CONTINUOUS FUNCTIONS IN R AND LIMITS. PART 1.

We are starting to study one more fundamental concept of modern Analysis- the
notion of continuity.

Let f : R — R be a function (for simplicity we take D; = R here, but you may
concider Dy as an open/closed interval or even more generallly, just an arbitrary
subset of R). We want to understand what does it mean that f is continuous, say,
at g € R.

Intuitively: the function f is continuous if its graph

Graph(f) == {(z,y) €R* : y = f(2)}

is an unbroken (continuous) curve, i.e., ”it can be drawn without picking up the
pencil”. Otherwise, it is discontinuous.

Simplest examples are : 1) f(z) = x looks continuous, its graph is an unbroken
curve (plot it!). 2) f(z) = sgn(z) is not continuous: its graph consists of two
unconnected pieces (plot it!). The discontinuity is clearly at point x = 0.

In these simplest examples, the intuitive ”definition” works perfectly. But what
to do in more complicated cases?

Example 3. Let f(x) = % The graph is still simple: we have vertical asymp-
tote x = 0 and both pieces of the graph (which correspond to the parts > 0 and
x < 0 tend to +00 as x — 0). Plot the graph! But in a sense they become closer
and closer to each other as x — 0! And this already can be easily misinterpreted as
continuity!! Actually, it is a common error for students. So, already here we need
something more rigorous than our intuitive definition.

Example 4. Let f(x) = sin % The graph of this function is already rather
complicated. The problem point is x = 0. Indeed, as z — 0 the ratio % tend to oo,
SO sin% will oscillate between —1 and 1 more and more rapidly as x — 0. Try to
plot the graph! The graph looks as a connected curve here, so the function looks
continuous. But this is not true since even the value f(z) at x = 0 is not defined
naturally! To have continuity, we should naturally take f(0) := [—1, 1] but this is
impossible (f(0) must be a single value, not the interval). Thus, at this example
our intuitive definition stops to work correctly.

Example 5. Let
L, ze@y
f@)_{o, ¢ Q.

This is the so-called Dirichlet function. Do not even try to plot its graph! Actually,
the function is discontinuous at every x € R.
Example 6. Let

{%a nga (p7Q):17p€Z7 QEN,

This is the so-called Riemann function. It looks similar to the previous example,
but the answer is now different: it is still discontinuous at every x € Q \ {0}, but
become continuous for every irrational x as well as for x = 0.

Example 7. Let
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This is the famous Weierstrass function which is continuous everywhere but nowhere
differentiable. In this case, the graph looks like a fractal set and, in addition, there
are no explicit formula, so our intuitive definition is also useless here.

Thus, the above intuitive definition should be refined and put in a more solid
basis. More appropriate will be the following version:

The function f is continuous at x = x if small changes of independent variable
(|x — x| is small) lead to small changes of the dependent variable (|f(z) — f(zo)]
is small). Similarly to the case of sequences, this can be reformulated on the e-§
language.

Def.: A function f : R — R is continuous at x = z if for every € > 0 there
exists 0 = d(e) > 0 such that |f(z) — f(z0)| < € if |x — 0| < 0.

NB: This is exactly the def which you should give at exam (if asked, of course).
No, intuitive ”definitions”, essays, poems, etc., please!

As in the case of sequences, we may reformulate it on the language of neighbour-
hoods. Indeed,

|z — 20| <0 & x € Os(x0) and [f(x) — f(z0)| <& & f(x) € O(f(w0))

and the above def is equivalent to the following one:

Def’.: A function f : R — R is continuous at x = xg if for every £ > 0 there
exists 0 = d(¢) > 0 such that f(z) € O(f(xg) if z € Os(x0).

Finally,

f(x) € O:(f(xo) if 2 € Os(z0) & f(Os(x0)) € Oc(f(0))

and we get one more equivalent def:

Def”.: A function f : R — R is continuous at x = zq if for every € > 0 there
exists 0 = d(¢) > 0 such that f(z) € O(f(xo) if f(Os(z0)) C O(f(20))-

Let us consider several examples how the continuity can be verified by first
principles.

Example. Let f(z) = x. Let us prove that it is continuous at = = xy. By
definition, we need to estimate |f(x) — f(xo)| = |x — o] in terms of |x — x| which
is a tautology here. Nevertheless, I will write it formally. Let € > 0 be arbitrary.
Fix §(e) = ¢ > 0. Then, |[f(x) — f(xo)| = |z — x| < € if |z — 20| < 6 = € and the
continuity is proved.

