
Continuous functions and limits in R. Part II.

We will study today two ”big theorems” related with continuous functions,
namely, the so-called Extreme Value Theorem (EVT) and the Intermediate Value
Theorem (IVT). The last theorem is often refferred as Cauchy theorem, but in our
course ”Cauchy theorem” is reserved for the statement ”Any Cauchy sequence is
convergent”, so we will use denomination IVT.

During this part of the lecture, we assume that we are given a function f : [a, b]→
R which is defined on a finite closed interval [a, b] and is continuous on [a, b]. This
means continuity in the sense of previous lecture at every interior point x0 ∈ (a, b) of
the interval plus the continuity at the endpoints a and b. It is understood in terms
of one-sided limits. For instance f is continuous in x = a if f(a) = limx→a+ f(x).
We start with the extreme value theorem.

Theorem (Extreme Value Theorem). Let the function f : [a, b] → R be con-
tinuous. Then maxx∈[a,b] f(x) and minx∈[a,b] f(x) both exist and finite.

Proof. Let us prove that max is attained. The minimum is considered analogously.
Let A := supx∈[a,b] f(x). By the completeness axiom this sup always exists. It a

priori may be finite (A ∈ R) if the function is bounded or infinite (A = +∞) if
it is unbounded. A posteriori we will see that the second case is impossible. By
the definition of sup, A − 1

n is not an upper bound, so, for every n ∈ N, there

exists xn ∈ [a, b] such that A − 1
n < f(xn) ≤ A (in the case A = +∞ we need to

take f(xn) > n). At this moment we use Bolzano-Weierstrass theorem in order
to extract from the bounded sequence {xn}∞n=1 ⊂ [a, b] a convergent subsequence
xnk
→ x0 ∈ R as k →∞. Since [a, b] is a closed set, we conclude that x0 ∈ [a, b]. We

claim that A = f(x0) and the maximum is attained. Indeed, since f is continuous,
it is sequentially continuous and therefore

A = lim
n→∞

f(xn) = lim
k→∞

f(xnk
) = f( lim

k→∞
xnk

) = f(x0)

and the theorem is proved. �

Corollary. Any continuous function f : [a, b]→ R is bounded.
Indeed, since max and min both exist, they cannot be infinite, so the function

must be bounded.
Of course, you are familiar with problems on finding maximums or minimums

of a function (say, from school or from calculus) and know that it is related with
finding zeros of f ′(x) (the so-called first order test). Many of you start to compute
f ′(x) automatically when see such a problem without thinking about anything else!
The next examples demonstrate why this strategy is dangerous.

Example. max or min is not necessarily attained in the interior points of the
interval [a, b]! The endpoints x = a or x = b must be also considered. For example,
let f(x) = x. Then, obviously, maxx∈[a,b] f(x) = b and minx∈[a,b] f(x) = a both are
attained at the endpoints. Note that f ′(x) = 1 has no zeros, so the first order test
does not give you the right answer and you will be unable to find max and min if
you forget about the endpoints.

Example. Let f(x) = |x| and [a, b] = [−1, 1]. Then, of course minx∈[−1,1] f(x) =
0 and it is attained at the point x = 0 where the function f is not-differentiable. In
this case, f ′(0) does not exist and cannot be equal to zero. So the first order test
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will not see this critical point and you will not have the right answer if you forget
to check all points where the function is not differentiable (plus the endpoints).

Example. The existence of max and min should be proved (by the EVT
or somehow else) before starting to apply the first order test. For example, let
f(x) = 1

x and we consider it on the semiopen interval (0, 1]. Then the function is
continuous (the singularity at x = 0 is out of our interval), but is not bounded:
supx∈(0,1] f(x) = +∞ and max does not exist. min exists here and is attained at

the endpoint x = 1. This show that the closed interval [a, b] cannot be replaced by
(a, b] in the statement of the EVT (read the proof of EVT again and find where
exactly the proof fails if we replace [a, b] by (a, b]).

Example. Finiteness of the interval [a, b] is important in EVT. Indeed, let
f(x) = arctanx (plot the graph!). In this case, supx∈R f(x) = π

4 , infx∈R f(x) = −π4
but neither max nor min exist. Note also that f(x) is smooth and f ′(x) = 1

1+x2

has no zeros.
Let us now switch to the second big theorem, namely, the Intermediate Value

Theorem (IVT).

