def.: A set A is continual (or has the cardinality of continuum) if #A = #R.
The cardinality of continuum is denoted by "c" or c.

Exercise. Prove that #(0,∞) = #[0,∞) = c.

Exercise ∗∗∗. Prove that the finite or countable union of continual sets is continual.
Hint: assuming that the sets are disjoint identify An with [n, n+ 1) by the proper
bijection and look what will happen with the union ∪∞n=1Ak.

The next statement which is also a corollary of the last proposition is important
for what follows.

Proposition. #2N = #R = c.

Proof. To verify this, we will use binary expansions of real numbers α ∈ [0, 1]
which are considered at the end of Lecture "Numbers". As we have seen there, any
α ∈ [0, 1] can be presented as infinite binary fraction

α = 0, α1α2 · · ·2 =
∞∑
k=1

αk
2k ,

where αk ∈ {0, 1} are binary digits. This associates any α ∈ [0, 1] with a sequence
of 0s and 1s. We also know that any such sequence of binary digits determines
a number α ∈ [0, 1]. On the other hand, the power set 2N is exactly the set of
all functions f : N → {0, 1} which is the set of all sequences of binary digits (see
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Lecture "Sets"). This explains why we should have a bijection between [0, 1] and
2N. However, this is still not a rigorous proof due to the non-uniqueness of binary
expansions. So, more accuracy is needed to realize this idea.

We know that binary expansion is unique if and only if α is not a binary fraction.
Let us denote by C the set of all binary fractions in [0, 1]. It is countable as a subset
of Q. Let also A := [0, 1] \ C. On this set binary expansions are uniquely defined
and we have an injection φ : α → {αk}∞k=1 ∈ 2N. Let B := φ(A). Then we have
#A = #B. Finally, let us look at D := 2N \ B. We claim that D is countable.
Indeed, since every sequence from 2N generates a real number α ∈ [0, 1], sequences
from D are precisely the ones which generate binary fractions where we have non-
uniqueness. How do they look like? From Lecture "Numbers" we know that any
such sequence has finite number of "meaningful" digits followed either by "000 · · · "
or by "111 · · · ". By this reason, we may split D = ∪∞n=0Dn, where any sequence
from Dn has exactly n "meaningful" digits. Since Dn is finite (#Dn ≤ 2n+1), D is
countable. The rest is simple:

c = #[0, 1] = #(A ∪ C) = #(B ∪D) = #2N.

�

Remark. We see that the Cantor theorem can be reformulated as #2N > #N. As
the following theorem shows, this is not occasional and is not related with N.

Theorem (Cantor). For any set A, #2A > #A.

Proof. This generalized version of the Cantor theorem is even simpler than the
proved particular case since "unessential" things with binary fractions and identi-
fying R and 2N are removed and we are able to concentrate on Cantor’s diagonal
procedure.

By contradiction. Assume that a bijection φ : A → 2A exists. Then, for every
x ∈ A, φ(A) is a subset of A and all subsets of A can be obtained in this way.
Thus, the relation x /∈ φ(x) is well-defined (for some x this is true, for others is
not). Define a set

B := {x ∈ A : x /∈ φ(x)}.

Since φ "counts" all subsets of A, there exists a unique y ∈ A such that B = φ(y).
Analogously to Russell’s paradox, consider two possibilities: 1) y ∈ B and 2) y /∈ B.

In the first case, y ∈ B = φ(y) and from definition of B, we conclude that y /∈ B;
In the second case, y /∈ B = φ(y) and from definition of B, we conclude that

y ∈ B.
The obtained contradiction proves that φ does not exist. Since the inequality

#A ≤ #2A is obvious (A can be identified with subsets of A consisting of exactly
one element), the theorem is proved.

Remark. Despite the similarity with Russell’s paradox, the construction used in
the proof is "legal" from the point of view of axiomatic set theory (the set of all
subsets of a given set is a nice object in contrast to the set of all sets, so there are
no paradoxes there and the obtained contradiction just proves that the assumed
bijection does not exist.

The rest of the lecture is devoted to study the consequences of the proved theorem
as well as the verified identity #R = #2N (which occurs to be extremely useful).

The next result also proved by Cantor looks a bit surprising (at least for Cantor
who initially intended to prove the opposite result).
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Theorem (Cantor). #R2 = #R = c.

Proof. Let us identify R with the set of sequences 2N. Thus, we only need to
find a bijection between space of sequences 2N and space 2N × 2N of pairs of such
sequences. Actually, there is a nice and simple formula for this bijection (one of
possible bijections):

φ ({αk}∞k=1) := ({α2k}∞k=1, {α2k−1}∞k=1) .