Example. Let f(z) = 2. Let us prove that it is continuous at z = 5. We
estimate

[f (@) = f(@o)| = |o* — x{| = |a + ollw — wo| < (|2] + |wo|)|x — ol

But there is a small problem here: multiplier (|z| + |zo|) still depends on z and
we need to estimate it. Note that we always may assume that 6 < 1 (formally
we can always take min{l,d(e)} instead of d(¢)). Then, —1 < x — z¢ < 1, so
x9—1<x<zy+1and |z| < |zg|+ 1. Therefore,

|f(z) = f(@o)| < (2]wo| + 1)z — z0].

After that we may take an arbitrary ¢ > 0 and fix § := 55— and |f(x) = f(xo)]
will be less that € if |z — xg| < 4.



Remark.: As in the case of limits of sequences, continuity of f at x = x¢ is
determined by the behavior of f(z) near x = xg only, so there are no reasons to
consider "big” values of § or € and you always may assume that € and ¢ are small.
As we see in previous example, this is really helpful. Another remark would be
that, analogously to limits of sequences, there are algebraic properties of continuous
functions and the continuity of elementary functions are usually derived from these
properties, not from the first principles.

Example. Let us consider a bit less trivial example. Let

o 6,9%27 x # 0,
i@ ._{O, x = 0.

The problematic point is x = 0. We see that —m—12 — —oo as x — 0 and so we expect
that e~ /=" will be close to 0 = e~ *°, so the function is probably continuous. Let us
prove this rigorously. To do so, we need to estimate the difference |f(z) — f(0)| =
e~1/7 from above. For this we will use the inequality e¢¥ > 1 + y > y for positive
y which we already know (see Seminar problems). Then

2 1 1
|f(ac)—f(0)|:e*1/‘” = i <W:a§2

(we have used this inequality with y = x—lz) The rest is simple. Let ¢ > 0 be
arbitrary. Take § := /. Then |f(z) — f(0)| < 6% = ¢ if |z| < §. So, the function
is indeed continuous at z = 0. Actually, it is infinitely differentiable at this point
and all derivatives are equal to zero at x = 0. This can be proved analogously, but
requires the def for the derivatives which will appear only at Real Analysis II.

Example. Let f(x) = sgn(z). Let us prove that it is discontinuous at x = 0.
Indeed, every neighbourhood Os(0) contains both positive and negative numbers,
so {—1,1} C f(Os(0)) for all § > 0. Therefore, for all § > 0, f(Os(0)) ¢ O-(0) if
e < 1 (recall that f(0) = 0) and the function is not continuous.

Analogously, the Dirichlet function introduced above is discontinuous at every
o € R. Indeed, no matter what o € R is, any neighbourhood of it contains both
rational and irrational numbers and so points 1 and 0 are always in the image of
this neighbourhood.

We want to state one more important criterion of continuity related with the
limits of sequences. To this end, one more def is necessary.

Def. A function f : R — R is sequentially continuous at x = x¢ if for every
sequence {z,}>°; C R such that x,, — xo, the sequence of images {f(x,)}5%,
converges to f(zo).

In other words, the function f is sequentially continuous at x( if for every se-
quence x,, convergent to xy we may change the order of taking f and lim:

A flan) = f(lim an) = f(@o).
In particular, if f is sequentially continuous everywhere, then it maps convergent
sequences into the convergent ones and we can freely change the order of f and lim.
Up to the moment what is written looks like tautology, but the following theorem
really makes sense.



Theorem. A function f : R — R is continuous at g € R if and only if it is
sequentially continuous at this point.

Proof. = Let f be continuous at x = x¢ and let x,, — x¢ be a sequence converging
to xg. We need to prove that f(z,) — f(z¢). Since f is continuous, then for every
e > 0 there exists § = d(e) > 0 such that |f(z) — f(zo)| < € if |z — 2| < 0. Now
we utilize that z,, — x¢. This means that for every § > 0 there exists N = N(0)
such that |z, — x| < dif n > N.

Let now € > 0 be arbitrary. Let us fix N := N(d(¢)). Then, by definition,
|z, — z9| < § if n > N and therefore |f(z,) — f(z0)| < . Thus, the convergence is
proved.

< Let now f be sequentially continuous at xo. We need to prove that f is
continuous at xp. By contradiction. Assume that f is not continuous. Then
negating the def of continuity, we assume that there exists positive €9 such that for
every ¢ > 0 there is an element x5 € Os(z¢) such that |f(xs) — f(xo)| > €o.