Theorem (IVT). Let the function f : [a, b] → R be continuous and let y ∈
[min{f(a), f(b)},max{f(a), f(b)}]. Then, there exists ξ ∈ [a, b] such that y = f(ξ).

Proof. Let us assume for definiteness that f(a) ≤ f(b) (the case of the opposite
inequality can be considered analogously or even formally reduced to this one by
considering −f(x) instead of f(x)). Then [min{f(a), f(b)},max{f(a), f(b)}] =
[f(a), f(b)]. Introduce the set A := {x ∈ [a, b] : f(x) ≤ y}. This set is not empty
since a ∈ A and it is bounded. By the completeness axiom we know that ξ := supA
exists. We claim that f(ξ) = y. By contradiction. Let f(ξ) 6= y. Then there are
two possibilities: 1)f(ξ) > y and 2) f(ξ) < y.

Case 1). By the definition of supremum, for every n ∈ N, there exists ξ − 1
n <

xn ≤ ξ such that f(xn) ≤ y. Clearly xn → ξ and since f is sequentially continuous
f(xn)→ f(ξ). Since f(xn) ≤ y, f(ξ) ≤ y. Contradiction.

Case 2). In this case ξ 6= b (y ∈ [f(a), f(b)] implies that f(b) ≥ y). Then, since
f is continuous at x = ξ, f(x) will be less than y at least in a small neighbourhood
of ξ. Thus, there exists x > ξ such that f(x) < y which contradicts the definition
of supremum.

Thus, f(ξ) = y and the theorem is proved.

The IVT is a nice tool for finding the roots of equations f(x) = 0. It is often
formulated in the following simplified (but equivalent) form: ”Let f : [a, b]→ R be
continuous and let f(a)f(b) ≤ 0. Then there exists at least one root of f(x) = 0
on [a, b]”. Indeed, f(a)f(b) ≤ 0 implies that either f(a) ≥ 0 and f(b) ≤ 0 or
f(a) ≤ 0 and f(b) ≥ 0. In both cases 0 ∈ [min{f(a), f(b)},max{f(a), f(b)}] and
the statement follows from IVT. Vice versa, the general case of IVT is reduced to
this particular one by replacing f(x) by f(x)− y.

Example. Existence of
√

2. Recall that
√

2 is defined as a positive number such
that its square is equal to 2. In other words,

√
2 is a positive root of the equation

x2−2 = 0. But why this root exists (and why it is unique)? Answer: the existence is
guaranteed by the completeness axiom! (this may already be somehow unexpected
and worth to note) and can be proved by the IVT (which is in turn the corollary of
the completeness axiom as you may see from the proof). Indeed, let f(x) = x2− 2.
This function is clearly continuous and f(0) = −2 < 0 and f(2) = 2 > 0. So, the
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IVT guarantees the existence of at least one root ξ ∈ (0, 2). But this is not enough!

To define
√

2, we need to verify that such positive root is unique (recall that the
IVT gives only existence of a root, but says nothing about the number of roots).
To this end, we exploit the monotonicity. The function f(x) = x2 − 2 is strictly
monotone increasing on R+ := [0,∞). Indeed, let x2 > x1 ≥ 0. Then

f(x2)− f(x1) = x22 − x21 = (x1 + x2)(x2 − x1) > 0

since (x1 + x2) > 0 and x2 − x1 > 0. Thus, f(x) = x2 − 2 is strictly monotone for

positive x and the positive root is unique. Only after this we may say that
√

2 is
well-defined. Of course, x2− 2 is not monotone for all x ∈ R and this explains why
the second root −

√
2 exists.

The uniqueness proof in the previous example is based on a simple general fact
which however worth to emphasize. Namely, ”Any strictly monotone function is
injective”. Indeed, let for definiteness f(x) be strictly increasing. Assume that
f(x1) = f(x2) for some x1, x2 ∈ Df . If x1 > x2 than from monotonicity we should
have f(x1) > f(x2) and if x1 < x2, we have f(x1) < f(x2). Both inequalities are
impossible, so we have x1 = x2 and f is injective.

Of course, the applications of IVT are not restricted to proving that
√

2 exists!
Below we apply it for verifying the existence of inverse functions. We start with
the following corollary.