The map φ splits the given sequence in two sequences constructed by even and odd
terms of the initial sequence respectively. Obviously (prove if not!) this map is a
bijection and the theorem is proved. �

Remark. You may prove by induction that the Cartesian product of any finite
number of continual sets is continual: #Rn = c for all n ∈ N. See also exercise
below on the countable product or continual sets.

Example (Peano Curves) ∗∗∗. The proved result have much more surpris-
ing consequences than you might expect. Namely, let us consider the map φ :
[0, 1] → [0, 1]2 which is actually used in the proof of the theorem. Namely, let
x = 0, α1α2 · · ·2 (decimal expansions also can be used here). Define

φ(x) =
(
0, α2α4α6 · · ·2 , 0, α1α3α5 · · ·2

)
:= (φ1(x), φ2(x)) .

In a fact, again due to non-uniqueness of binary expansions, this definition is for-
mally ill-posed, but it is possible to define it in a correct way. Moreover, it is possible
to do this in such a way that the functions φ1(x) and φ2(x) are continuous in x.
Thus, we have found a continuous curve in [0, 1]2 ⊂ R2 which passes through every
point (x, y) ∈ [0, 1]2! Such curves are called Peano curves, google them for more
details and nice fractal pictures. Also surprising that such continuous curves must
have intersections (they appeared due to the non-uniqueness of binary expansions
and are unavoidable due to results of general topology).

We conclude this section by a discussion for advances reading. This will not
appear at exam! ∗∗∗.

Remark (Continuum hypothesis) ∗∗∗. We have seen a lot of infinite sets which
are countable or continual #A = #N or #A = #R. Moreover, one of the Cantor
theorems gives us larger sets, for instance, the so-called hyper-continuum 2R where
#2R > #R = c. But what about intermediate cardinalities between #N and #R?

Question. "Is there a set A such that #N < #A < #R?"
This is the famous Continuum Hypothesis! The answer on this question is not so

natural: like Axiom of Choice, this is one more statement which cannot be proved
or disproved in axiomatic set theory and it is also independent of Axiom of Choice,
so adding Axiom of Choice does not help and we need to decide should we take
existence or non-existence of such sets as a new axiom.

In contrast to Axiom of Choice, there is no common sense on what exactly
we should fix as a new axiom. Fortunately for us it is not so important for the
Analysis as Axiom of Choice and it is unlikely that you will meet with it outside of
Sets Theory or very abstract algebra.

Let us now do some examples/exerxcises concerning continual sets and the car-
dinality of sets if functions.

Example ∗∗∗. Let us consider the set A = NN of all possible functions f : N→ N.
Since 2N ⊂ A (why?), we know that #A ≥ c. But may it be larger than c? The
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answer is NO! To see this, we recall that any function is uniquely determined by its
graph which is a subset of N2. Thus, we identify A with a subset of power set of N2

(i.e., 2N2). But we know that #(N × N) = #N, so the cardinalities of their power
sets are also the same (think why!). Thus, #A ≤ #2N = c. By Cantor-Bernstein
we conclude that NN is continual. In particular, countable product of countable
sets is continual.

Example ∗∗∗. Let us now consider the set of all real-valued sequences A := RN.
So, we look at countable product of continual sets. Again we know that 2N ⊂ A
and therefore, #A ≥ c. The question is whether or not it can be larger. The answer
is again NO!

Indeed any element x of A is a sequence of real numbers. Identifying R with 2N,
we see that x is a sequence x = {fn}∞n=1 of funtions fn : N → {0, 1}. But such a
sequence is further identified with a function a : N× N→ {0, 1} by formula

a(m,n) = fn(m).

Thus, the set A is identified with the power set 2N×N and we have already seen that
this set is continual and therefore, #A = c.

Exercise ∗∗∗. What is a cardinality of the set RR of all possible functions f : R→
R? Answer: hyper-continuum 2c. Hint: Try to argue analogously to the proof that
#NN = c.

Concluding remark ∗∗∗. Actually, hyper-continuum is a rare guest in Analysis
and most set you meet there will be finite, countable or continual. But you may
argue, what is about the last example? Real valued functions is the central topic
in Analysis! It is true, but only the functions with "good" properties are studied
in Analysis (for instance, continuous). These sets are usually essentially smaller
and have cardinality continuum, in contrast to all possible extremely pathological
functions with cardinality of hyper-continuum. For instance, a continuus function
f : R → R is uniquelly determined by its values on a countable set Q, so the
continuity allows to us to replace RR by RQ ∼ RN which is continual.