Let us take § = %, n € N. Then we get a sequence {z1,,}5~; satisfying the
inequality |71/, — 0| < L (and therefore 1/, — o), but f(z1/,) & Og,(f(z0))-
Thus, f(z1/,) does not converge to f(xo) which contradicts the sequential conti-
nuity. U

Thus, we have established that if f is continuous then

lim f(z,) = f( lim z,)

n—oo n—oo

for every convergent sequence x,, and this property characterizes continuous func-
tions.

The next example shows how to use this theorem in order to show that the
function is discontinuous at some point.

Example. Let
o1
sin 2, z#0,
)=
0, x=0.

It is not continuous at x = 0. Indeed, we know that the function oscillates between
1 and —1 infinitely many times as  — 0. Let us solve sin% =1,ie, =724 2mn.

oz 2
Let us consider a sequence x,, := n € N. This sequence clearly converges

to 0, but f(x,) =1 does not converge to f(0) = 0.

We are ready now to state the algebraic properties of continuous functions.
Namely,

1) Let f and g be continuous at © = zy and let a, 5 € R. Then af + B¢ is
continuous at x = xg.

2) Let f and g be continuous at xg. Then the product fg is continuous at .
If in addition g(xp) # 0 the the quotient g is continuous at z = xg.

3) Let g be continuous at xy and f be continuous at g(zo). Then the composition
f(g(z)) is continuous at xg.

Of course, these properties require proofs. It can be done by first principles, but
it is easier to reduce then to algebraic properties of limits of sequences (already
proved) using the last theorem. Namely, we will check the sequential continuity
of these functions. For instance, let us prove 1). Let z, be an arbitrary sequence



converging to xg. Then, using the fact that f and g are sequentially continuous
and the properties of limits of sequences, we get

nli_)rrgo(af(xn) + Bg(xy)) = a lim fxn) + p lim g(zy,) =
= af(lim z,)+ Bg( lim ) = af(zo) + Bg(xo).

Thus, af + Bg is sequentially continuous and therefore continuous. The first prop-
erty is proved. Prove properties 2) and 3) as an exercise!

Remark. These properties allow us to verify the continuity of most part of
elementary functions in a trivial way! If not obvious, prove as an exercise that the
function f(z) = L‘Li: is continuous for any x¢p € R. Please, do not prove such
continuity at exam if not explicitly asked!! You may just say ”obviously”.

Exercise. Prove the Sandwich rule for continuous functions. Namely, let the
functions ¢ and v be continuous at x = xg and ¢(zg) = ¥ (zg). Let also the
function f satisfies the inequalities

p(x) < f(z) < ()

for all x belonging to some neighbourhood of xy3. Then f is continuous at x.

The concept of continuity is closely related with limits of functions and can be
reformulated in terms of such limits.

Def.: Let f: R — R be a function. Then f(x) converges to L € R as x — xg
if for every € > 0 there exists § = d(¢) > 0 such that |f(x) — f(xo)| < € if
0 < |z — x| < 0.

NB! There is one essential difference from the previously given - defs. Namely,
the appearance of an extra inequality 0 < |z—x|. This means that the value x = z
is not allowed. So, instead of x € Os(xg), the so-called deleted neighbourhood
Os(xo) := Os(x0) \ {xo} is used. There are two reasons for this:

1) Elementary one. If we use standard neighbourhoods Os(xg) for independent
variable, the only choice L = f(xg) is possible and the existence of the limit will
be just equivalent to continuity. Indeed, if we take x = xy, we get that for every
e>0,|f(xg) — L] <eand L = f(xp). As we will see below if z = ¢ is removed L
is not necessarily equal to f(zo) and some new things appear.

2) All this rigorous theory of limits has been developed initially in order to justify
calculus. And the central concept there is derivative which is interpreted as a limit

Fla) = 1 Tt AR~ f@)

Az—0 Ax ’

where x € R is a parameter and the increment Ax is an independent variable which
tends to zero. What happens here if we will use the standard neighbourhoods
where Az = 0 is allowed? At point Ax = 0 both nominator and denominator
equals to zero, so we have 8 which is undefined!! and the theory becomes non-
rigorous from the very beginning. This is probably the main reason to use deleted
neighbourhoods.