Corollary. Let f : [a, b]→ R be continuous. Then

f([a, b]) = [ min
x∈[a,b]

f(x), max
x∈[a,b]

f(x)].

In other words, a direct image of a closed interval under continuous map is a closed
interval.

Proof. The numbers A+ := maxx∈[a,b] f(x) and A− := minx∈[a,b] f(x) exist by the
EVT and the inclusion f([a, b]) ⊂ [A−, A+] is obvious. So, we only need to prove
that [A−, A+] ⊂ f([a, b]). Let y ∈ [A−, A+] be arbitrary. Let α, β ∈ [a, b] be such
that A− = f(α) and A+ = f(β). Then y ∈ [f(α), f(β)] and by the IVT, there exist
ξ ∈ [α, β] (or ξ ∈ [β, α] if β < α) such that f(ξ) = y and the corollary is proved. �

Thus, any continuous function f : [a, b] → R is surjective as a map from
A := [a, b] to B := [minx∈[a,b] f(x),maxx∈[a,b] f(x)]. If we assume also the strict
monotonicity which gets the injectivity, we obtain the bijection and will be able to
define the inverse function.

We recall that if f : A → B is a function between sets A and B, the inverse
function f−1 : B → A is defined as a function for which the following identities
hold:

f(f−1(x)) = x ∀x ∈ B and f−1(f(x)) = x ∀x ∈ A

and the inverse map exists if and only if f is bijective. Indeed, the inverse image
f−1({x}) ⊂ A of any point x ∈ B is a single point iff f is bijective (surjectivity
means exactly that it is not empty for any x and injectivity is exactly that it contains
at most one point). Then, the inverse function is defined by f−1(x) = f−1({x})
(see ”sets and functions” if not remember).
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Corollary. Let f : [a, b] → R be strictly increasing and continuous. Then f :
[a, b]→ [f(a), f(b)] is bijective and therefore f−1 : [f(a), f(b)]→ [a, b] exists.

Proof. Indeed, strict monotonicity gives injectivity, so we only need surjectivity.
Since f is increasing minx∈[a,b] f(x) = f(a) and maxx∈[a,b] = f(b). Therefore,
f([a, b]) ⊂ [f(a), f(b)]. Let y ∈ [f(a), f(b)] be arbitrary then by IVT there exists
ξ ∈ [a, b] such that f(ξ) = y and f is surjective. Thus, f is bijection and the
corollary is proved. �

The above corollary gives sufficient conditions for the existence of the inverse
function. The natural question here is it continuous if f is continuous? The answer
is positive as the next proposition shows.

Proposition. Let f : [a, b] → R be strictly increasing and continuous. Then the
inverse function f−1 : [f(a), f(b)]→ [a, b] is continuous.

Proof. By contradiction. Assume that f−1(y) is not continuous at y0 ∈ [f(a), f(b)].
Then, there exists ε0 > 0 such that for every δ > 0 there is yδ ∈ Oδ(y0) and
f−1(yδ) /∈ Oε0(f−1(y0)). As before, taking δ = 1/n, we get a sequence y1/n → y0
such that |x1/n−x0| > ε0 where x1/n := f−1(y1/n) and x0 = f−1(y0). We see that
y1/n = f(x1/n)→ y0 = f(x0). By the Bolzano-Weierstrass theorem we may extract
a subsequence (which we denote x1/n for simplicity) which is convergent to some x1.
Moreover, x1 6= x0 since x1/n /∈ Oε0(x0). By sequential continuity of f we conclude
now that f(x1) = y0 = f(x0) which contradicts the strict monotonicity. �

Example. Let f(x) = ex. This function is continuous (already proved) and is
strictly increasing. Indeed, let x1 > x2. Then, using the functional equation and
the fact that ey > y + 1 if y > 0, we have

ex2 − ex1 = ex1(ex2−x1 − 1) > ex1(x2 − x1) > 0.

In addition, since limx→−∞ = 0 and limx→+∞ f(x) = +∞ by the IVT, we get that
f(R) = [0,∞). Thus, the inverse function ln : (0,∞) → R exists and by the last
proposition is continuous. When the continuity of ln(x) is proved, we may use the
standard formula xa := ea ln x to establish that the function f(x) = xa : [0,∞)→ R
is well defined and continuous for all a ∈ R. Moreover, if we prove the continuity
of sin and cos (e.g., using the continuity of the exponent eix and the formula eix =
cosx+ i sinx), we can prove the continuity of arcsin(x), arccos(x) and arctan(x) in
their natural domains. This gives us the continuity of all elementary functions you
learned at school.

