REAL NUMBERS AND THE COMPLETNESS AXIOM.

In this lecture we discuss the axiomatic theory of real numbers and introduce the
so-called completness axiom which is one of the most important things in Analysis
and will be used thought of this course as well as many others.

We start our exposition with recalling what are max and min and related sup
and inf. Of course, in order to be able to speak about these things, we need an
order relation on R. In other words, for any two numbers x,y € R, we should be
able to say whether or not x < y. We also recall that (total) order relation R on a
set X is a subset of X x X = X? satisfying the following 3 conditions:

a) (r,y) € R and (y,z) € R imply that (x,z) € R (transitivity);

b) For every x,y € R, either (z,y) € R or (y,x) € R (totality);

¢) (z,y) € R and (y,z) € R imply z = y (antisymmetry).

Then we write < y (or  <pg y) instead of (x,y) € R.

In particular, from b) we have x < x for all z € X. We write x > y if y < z and
also z < y (resp. x > y) if & <y (resp. y < x) and = # y.

Thus, we assume that an order relation < is fixed on R. Moreover, we need also
to specify binary operations (z,y) — = + y and (x,y) — zy which are functions
from R? to R satisfying some natural axioms. We will state these axioms later in
the list of axioms of real numbers, but before we introduce a number of important
things which will be used later just based on our heuristic understanding of addition,
multiplication and ordering of real numbers.

Definition. Let A € R be a set. Then

An element z € A is a minimal element (or just minimum) of A if x < y for
every y € A. In this case we write z = min A;

An element x € A is a mazimal element (or just maximum) of A if z > y for
every y € A. In this case we write z = max A.

Remark. max A and min A do not necessarily exist. For instance, the set A =
(0,1) has neither minimal nor maximal element. But they are unique if exist.
Indeed, if 21 and x5 are two minimal elements of A, then we have z; < x5 (since
x1 is minimal) and x5 < x; (since xs is minimal), so by antisymmetry z; = x».

NB!: Minimal and maximal elements ALWAYS belong to the set A! For in-
stance, if A = (0,1) one might expect that min A = 0 however this would be a
rough mistake since 0 ¢ A. For "minimums” and ”maximums” which may be out-
side of a set the special words are reserved - ”infimum” and ”supremum”, see below.
Also by this reason, both minimum and maximum are REAL numbers, not 4oo.
For instance, for A = [1,00), max A does not exist. Writing max A = 400 will be
ALWAYS a rough mistake!

Examples. We start with the simplest ones:

a) A = [a,b] where a < b. Here min A = ¢ and max A = b (by the definition of
a closed interval).

b) A = (a,b]. Here max A = b and we expect that min A does not exist. But
how to prove this rigorously? The statement min A exists can be written as ” there
exists x € A such that for everyy € A we have x < y”, so its formal negation reads
" for every x € A there exists y € A such that y < 2”. In other words, we need to
take arbitrary x € A and find the element y € A which is strictly less than .

In our example, if x € A, this means a < z < b. If we take any y € (a,z), say
y = 252 it will be in A (why?) and y < x (why?). Thus min A does not exist.
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c) More general situation, if A is a union of intervals, the algorithm is the
following: to find the minimum, you just need to find the minimal endpoint. If
this endpoint is in A, then min A is exactly this endpoint and min A does not exist
otherwise. The situation with maximum is analogous. For instance, if

A=(-1,00U[-2,1] U[1,V3) U (0,v2],

then the minimal endpoint is —2 € A and the maximal is v/3 ¢ A. Therefore,
min A = —2 and max A does not exist.

d) A bit more complicated example is A = Q N [~1,v/3]. In this case the
interval is closed, but it is intersected with rationals and v/3 ¢ Q. Since —1 € Q,
we immediately have min A = —1 and we expect that max A does not exist. To
prove it rigorously, you only need to take any x € A (since v/3 ¢ Q, we know that
x < +/3) and find a rational point y € (z,/3). For instance, we may approximate
V/3 by rationals using, say, its decimal expansions or use the following intuitively
obvious fact:

"For any a,b € R such that a < b there is a rational number ¢ € Q between
numbers a and b (a < ¢ < b)”

which will be rigorously proved later. Thus, taking such ¢ € (z, \/§), we get
q € A and ¢ > z, so maximum does not exist indeed.