Example. Let us consider a function




Of course, f(x) = x+ 1if z # 1, but f(1) = €™ # 2, so formally the function
f(z) is not continuous at x = 1. But the limit lim,_,; f(x) exists and is equal to
2. Indeed, in the def of the limit the value x = 1 is forbidden to take anywhere,
so the "wrong” value f(1) is nowhere present, so the limit is exactly the value of
continuous function f(z) = = + 1 at 2 = 1. Such type of discontinuities is called
removable singularities. Indeed, if we correct the value of the function at a single
point x = 1 just taking f(xg) := lim,_,,, f(x), the obtained new function will be
continuous.

Thus, the existence of a limit L := lim,_,,, f(z) does not guarantee that f is
continuous at x = zg, if L # f(z¢) the function still will be discontinuous with
removable singularity (check if not obvious!). And the criterion for continuity will
read

The function f is continuous at z = x if and only if the limit lim,_,,, f(z)
exists and is equal to f(xg). Prove as an exercise!

The algebraic properties 1) and 2) remain valid for such limits. The simplest
way to see that is to redefine the functions f(z) and g(z) at the point z = z if
they are discontinuous there by

= li =l .

f(zo) := lim f(z), g(xo):= lim g(x)

These new functions will be continuous (we assume that the limits exist), so we
may use already proved algebraic properties for continuous functions (complete the
missing details!). However, for property 3) the situation is more delicate and you
need the continuity of the external function f in order to verify that

Jim f(g(z)) = f( lim g()).
We also have the sandwich rule for limits of functions, namely, let functions f(z),
o(x) and ¥ (x) satisfy
p(x) < flz) < ¢(x)

for all = belonging to some neighbourhood of xy. Assume also that

lim p(x) = lim ¥(x) = L.
Tr—rTo Tr—rTo
Then the limit lim,_,,, f(z) exists and is equal to L. The proof of this fact is
exactly the same as for sequences (check!).
Remark. Let me state one more almost tautological, but useful fact. Namely,

lim f(x)=L < lim |f(z)—L|=0.

T—T0 T—T0

The proof is an immediate corollary of the definition (exactly as in the case of
sequences).

At the next step we introduce one more important class of limits, namely, the so-
called one-sided limits (left and right limits). Let us first consider model examples

Let f(x) :=sgn(z). The problematic point is = 0. We know that lim,_,o f(x)
does not exist since in any neighbourhood Os(0) there are points where x < 0 and
x > 0 which correspond to the values —1 and +1 of the function. However, if
we "forget” about points z > 0 and will approach x = 0 from the left side then
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f(z) will be always —1 and we expect that naturally the ”left limit” should be —1.
Analogously, if we will approach x = 0 from the right, we expect the value of the
"right limit” to be +1.

Let us consider one more example: f(z) = /1 — 22. The natural domain Dy =
[—1,1] and the graph of this function is upper half-circle of radius one centered at
x = 0 (plot the graph!). The graph guesses that the function f is continuous at
the endpoints x = +1, but how to formulate this rigorously? The usual limit and
the def of continuity do not work here since the function f is not defined in the
neighbourhoods Os(41), but only in one-sided neighbourhoods. So, we see again
that one-sided limits are necessary.

We now state these definitions.

Def.: Let f: R — R be a function. Then, lim, ..+ f(x) is equal to L, if for
every € > 0 there exists 6 = d(¢) > 0 such that |f(z) — Ly| < e if |z — 20| < 0 and
x > xo. Analogously, lim,_,,,— f(x) is equal to L_ if for every ¢ > 0 there exists
d = 6(e) > 0 such that |f(x) — L_| < e if |x — o] < 0 and = < xy. The values L1
(if they exist) are called left and right limits of the function f and the values Ly
are often denoted by f(zo=%) (or even by f(xg £0)).

Exercise. Prove that the two-sided limit lim,_,,, f(z) exists if and only if both
left and right limits exist and are equal.

Remark. As we see from the definition of, say, left limit, the values of function
f(z) for > x is not involved in the def and are ”invisible” for this limit. This can
be rigorously stated in the following way: let two functions f(x) and g(z) coincide
for x < xg. Then

Jm f(z) = lim g(z)
and the analogous property holds for right limits as well. In particular, it gives us
a useful formula for computing one sided limits for piece-wise continuous functions.
Namely, let the function f(z) be defined as follows:

(p(:L‘), T < Xy,
flx) =4 f(wo), ==mo,.
v(x), x>z

Assume also that both functions ¢(z) and @ (z) are continuous at © = xg. Then,
the left and right limits exist and

lim f(z) =¢(xo), lim f(x)=1v(zo).

T—To— T—xo+

Example. Let f(x) = sgn(z). Here g = 0, p(x) = —1 and ¢(z) = 1 (both
continuous at x = 0, so lim, o1+ f(z) = £1.