In previous examples and proofs we see that monotonicity appears in many ways
when we speak about inverse functions. The next improvement of the proposition
proved above show that it is not occasionally.

Proposition∗. Let the function f : [a, b] → [minx∈[a,b] f(x),maxx∈[a,b] f(x)] be

continuous. Then f−1 exists if and only if the function f is strictly monotone.

Proof. Indeed, the fact that strict monotonicity gives bijectivity is already proved.
Let now f be injective and continuous. We need to check that it is strictly mono-
tone. For definiteness, we assume that f(a) < f(b). By contradiction. Assume
that it is not strictly increasing, i.e., there are two numbers x, y ∈ [a, b] such that
x < y but f(x) > f(y) (the case f(x) = f(y) is excluded since then f is immedi-
ately non-injective). Let us introduce two linear functions x(t) = ta+ (1− t)x and
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y(t) = tb + (1− t)y. Since a ≤ x < y ≤ b, the function x(t) is decreasing and y(t)
is increasing, so x(t) < y(t) for all t ∈ [0, 1].

Finally, let ϕ(t) := f(x(t))− f(y(t)). Then it is continuous for all t ∈ [0, 1] and

ϕ(0) = f(x(0))− f(y(0)) = f(x)− f(y) > 0,

ϕ(1) = f(x(1))− f(y(1)) = f(a)− f(b) < 0.

Therefore, by IVT there exists t0 ∈ (0, 1) such that f(x(t0)) = f(y(t0)) since
x(t0), y(t0) ∈ [a, b] are different, this contradicts the injectivity. �

Remark. The proof of this proposition demonstrates a non-trivial application
of IVT.

Iterations of continuous functions. Let f : R→ R be continuous. Let us define
a sequence {xn}∞n=1 in the following recursive way:

xn+1 = f(xn), x1 = α ∈ R.

This sequence is uniquely defined if f and α is given. The number α is called an
initial data for a sequence {xn}. We want to study the behavior of xn as n → ∞.
This behavior may be very complicated and in general depends on α. The simplest
case is when this sequence is convergent: p = limn→∞ xn. What are the possible
values of p ∈ R? To answer this question, it is sufficient to pass to the limit n→∞
in the recursive equation using the sequential continuity of f :

p = lim
n→∞

xn+1 = lim
n→∞

f(xn) = f( lim
n→∞

xn) = f(p).

Thus, if the sequence xn is convergent, the limit p must obey the equation p = f(p).
The solutions of these equation are called fixed points of f (or equilibria if we
interpret xn+1 = f(xn) as a dynamical system).

NB! The above arguments work only if the convergence of {xn} is proved! The
sequence {xn} can easily be divergent! See examples below.

There is a nice geometric interpretation of the recursive sequence xn (which you
probably know from school): you plot together the graphs of y = f(x) and y = x,
take a point x = xn on the x-line, then plot a vertical line till the intersection with
y = f(x), after that plot a horizontal line till the intersection with y = x and then
intersection of the vertical line plotted through this point with the x-line gives you
the value of xn+1. After that you may iterate. See attached Pic 1 (in the file
Pics.pdf). Although as we discussed many times, pictures cannot prove anything
rigorously, it may give you a lot of hints on the behavior of xn.

Remark At examples considered before, like f(x) =
√
x+ 2, the situation was

extremely simple and for all values of the initial data α, the corresponding sequence
{xn} was convergent to a unique fixed point. As we will see today, these were
specially prepared exceptions, not a rule! In general the behaviour is not so simple.

There are two general sources for iterative equations xn+1 = f(xn) to appear:
Source 1: We want to find numerical scheme to find the approximate value for

the root of equation p = f(p). In this case, it is crucial to find the initial data in
such way that {xn}∞n=1 is convergent, see the Newton method below.

