
Cauchy sequences and Cauchy theorem

As we have already seen, the ε-N definition is not convenient in the situations
where the limit L = limn→∞ an is not a priori known and the number L should be
defined by this limit. For instance, in order to define the exponential function

ex :=

∞∑
k=0

xk

k!
:= lim

n→∞
Sn(x), Sn(x) :=

n∑
k=0

xk

k!

we need to prove the existence of the limit without using ex (actually, there is no
way to define the exponent ex without passing to the limit). Before, we were able
to verify the existence of the limit using the MCT for x ≥ 0 only. In this case Sn(x)
is monotone increasing in n and MCT is applicable after proving the boundedness
from above.

But not all convergent sequences are monotone! In particular, Sn(x) is NOT
monotone for x < 0. What can we do in this case?

Remark. The situation is even worse if we study, say, complex valued sequences
{an}∞n=1 ⊂ C (or sequences of vectors). In this case, there is no natural ordering
and we do not have ”monotone” sequences at all. Then we even do not have sup
and inf and cannot state the completeness in the same form as in R. What should
we do then?

Answer: We should reformulate the definition of a limit in a form which does
not contain explicitly the value L of the limit. This leads to the notion of a Cauchy
sequence.

Definition. A sequence {an}∞n=1 ⊂ R is Cauchy if for every ε > 0 there exists
N = N(ε) ∈ R such that

|an − am| < ε, ∀n,m > N(ε).

The crucial difference here is that the unknown value L of the limit is replaced
by the values am which are known if the sequence {an}∞n=1 is given. On the other
hand, if the sequence is convergent, am will be closer and closer to L, so intuitively
we may expect that replacing L by am does not change much. The aim of what
follows below is to give the rigorous proof of this and to verify that any Cauchy
sequence is convergent and vice versa. To this we need some preparations.

Proposition. Any convergent sequence is Cauchy.

Proof. This is an easy part. Indeed, let {an}∞n=1 be convergent to L ∈ R. Then,
for every ε > 0 there exists N = N(ε) such that |an − L| < ε

2 for all n > N . Let
n,m > N . Then,

|an − am| = |(an − L) + (L− am)| ≤ |an − L|+ |am − L| <
ε

2
+
ε

2
= ε

and an is Cauchy.

This implication would be even more obvious if you prove the following statement
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Proposition. The sequence {an}∞n=1 is Cauchy if and only if for every ε > 0 there
exist N = N(ε) and xε ∈ R such that an ∈ Oε(xε) for all n > N .

Try to prove this proposition by yourself (see also seminar problems).
Indeed, in the particular case xε ≡ L we get converging sequence.
At the next step, we prove (similarly to the case of convergent sequences) that

any Cauchy sequence is bounded. We need this in order to be able to use lim sup
and lim inf for Cauchy sequences.

Proposition. Any Cauchy sequence is bounded.

Proof. Let {an} be Cauchy. Fix ε = 1 and let N = N(1) be the same as in the
definition of a Cauchy sequence. Then, fixing also a = aN+1, we get, for n > N

|an − a| < 1 ⇒ a− 1 < an < a+ 1 ⇒ |an| < |a|+ 1.

Therefore,
|an| ≤ max{|a|+ 1, |a1|, · · · , |an|} := C

for all n ∈ N and an is bounded.

We are now ready to prove the Cauchy theorem.

Theorem (Cauchy). Any Cauchy sequence in R is convergent.

Proof. Let {an}∞n=1 be Cauchy. We already know that it is bounded and therefore
A := lim supn→∞ an and B := lim infn→∞ an both exist. We also know that the
sequence will converge iff A = B. Argue by contradiction. Assume that A 6= B,
so we have at least two different limit points, say, A and B. Let us fix the number
ε := |A−B|/3 > 0. Then for any x ∈ Oε(A) and y ∈ Oε(B) we have

|x− y| > ε

(prove if not evident for you!). Furthermore, since an is Cauchy, there exists N ∈ R
such that

|an − am| < ε

for all n,m > N . Finally, since both Oε(A) and Oε(B) contain infinitely many
points, there are an ∈ Oε(A) and am ∈ Oε(B) with n,m > N and therefore
|an − am| > ε. This contradiction proves the theorem.

Remark. You may give an alternative proof using the Bolzano-Weierstrass the-
orem. Namely, since an is bounded, there exists at least one convergent subsequence
ank
→ L. We claim that the whole sequence is also convergent to L. Indeed, take

any ε > 0 and the corresponding N = N(ε) from the definition of the Cauchy
sequence. Then for sufficiently large k (such that nk > N), we have

ank
− ε < an < ank

+ ε

and passing to the limit k →∞, we arrive at

L− ε ≤ an ≤ L+ ε

which proves that an is convergent to L (since ε > 0 is taken arbitrarily).
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Example. Let us complete our definition of ex for negative x. In this case,

Sn(x) :=
n∑

k=0

xk

k!

are NOT monotone, so we will check that the sequence {Sn(x)}∞n=1 is Cauchy for
every fixed x. Indeed, assuming that m > n for definiteness, we have

|Sm(x)− Sn(x)| = |
m∑

k=0

xk

k!
−

n∑
k=0

xk

k!
| = |

m∑
k=n+1

xk

k!
| ≤

≤
m∑

k=n+1

|x|k

k!
=

m∑
k=0

|x|k

k!
−

n∑
k=0

|x|k

k!
= |Sm(|x|)− Sn(|x|)|.