Thus, to solve this problem, you need to know that /3 is irrational. This
motivates the next insane example.

e) Let A=10,e+ 7] NQ. Does max A exist? Answer: nobody knows! It is still
an open problem whether or not e + 7 is rational.

Let now A be an arbitrary set (not necessarily a subset of R and let f: A — R
be a function. Then we use the following notations

mig f(x) :=min{f(x) : x € A}, mai(f(m) =max{f(z) : z € A}.
Te re
Most of our examples will be related with two particular cases: A C R and f :
A — R is a given real valued function. Or A = N then as you remember a function
f N —= R is a real valued sequence. Let us look at the related examples.

f) Find min,cg sin(z) and max, g sin(x). If we consider the real valued function

f(z) = sin(z), then obviously mingecgr f(z) = —1, max,ersin(z) = 1. The key
question where these min and max is attained. Answer: for min these are the
points x, = —5 + 27mn, n € Z and for max we have z = 7 + 27n. None of these

points are rational, so min,eg sin(z) cannot be equal to —1 and analogously max
cannot be equal to 1. But maybe, say, mingecgsin(z) = o > —17

This is also impossible. Indeed, let a := arcsina € [—7/2,7/2] and let ¢ €
(—m/2,a) be a rational number. Then, since arcsin(z) is strictly increasing on
[—7/2,7/2] (school or Calculus exercise!), we have sin(q) < «, so « is not a mini-
mum and min,g sin(x) does not exist. Maximum max,cqg sin(z) does not exist by
the same reason.

g) Find mingeq cosz and max,eq cos(x). The situation looks so analogous to
the previous example that your hand intends to put immediately ”does not exist”
for both into the Answers Sheet. Fix you hand by sitting on it and think a little!
This is actually a trap!! If you write out accurately the solutions of cos(x) = 1
and cos(z) = —1, you will see that analogously to the previous case, there are
no rational solutions for the second equation and therefore min,eq cos(x) does not
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exist indeed. But the first equation has a solution x = 0 which is rational. By this
reason, maxyeqg cos(z) = 1.

We now turn to supremums and infimums which are in a sense analogous to
maximums and minimums, but may be outside of the set. To this end we need
some definitions.

Definition. A number L € R is called an upper bound for a set A if x < L for all
x € A. The set of all upper bounds of A we denote by A,;,:

Aupp ={L €R : L is an upper bound of A}.

The set A is called bounded from above if it possesses at least one upper bound

(Aupp # D).
Analogously, a number [ € R is called a lower bound for a set A if x > [ for all
x € A. The set of all lower bounds of A we denote by Ajy.:

Ao :={l € R : [ is alower bound of A}.

The set A is called bounded from below if it possesses at least one lower bound

(Alow 75 @).
A set A is called bounded if it is bounded both from above and below.

Definition. Let A C R be a bounded from above set. Then sup A is the least
upper bound of A:
sup A :=min A, = min{L € R : L is an upper bound of A}.

Analogously, let A C R be bounded from below. Then inf A is the greatest lower
bound of A:

inf A :=max Aj,,, = max{l € R : [ is a lower bound of A}.

Note that it could a priori be that supremum or/and infimum of a bounded set
does not exist. Indeed, the corresponding definitions involve minimum /maximum
and as we have already seen they are not always exist. However, the fundamental
property of real numbers is exactly that supremum/infimum of any bounded set
exist. This is usually called " Completeness Axiom”.

Axiom (Completeness). For any bounded from above set A C R, sup A exists.
Corollary. For any bounded from below set A C R, inf A exists.