Source 2: We interpret equation xn+1 = f(xn) as a dynamical system which
describe the evolution of a system in discrete time t = 1, 2, · · · . Then we assume
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that the state of a system at time moment t = n is described by one dimensional
parameter xn ∈ R and xn+1 = f(xn) gives the evolution law for our system from
time t = n to the next time moment t = n + 1. Of course, the real dynamical
systems are much more complicated and involve many parameters. For instance,
if you want to predict weather, you need to consider velocity of the air in different
points, temperature, pressure, etc., and time will be not discrete but continuous,
so you need to write differential equations. But surprisingly, even in this simplest
possible model of one-dimensional dynamics, we may observe many key features
typical for complex systems, like sensitivity to initial data (=butterfly effect, please
google if never heard about it!). the so-called deterministic chaos, etc. At the end
of the lecture I will try to show you very schematically how can it be.

We start with the first Source. Assume that we want to solve numerically the
equation ϕ(x) = 0. Assume that the function ϕ(x) is smooth enough and that we
already have rough approximation xn for the exact root x∗ of this equation and want
to obtain better approximation xn+1. The idea of the Newton method (sometimes
called Newton-Raphson method) is to replace the nonlinear function y = ϕ(x) by
the equation of a line tangent to ϕ at point xn: y−ϕ(xn) = ϕ′(xn)(x− xn). Then
y = 0 can be easily solved and this gives the value of ”better” approximation xn+1:

xn+1 = xn −
ϕ(xn)

ϕ′(xn)

and this is an iterative scheme with f(x) = x− ϕ(x)
ϕ′(x) .

Example. Let us build up a numerical scheme to approximate
√

2 using the
Newton method. It can be done in many ways. For instance, the simplest way is
to take ϕ(x) = x2 − 2. This gives us

xn+1 = xn −
x2n − 2

2xn
=

1

2
xn −

1

xn
.

In this case f(x) = 1
2x −

1
x . In principle, one can run this scheme, but it is not

convenient: 1) function f(x) is discontinuous at x = 0; 2) which is more important,
it contains division 1

xn
at every step and if you want to get many correct digits, the

division is much more ”difficult” operation for a computer than multiplication, so
it would be better to avoid it. This can be achieved in the following way: we take
ϕ(x) = 1

x2 − 1
2 which has the same root

√
2, but now the equation for Newton’s

iterations reads

xn+1 = xn −
1/x2n − 1/2

−2/x3n
= xn +

1

2
xn −

1

4
x3n =

1

4
xn(6− x2n)

and here f(x) = 1
4x(6−x2) is a nice cubic polynomial. Let us study the convergence

problem for such iterations. To this end, we introduce the variable yn := |xn−
√

2|
as the approximation error and try to estimate it. From the iterative equation we
have

xn+1 −
√

2 =
3

2
xn −

1

4
x3n −

√
2 = −(

1√
2

+
1

4
xn)(xn −

√
2)2.

Just expand brackets and check the last formula! This gives

yn+1 = |( 1√
2

+
1

4
xn)|y2n.
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Assume that the sequence xn is bounded. Of course, it depends on the value of
α = x1, but it can be proved that f([−

√
10,
√

10]) = [−
√

10,
√

10] (check it by

finding max and min of f(x) on the segment [−
√

10,
√

10]!). Then, if you take

|α| ≤
√

10 you will have |xn| ≤
√

10 for all n and the sequence will be bounded.
Then the error yn satisfies

yn+1 ≤ Cy2n, C :=
1√
2

+
1

4

√
10.

To iterate this estimate, it is convenient to introduce zn := Cyn, then zn+1 ≤ z2n
and

yn+1 = C−1zn+1 ≤ C−1z2
n

1 = C−1
(
C|α−

√
2|
)2n

.

Note that the proved estimate is useless if the initial data is badly chosen (i.e.,

C|α−
√

2| ≥ 1), but if α is close enough (α ∈ O1/C(
√

2)), then from this estimate

we see extremely good (double exponential) rate of convergence of xn to the root
√

2.
Double exponential means that the number of correct digits in the approximation
xn growth exponentially as n → ∞. For instance, if I take α = 1.4 - two correct
digits, then x2 = 1.414 - 4 correct digits, x3 = 1.414213562373092566903239814 -
8 correct digits, x4 -15 correct digits and so on (you may play with Maple or other
program and compute more correct digits!)

Remark. The above obtained double exponential convergence is typical for the
Newton method. Indeed, if we know that ϕ′(x) 6= 0 near the root x∗ and ϕ is twice
continuously differentiable, then using Taylor expansion at x = xn, we have

0 = ϕ(x∗) = ϕ(xn) +ϕ′(xn)(x∗ − xn) +
1

2
ϕ′′(xn)(xn − x∗)2 + Higher Order Terms.