After that it remains to note that |x| ≥ 0, so Sn(|x|)→ e|x| is convergent (we have
established this previously by the MCT) and therefore it is Cauchy. The obtained
inequality shows that Sn(x) is also Cauchy (check if not obvious!) and is convergent
by the Cauchy theorem.

Example. Let us consider one more similar example, namely, let us consider

the sum S =
∑∞

k=1
cos(k)
2k

. We want to check that it is convergent. To this end, it

is enough to prove that the sequence of partial sums Sn :=
∑n

k=1
cos(k)
2k

is Cauchy.
Arguing as in the previous example, we have, for m > n

|Sm − Sn| = |
m∑

k=n+1

cos(k)

2k
| ≤

m∑
k=n+1

1

2k
=

2−n−1 − 2−m−1

1− 2−1
< 2−n.

Here we have used that | cos(k)| ≤ 1 together with the summation rule for the
geometric progression. The obtained inequality shows that {Sn}∞n=1 is Cauchy.
Indeed, take an arbitrary ε > 0 and fix N(ε) := log2

1
ε (solution of 2−N = ε).

Then, for every n,m > N , n < m

|Sn − Sm| < 2−n < 2−N = ε.

Thus, Sn is Cauchy and is convergent by the Cauchy theorem.
Remark. Both examples are the particular case of the general result which will

be considered later. Namely, the fact that
∑∞

n=1 |an| <∞ implies the convergence
of
∑∞

n=1 an.
Remark∗. It can be shown that the Cauchy theorem is equivalent to the com-

pleteness axiom in R and this opens a way to define completeness for more general
cases (say, in C, Rn or even spaces of functions). Namely, the space is complete iff
any Cauchy sequence in it is convergent.

Remark. In the last example the sum S can be found explicitly using that
cos(k) = 1

2 (eik + e−ik) and therefore

S =
1

2

∞∑
k=1

(
ei

2

)k

+
1

2

∞∑
k=1

(
e−i

2

)k

which is the sum of two geometric progressions. The answer: S = 2 sin(1)
5−4 cos(1) . Check!

To conclude the lecture, we consider one more nice and important theorem, also
equivalent to the Completness Axiom and also related with the name of Cauchy.
Namely, the nested intervals theorem. To this end, we need the following definition.
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Definition. A sequence of closed intervals In := [an, bn] is called nested if the
inclusion In+1 ⊂ In holds for every n ∈ N.

In other words, the sequences of endpoints {an}∞n=1 and {bn}∞n=1 should be
monotone increasing and decreasing respectively. In addition, since In ⊂ I1, we
should have an ≤ b1 and bn ≥ a1 for all n. The number |In| := bn − an is called
the length of the interval In.

Theorem (Nested Intervals Theorem). Let {In}∞n=1 be a sequence of nested
intervals in R such that limn→∞ |In| = 0. Then their intersection consists of exactly
one point α ∈ R:

∩∞n=1In = {α}

Proof. First, since |In| → 0 the intersection cannot contain more than one point.
Indeed, if α, β ∈ ∩In then α, β ∈ In for all n. This means that the whole interval
[α, β] ⊂ In for all n. In particular, |In| ≥ β − α which contradicts the convergence
of |In| to zero.

Let us prove that the intersection is not empty. The sequence of left endpoints
{an}∞n=1 is monotone increasing and is bounded by b1, so by MCT there exists
α := limn→∞ an. Analogously, {bn}∞n=1 is decreasing and is bounded by a1, we get
β := limn→∞ bn also exists. Since an − bn tends to zero, we conclude that α = β.

We claim that α ∈ In for all n ∈ N. Indeed, since an and bn are both monotone

an ≤ sup
k∈N

ak = α = β = inf
k∈N

bk ≤ bn

and α ∈ In for all n, i.e. α ∈ ∩n∈NIn.

Remark. As we can see, the Nested Intervals Theorem is a straightforward
corollary of the MCT. In many textbooks it is used as an intermediate step to derive
the Bolzano-Weierstrass and Cauchy theorems from the MCT. In this course, we
prefer to use an alternative way based on lim sup and lim inf, so we give below only
one (but nice!) application of this theorem.

Example. Alternative proof of the Cantor theorem that R is not countable.
Again by contradiction. Assume that R is countable, i.e., R = {an}∞n=1. Fix the
interval I1 in such a way that |I1| ≤ 1 and a1 /∈ I1. Then, at step 2, fix the interval
I2 ⊂ I1 in such a way that a2 /∈ I2 and |I2| ≤ 1

2 . Continuing this by induction we
will fix a sequence of nested intervals In of length |In| ≤ 2−n such that an /∈ In for
all n. By Nested Intervals Theorem, there exists α ∈ ∩n∈NIn and by our assumption
α = ak for some k. But by the construction ak /∈ Ik and therefore α /∈ ∩∞n=1Ik.
This contradiction proves the Cantor theorem.

Note that in the Cantor’s diagonal proof, we have also implicitly used the MCT
when we claim that the real number with a given decimal expansion exists. Indeed,
for a given sequence of digits {αn}∞n=1, αn ∈ {0, 1, 2, · · · , 9}, we define a real number
α ∈ [0, 1] by

α :=
∞∑

n=1

αn

10n

and the convergence of this series is guaranteed by the MCT (think about this if
not obvious!).