A bit more complicated example: f(z) = %. Here zp = 1, p(z) = "”;—;21
and ¥ (x) = ‘Um—f; Both ¢ and ¢ are continuous at = 1. Therefore,
lip f() = ¢(1) =0, lim = (1) =3
Jim 1) =) =0, lim =) =3
. . el/t, x #0, .
Example. A bit more complicated f(z) = 0 0 The problem point here
, x=0.

is x = 0, of course. Let us consider first the right-limit. In this case z > 0, when x
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is small % is big positive and e'/®

this we will use inequality

is big, so we expect 400 in the limit. To prove

ey >y+1

with y = 1/2. Therefore, e/ > 1/z +1 > 1/2. Since lim, o+ 1 = +o0, we
conclude that lim, o+ el/r = fo0.

Let us consider the left limit. Then x < 0, 1/x will be big negative if z is small,
so we expect the limit to be zero. To prove this we again use the inequality e¥ > v,
but now with y = —1/x > 0. Then, e™'/? > —1/2 and e'/* = - < —2. Thus,

e—1/x

1/x

O<e < —x

if x is negative and by the sandwich rule lim, _,o_ el/r =0 as predicted.
At the next step, we verify the continuity of the exponent e”.
Example. Let f(z) = e* := ) ; £;. We have already proved the convergence
of the series and the functional equation e*™¥ = e%e¥. Now we want to check
continuity. We start with 2 = 0. We need to check that lim,_,ge* = e = 1. To

this end, we need to estimate e — 1 for small z, say, for |z| < 1:

e R
T DEATED DE: P pIFUR
n=1 n=1 n n=1 |ZZJ|

Here we used that n! > 1 and the formula for geometric power series (which is

| 8

n
!
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convergent since |z| < 1). It remains to note that lim,_,q 1|_L‘|m| = 0 and by sandwich
rule we have lim,_,o [ — 1| = 0 and e” is continuous at x = 0.

Let us now prove that e* is continuous at every xy € R. To this end, we need to
find the limit lim,_,,, |e* — e®°|. It is convenient to introduce an increment Ax =
x—xq of the independent variable and rewrite it in the form lima,_.q |e‘”0+A“ —e®o|.
Here x( is a fixed number and Ax is an independent variable. We use the proved
(on seminars) functional equation for the exponent to get

lim [0 FAT — e = % Jim [e2% — 1| =0
Ax—0 Axz—0
since as already proved e” is continuous at x = 0. Thus, e” is continuous for every
zo € R (and even for every xg € C).
In next examples we actually compute limits related with derivatives, namely,
as you probably know

(You will study the derivatives and integrals on a rigorous base at Real Analysis
IT, but we already have all necessary tools to compute such limits.)
Example. Let f(z) = 22. Then,

(ro + Ax)? — 22

/ — 1 _
flawo) = Jim =17
5 —2z9Az + (Az)? — 2}
— lim i o IL‘"‘( l') Zy = lim (2560 —FA.’E) _ 233()
Axz—0 Az Axz—0



in complete agreement with the formula (z™) = na"~1.

Example. More complicated example f(z) = e”. Let us first consider the case
xo = 0 (one of the exam problems at year 2017!). In this case we need to find
a limit lim,_,g &==. Let us transform the expression (e* — 1)/x using the Taylor
expansion (= deﬁmtlon of e?) for the exponent:

1, ., 1 [ = "
5(6 _1):§<Z ) Znu n! :Z_%(njtl)!'

n=0 n=1 n=1

Putting formally x = 0 to the right-hand side, we get 1. So, this is the expected
vaue of the limit. To prove this rigorously, we assume that |z| is small (say, |z| < 1)
and use that (n + 1)! > 1 to estimate

- — " & e
g n+1)! Sg n+1)! <2 lal 1|7

6(1]

Since lim,_,q 1|—L||:c\ =0, we get lim,_.¢ % =1 and d%e"”}xzo =1.
Let us consider now the existence of the limit f’(xg) at an arbitrary point 2o € R

(or in C). To this end we again use the functional equation for the exponent:

To+Ax

. e ) ‘ . eAa: N ‘ eAﬂc -1
hm —_— Y = hm e —— =" hm —_— =€
Axz—0 Ax Ax—0 Ax Axz—0 Ax

— e Zo

Here we used the already proved result on the derivative at x = 0. Thus, we have
verified the classical result that (e®) = e®.