This gives us an estimate

|ϕ(xn)− ϕ′(xn)(xn − x∗)| ≤ C|xn − x∗|2

if xn in a small neighbourhood of the root x∗. Since ϕ′(x∗) 6= 0 the continuous
function 1

ϕ′(x) is also bounded in a small neighbourhood and we get

yn+1 := |xn+1−x∗| = |xn−x∗−
ϕ(xn)

ϕ′(xn)
| = 1

|ϕ′(xn)|
|ϕ(xn)−ϕ′(xn)(xn−x∗)| ≤ C1y

2
n.

This explains the ”mysterious” formulas in the above concrete example for
√

2. Of
course, since you will study properly derivatives at Real Analysis II only, it is not
a rigorous proof, just heuristics.

The rest of the lecture is for advanced reading. Not necessary for exam!!
Example∗. We return to our example with

√
2, namely,

xn+1 =
1

4
xn(6− x2n), x1 = α

but now we want to understand what happens with the sequence {xn} as n → ∞
in dependence of the initial data α. Already here we will see unexpected surprises!
First, we observe that there are 3 fixed points (p = f(p)) here: p = ±

√
2 and p = 0.
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We know that xn →
√

2 if α is close enough to
√

2. Since the function f is odd,
the same is true for −

√
2.

Step1: xn →
√

2 if α ∈ (0,
√

6) (and analogously xn → −
√

2 if α ∈ (−
√

6, 0)).
I ”prove” this just plotting a picture. This is not a rigorous proof, but it can be
made rigorous after observing from the picture that the sequence become monotone
increasing at most from the second term and bounded from above by

√
2 and then

proving it rigorously (nice exercise! Try to do this!), See attached Pic 2.

Step 2: We already know about the periodic orbit starting from α =
√

10.
Then, x2 = f(x1) = f(

√
10) = −

√
10 and x3 = f(x2) = f(−

√
10) =

√
10. Thus,

xn = (−1)n+1
√

10 is periodic with period 2. I claim that |xn| → ∞ if |α| >
√

10.

Indeed, let zn := |xn|. Then, for zn ≥
√

6 it satisfies the iterative equation

zn+1 =
1

4
zn(z2n − 6).

The function ψ(x) = 1
4x(x2 − 6) − x = 1

4x(x2 − 10) has a unique positive root

x∗ =
√

10 which is simple, so ψ(x) > 0 if x >
√

10 and ψ(x) < 0 for x <
√

10. This

means that zp is monotone increasing if |α| >
√

10 and must tend to infinity (if not
it must converge to a strationary point due to MCT, but there are no such points).
See attached Pic 3.

Let now |α| ∈ (
√

6,
√

10). Then zn = |xn| is monotone decreasing until |xn| ≥√
6. You also may see that the sign of xn will oscillate (prove this!). I claim that for

some N = N(α) ∈ N we will have |xN | <
√

6 and we are under conditions of Step1.

Indeed, if the sequence zn is always greater or equal to
√

6, it will be monotone
decreasing and by MCT should converge to a fixed point, but there are no such a
point). See attached Pic 4.

Thus, we have ”almost” verified the whole picture: if |α| <
√

10 the sequence

xn is convergent to one of three equilibria p = ±
√

10 or p = 0, for |α| =
√

10 it is

divergent (periodic orbit of period 2) and for |α| >
√

10 the modulus |xn| → ∞ in
a monotone increasing way and the sign of it is oscillating.

So, the dynamics looks regular. But our ”almost” loses the most interesting
thing in this example! Namely, how to describe to what of 3 equilibria the sequence
will tend in dependence of |α| ∈ (

√
6,
√

10) (for rest values of α it is obvious). In
other words, what is the basin of attraction of every equilibria? As we see at Step
1, this depends on the sign of xN where xN is the first point of the sequence such
that |xN | <

√
6 (after that no more sign changes are possible and if xN > 0 the

sequence tends to +
√

2 and to −
√

2 otherwise). Since the sequence xn is oscillating
for n ≤ N . This in turn depends on whether N = N(α) is odd or even (=how
many rotations around zero the sequence make on Pic 4). Closer the point α to√

10 more rotations you have. Actually, using continuity, we may show that every
number of rotations is possible for the proper choice of α. Moreover, there is a
sequence β0 =

√
6 < β1 < · · · <

√
10 converging to

√
10 such that

xn → −
√

2 if α ∈ (β2(n−1), β2n−1) and xn → +
√

2 if α ∈ (β2n−1, β2n), n ∈ N
and the endpoints βn are exactly the points which come to zero after finitely many
iterations (let me not to prove it here. You may try to do it by yourself!).