Proof. This fact can be already deduced from the existence of sup. Namely, let
us introduce the set —A := {—z : x € A}. Then, A is bounded from below
by [, if and only if —A is bounded from above by —I. This follows from the
fact that + > | & —z < —Il. Thus, Ajpy = —(—A)upp- By the same reason,
max Ajoy = —min(—A),p,. Finally,

inf A = —sup(—A)

and the existence of infimum follows from the existence of supremum. [J



Corollary. Let A C R be such that max A exists. Then sup A also exists and
sup A = max A.

In this case, we say that sup A is attained. Analogous assertion holds for min A
and inf A as well.

Proof. First, if maximum L = max A exists then L is an upper bound, so A is
bounded from above, therefore, L € A,,. On the other hand, any [ < L cannot be
an upper bound since L € A. Thus, L is the least upper bound: L = sup A. The
case where min A exists is considered analogously. [

NB!: This simple relation is surprisingly often forgotten by students. It is
really strange to see different values for sup A and max A or even something like
"max A = 1 and sup A does not exist”. So, when using your built in generator
of random numbers to fill the table of max, min, inf, sup, please, do not forget
that the corresponding random variables are not independent! We always have
sup = max if max exists and inf = min if min exists. Do not forget also that sup
and inf ALWAYS exist if the set A is bounded. This observation will increase the
expectation for your mark.

Remark. We defined sup (or inf) for bounded from above (or from below) sets
only. In the case where A is not bounded, sup A is not defined. There are two pos-
sibilities here: to fix that sup/inf does not exist in this case or make a conventional
assumption that sup A = 400 if A is not bounded from above (resp inf A = —oc0
if A is not bounded from below). First looks a bit more rigorous, but second is
more natural. BOTH possibilities are ALLOWED! You will not lose marks writ-
ing sup A = oco. In this case, sup A exists for all nonempty sets. Indeed, if A is
bounded from above, it exists by the completeness axiom and if not sup A = oo by
this convention.

Examples. We give here a few number of examples how to compute sup and inf.
More examples you will find later in this course as well as in the middle-term-test.

a) Let A := (a,b). We know that max and min both do not exist. We also know
that sup and inf must exist since A is bounded. But how to find them? We may
argue by first principles. A number L is an upper bound of A iff L > b (if you take
L < b, you will have x > L for all x € (L,b) C A, so L is not an upper bound).
Thus A,y = [b,00) and sup A = min A,,,,, = b. Analogously, inf A = a.

b) Let A = (0,v/3] N Q. We know that max A does not exist since v/3 ¢ Q.
But sup does not feel this. Indeed, A,,, = [v/3,00) (check!) and sup A = /3.
Analogously, inf A = 0.

c) Let A = {sin(z), = € Q}. We know that max and min both do not exist.
We claim that A,,, = [1,00). Indeed, any L > 1 is obviously an upper bound.
Let L < 1. Then let a := arcsin(L) € [~7,5) and we see that for any rational
q € (a, %) we have sing € A and sing > sina = L. So, L ¢ Ayp,. Thus, we have
proved that A,,, = [1,00) and sup A = 1. inf A = —1 is proved analogously.

d) We will often use the following criterion: L = sup A if and only if 1) x < L
for every z € A; 2) for every € > 0 there exists . € A such that x. > L —e. Prove
this criterion!

e) Let us consider a hybrid function f :[—1,1] — R given by

. ZC3, .’L’%Q,
f(x)_{mTH, z e Q.
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Let us find max, min, sup, inf for A := {f(z) : x € [-1,1]}. Let us look at
every function g(z) = 2® and h(z) = ZE! separately. Both of them are nice func-
tions and we see that max,c(—1,1]9(z) = 1, minge_1,1)g(r) = —1. Analogously,
maxge(—1,1] () = 1, minge_y 3 h(z) = 0. But we also have the assumptions
x € Q and z ¢ Q in the definition of f. The situation with max is simple since
x=1¢€Qand f(1) = h(1) = 1. Of course, it follows immediately from this that
SUPze[-1,1] f(z) = max,e—11) f(z) = 1.