Exercise∗∗ (for those who know how to solve cubic equations using trigonometric
functions!): Prove that the sequence βn satisfies the following recursive equation:

βn+1 = 2
√

2 cosh

(
1

3
arccosh

(
βn√

2

))
, β0 =

√
6.
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In particular, β1 ≈ 3.037396, β2 ≈ 3.14129, β3 ≈ 3.15877, β4 ≈ 3.16169 and so on.
Conclusion. Even in this ”simple” example, we see that if we take the initial

α ∈ Oδ(
√

10), then no matter what δ > 0 is, there are initial data α from this

neighbourhood such that xn is convergent to 0 and to ±
√

2 and to ∞. So, small
perturbation of the initial data near α =

√
10 lead to drastic changes in the behavior

of {xn} = ”sensitivity to the initial data”. This is actually typical phenomenon,
google ”Mandelbrot set or Julia set” to see examples of nice fractal structures!

Example∗. Let us consider the recursive equation

xn+1 = 2x2n − 1, x1 = α.

Then, obviously (check!) f([−1, 1]) = [−1, 1], so all interesting happens when
|α| ≤ 1 (otherwise the sequence is just convergent to +∞). The equation looks
even simpler than the previous one (quadratic polynomial instead of cubic one).
But actually the dynamics here is much more complicated and this is probably
the simplest model example of deterministic chaos! Let us try to understand why.
In a fact there is a nice explicit formula for the sequence {xm} which explains
everything. It is based on the trigonometric identity

cos(2φ) = 2 cos2(φ)− 1.

If you guessed that this identity should be used (non-trivial!), the rest is simple.
Indeed, let φ1 := 1

2π arccos(α) (the choice of scaling factor 1
2π will be clear from

what follows). Then x1 = α = cos(2πφ1),

x2 = 2x21 − 1 = 2 cos2(2πφ1)− 1 = cos(2π · 2φ1)

and by induction we get

xn = cos(2π(2n−1φ1)) := cos(2πφn)

where φn = 2n−1φ1 satisfies the simplified relation φn+1 = 2φn. Moreover, we may
replace φn by its fractional part and write

φn+1 = {2φn},

where {x}means the fractional part. This can be done due to the fact that cos(2πx)
is one-periodic function (exactly for this we chose the scaling factor in the definition
of φ). So, instead of studying the initial sequences {xn}, we may look at the
sequence of ”angles” φn (in a fact, the situation is a bit more difficult since the map
cos(2πφ) is not one-to-one when φ ∈ [0, 1], but we ignore this fact ”for simplicity”).

First, we see sensitivity to the initial data. Indeed, if we take |φ1 − φ̄1| = ε� 1
then |φn − φ̄n| = 2n−1|φ1 − φ̄1| = 2n−1ε. So, the distance between φn and φ̄n will
be of order 1 if n ≥ 1+log2

1
ε . So, we see sensitivity to initial data no matter where

we take α on a segment [−1, 1] (model for the butterfly effect).
Next, for all φ1 ∈ Q, the sequence φn (and xn as well) will be periodic and will

be not periodic if φ1 /∈ Q. To see this, we write the binary expansion of the number
φ1:

φ1 = 0, γ1γ2γ3 · · ·
2

=
∞∑
k=1

γk2−k, γk ∈ {0, 1}.
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Then, as not difficult to see,

φn = 0, γnγn+1γn+3 · · ·
2

and our dynamics is just left shift of the sequence of binary disgits. So, φn is
periodic (up to finitely many first terms) if and only if the sequence of binary digits
is periodic (up to finitely many first digits) = the number φ1 is rational. Moreover,
a bit more delicate arguments show that for any n ∈ N there is a periodic sequence
{xn} of period exactly n. Moreover, it can be shown that for ”typical” point α,
the sequence φn is uniformly distributed on [0, 1] (compare with Weyl theorem
discussed earlier).