Let us look at min/inf. The situation is a bit more complicated here since
x=-1€Q,so f(—1) = h(—1) = 0. However, if we take x ¢ Q which is very close
to z = —1, then f(x) = x® will be very close to —1. This shows that min,e_1 1] f(z)
does not exist, but inf ey 1) f(7) = —1.

f) For any A, B C R define A+ B:={a+b: a€ A, be B}. Prove that

~— —

max(A + B) = max A + max B, min(A + B) = min A + min B

and the analogous formulas for sup and inf.
g) Let Abeasetand f: A— R and g: A — R be two functions. Prove that

max{f(z) +g(z)} < max f(z) + maxg(z), min{f(z)+g(z)} = min f(z) +min g(z)

and same formulas for inf and sup. Give examples where the inequalities are strict!

We now ready to state the axioms of Real Numbers. Namely, the set R of real
numbers is defined as a set X = R with order relation R =<C X? and two binary
operations which are functions from X? to X: addition and multiplication, i.e.
f: X x X — X which we denote by f(z,y) =z +y and g : X x X — X which
we denote by g(x,y) = zy. These binary relations and order relation should satisfy
the following axioms:

Group I (Commutative group with respect to summation):

(A1) There exists 0 € X (neutral element) such that 0+ z = x for all z € X.

(A2) Existence of inverse: Va € X there exists —z € X such that z + (—z) = 0.

(A3) Associativity: x + (y + 2) = (z +y) + z for all z,y,z € X.

(A4) Commutativity: z +y =y + z for all z,y € X.

Group IT (Commutative group with respect to multiplication):

(A5) There exists 1 € X, 1 # 0 (neutral element) such that 1o = z for all z € X.

(A6) Existence of inverse: Vz € X, z # 0 there exists = € X such that 21 = 1.

(A7) Associativity: z(yz) = (zy)z for all z,y,z € X.

(A8) Commutativity: zy = yz for all z,y € X.

Group III:

(A9) Distributivity: z(y + z) = 2y + zz for all z,y,z € X.

Group IV (Ordering):

(A10) For every z,y € X, either z < y or y < z.

(A11) If x <y and y < = than x = y.

(A12) For every z,y,z € X, y < z implies that z +y < x + 2.

(A13) For every z,y,z € X, y < z and 0 < z imply that zy < zz.

Group V (Completeness):

(A14) For every A C X which is bounded from above, sup A exists.

Remark. The first IV groups are often called ” Axioms of Ordered Fields” since
they define the so-called ordered field, for instance, the field Q of rational numbers
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or the field A NR of real algebraic numbers satisfy all of these axioms. All of them
are very natural and intuitively clear. The last axiom is more complicated and much
more important. It actually determines R in a unique way among other ordered
fields. In particular, it allows us to verify the so-called Archimedean property
for real numbers which excludes infinitesimals and other ”pathological” structures
which may be in a general ordered field.

NB!: Please, do not worry. You need not learn by heart all 14 axioms including
their numeration! In a fact the concrete statements of them and even their num-
ber vary from one source to another. We will not use them much except of the
Completeness Axiom which is the core of Real Analysis and will appear again and
again. You definitely need to know it properly (in contrast to other 13 axioms).

The next propositions show how to derive something from these axioms.

Proposition. 0z =0 for all z € R.
Proof. According to (A9) and (A8), 0x = 20 = (0 + 0) = 20 + 20 = 0x + Ox.
Adding —0z (exists due to (A2)) and using (A3), we get
0 =0z + (—0z) = (0z + 0x) + (—0x) = 0z + (0z + (—0z)) = 0z + 0 = Oz
and the proposition is proved. [
Proposition. 1 > 0.

Proof. Recall that, by definition, a > b means that b < a and b # a. Numbers 0
and 1 exist by Axioms (A1) and (A5). Moreover, from (A5) we know that 1 # 0,
so we only need to prove that 0 < 1. By contradiction. Assume that this is wrong.
Then, by (A10) 1 < 0. From (A12) we have (—1)+1 < (—1) and by (A2) 0 < (—1),
so (—1) > 0. Multiplying this inequality by (—1) > 0 using axiom (A13), we have
(=1)(—=1) > 0. So, to come to contradiction and prove the proposition, we only

need to prove that (—1)(—1) = 1. According to (A9) and (A5),
0=(=D0=(=D((=)+1) = (=D(=1) + (=D(1) = (=1)(=1) + (=1).
Adding 1 to both sides and using (A2) and (A3), we get

1=1+0=((-1)(-1)+(-1) +1=
EDED H(ED+1) = (D) +0 = (=1)(=1).

Thus, (—1)(—1) = 1 and since we have already proved that (—1)(—1) > 0, we get
1 > 0 which contradicts our assumption. [J

We also need to embed natural numbers N in formally defined Real Numbers.
Proposition. N C R.

Idea of the proof. Actually, we are unable to prove this proposition. Indeed, we
have formally defined what is R, but the axioms of natural numbers (Peano arith-
metic) is not stated! So, we have only heuristically defined natural numbers N. It
is clearly impossible to prove something rigorously about some object which is not
defined properly. So, we may do only heuristics here. But, it is intuitively clear
that N C R, we only mention that the embedding is realized by

Non—1+1+---+1eR.

n times



Alternatively, you need Peano axioms, then define this embedding by the induction
axiom and check that other axioms are satisfied for the image of N under this
embedding.

In the sequel, we will be not so pedantic and proceed with our intuitive under-
standing of addition, multiplication and summation of real numbers as well as for
natural ones and order relations. However, we will indicate where the Completeness
Axiom is used.

Proposition (Archimedean property). R does not contain any infinitesimals,
i.e., for every x € R, x > 0, there exists n € N such that nz > 1.

Proof. Assume that the statement if wrong. Let x¢g > 0 be an infinitesimal. Con-
sider the set A := {nzy : n € N}. This set is bounded from above by 1, so by
the completeness axiom, there exists a = sup A < 1. Then, a — x¢ is not an upper
bound for A, so there is n € N such that nzg > a — xg, but then (n+ 1)z > a and
« is not an upper bound. This contradiction proves the statement. [

Corollary. Absence of infinitely large numbers: For every x > 0 there exists M €
N such that x < M.

Proof. Let x be infinitely large. Then « := % is an infinitesimal. Indeed, if x > n for

all n € N, then na < 1 for all n which is impossible due to the previous proposition.

Corollary. Let a,b € R, b > a be arbitrary. Then there exists ¢ € Q such that
a<q<b.

Proof. Let x = b—a > 0. Without loss of generality, we may assume that 0 < a < b
(otherwise, we may just add sufficiently big natural number to both a and b). By
Archimedean property, there exists n € N such that nz = n(b—a) > 1. Let M be
the least natural number such that na < M (this number exists since the set A :=
{M € N : na < M} is not empty and every subset of N has a minimal element).
Then M —1 < an < M. Since bn > an+1, we have bn >an+1> M —1+1 > M.
Thus,an<M<bnanda<%<b. O

Remark. In many sources, you unfortunately may find the ”proof” of the last

properties without referring to the Completeness Axiom. Do not trust them! These
pseudo-proofs are either wrong or use the Completeness Axiom implicitly without
mentioning it. It is impossible to prove this without Axiom of Completeness.

Remark *. We have defined real numbers axiomatically as a set R with two
binary relations and one order relation which satisfy 14 axioms specified above. It
is not difficult to show if such an object exists then it is unique up to order and both
operations preserving isomorphism. But from where we know that R exists? The
answer is from NOWHERE! This is closely related with consistency of the theory
and from the Hodel inconsistency theorem we know that we CANNOT prove the
existence inside of the theory. The only way to overcome this is to embed the theory
into the larger one. For instance, we describe above the embedding of N into R,
so if this embedding will be done rigorously, we will have a model of N inside of
R. This gives us consistency of Peano arithmetic inside of a more general theory
of real numbers. Analogously, the consistency and a model for Real Numbers can
be obtained inside of more general Set Theory (ZFC theory). But ZFC theory by
itself does not have a model so far. Thus, at the end of the day you have to trust
that the object defined by axioms exists.



