EXTENDED INTRODUCTION.

We are starting Real Analysis. The main idea will be to build up a rigorous
basis for the heuristic arguments used in calculus. Roughly speaking, the central
question of Real Analysis is ”How to treat infinity (cc) properly”. The material of
this first lecture will be not examined, it should just give you a flavor of what this
course is about. Please, do not be terrified if you do not understand something.

The course may be a bit unusual for you: in contrast to many other courses
you learned before, we will be not interested too much in ”real world applications”
(you have the Calculus course for this!) as well as solving as much as possible
standard examples for a fixed time (like computing derivatives, limits, integrals,
etc.). Instead, we will pay main attention to understanding what is the limit?
what we can do with it and what we cannot do, why the considered statement is
true? or what are the proper conditions for it to be true and how we can justify
it, etc. The central tool for us will be proof which is the main tool and the main
distinguishing feature of ”true mathematics” (in contrast to ”school mathematics”
where the proofs are often omitted for simplicity).

NB!: Real Analysis is traditionally the most difficult course for students in the
first semester (and maybe during the first year as well). Difficult but not insane!
The key problem here is that the material is unusual for many of you. Instead of
mechanical solving many examples and learning by heart the pastpapers, you need
to think about the theorems, analyse their proofs, try to produce your own proofs,
etc. You just need time to accept this change in paradigm and you will see that the
proof is not just a boring thing which you need to learn by heart together with the
theorem (and forget immediately after the exam). It is really something interesting
and often it is the only way to understand the theorem properly! All this needs
time and proper efforts, so, please, do not postpone learning analysis till the last
night before the exam!! This strategy may work with other courses (if you have
strong background from school and good memory), but it extremely unlikely will
work for Real Analysis!

But why do we need proofs at all? In particular, why do we need to justify
anything in calculus? You studied Calculus for several years at school on a hand-
waving level and probably did not see any problems with justification! I will give
below several examples showing how the intuitive arguments may naturally lead to
completely wrong conclusions.

Example 1 (Integration) All of you know the formula for computing the
integrals:

| f@)de = FO) - Fl@). F@)= f(a)

which is usually called Newton-Leibnitz formula or "main formula of calculus”. Let
us apply it to f(z) = &. Then F(z) = —2 and
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Is it correct? Obviously NOT! The integral of a positive function cannot be nega-

tive. But what goes wrong? The problem is that for Newton-Leibnitz formula to

work, the function f should be continuous at the segment [a,b], but our function
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f(z) = % has singularity at = 0 which prevent us to use this formula. But where
is the problem if f is not continuous? and what is the correct value for the integral?
To answer this question, we need to understand rigorously what is the integral
(and, by the way, what is continuous function). The naive answer that ”integral is
the area under the curve” which you memorized from school does not help at all!
Indeed, what is area of a curvilinear figure? We know how to compute the area
for a rectangle, triangle, circle (already with some heuristics around number 7),
but not for general curvilinear figures. In a general case, you need to approximate
the area properly by something which can be presented as a sum of rectangles or
triangles which we may compute. In particular, we may divide the interval [a, b]
by N small subintervals [z,,x,4+1],n =0.N — 1, ,, = a + nb_Ta and approximate
f(z) by f(x,). Then the area under the curve on the interval [z,,z,11] will be
approximated by the area of a rectangle: S, ~ f(x,)(zn+1 — ,). This gives

/ f(z)dz = f(zo)(z1 — x0) + f(z1) (@2 — 1) + -+ + f(20)(Tnt1 — Tn)

and to obtain the exact value of the integral we need to pass to the limit N — oo
in the right-hand side. Thus, we have realized that the integral is a limit (of a
sequence of integral sums)! Now we may see where the Newton-Leibnitz formula
comes from. Namely, since f(z) is a derivative of F'(z), we have F(z,1)—F(z,) ~
f(zn)(xp+1 — x,) and the integral sum becomes a telescoping series:

/ f(@)de = (F(z1) = F(xo)) + (F(22) — F(21)) + -+ (F(an) = Fan-1)) =
= F(ay) — Flzo) = F(b) — F(a).

But all this should be rigorously justified! This will be done at Real Analysis II
only. In particular, in our case f(z) = -, the approximation F(z,4+1) — F(z,) ~
f(zn)(xpy1 — zp,) will work badly near zero since 41 — 2, = b_T"“, but f(z1) =
%. Thus
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and the error of approximation is not small and becomes only larger if we take N

larger. This explains why Newton-Leibnitz formula fails. But finally what is the
value of the integral? To answer this question, we use that f(z) is even, so it is

|[F'(2) — F(21) — f(z1) (72 —

enough to compute fol f(x) dz only. We approximate it by the integral f; f(x)dz
for small positive . Then, f(z) is good on the interval [e, 1], so Newton-Leibnitz

works:
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We see that this integral becomes larger and larger when we take € smaller, so it
natural to say that the initial integral is infinite:

/ldx L dx
— =2 — = +o0.
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As you will learn later, it is really the correct answer.



This example shows that mechanical applying the Newton-Leibnitz formula gives
us a nonsense even in the relatively simple case and to understand what is happen
we need to revise many things like what is the integral, what is the area, etc. In
the process, we have seen that the intuitive understanding of these concepts is
clearly insufficient and more rigorous theory is needed. This rigorous theory will
be developed in Real Analysis II.

Example 2 (Differential equations). Let us solve the equation y/(z) = y*(x)
with the initial data y(0) = 1. Assume that we are asked to find the value y(5).
The problem looks very simple since we may separate variables in this equation:
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and y(5) = —%. But this answer is again a complete nonsense! Indeed, y(0) =1 >0
and ¢y = y? > 0, so y(5) cannot be negative. What is happen here? To answer

this question, we need to look at the ”solution” y(x) not only at z = 5 but for

all x between 0 and 5. It can be found from the same formula: 1 — ﬁ = x and
y(z) = ﬁ Now it becomes a bit clearer: the ”solution” has a singularity on the
way from 0 to 5 (at point x = 1). This is called blow up in finite time. So, the
correct answer on the above question will be: the solution does not exist! Despite
the fact that you have an explicit formula for the solution, the solution nevertheless
does not exist!!! You will study such problems in a rigorous way in the course of
”Differential equations”.

We see that the rigorous definition of a solution is necessary even in the case
where the equation can be solved explicitly. Namely, y(z) is a solution if y(z) and
y' () both exist at every point and continuous and the equation is satisfied also
at every point. Ignoring this may lead to completely wrong answers (which may
lead to a big disaster if your equation models a real world system). Indeed, if y(x)
models some physical parameter of a system (say, tension at some point of force
acting at some point), then the infinite value of this parameter may easily destroy
the whole system. If you miss such an ”"unessential” event, you will definitely be in
a trouble! So, if you ignore proofs and rely only on computations (even in applied
sciences!), be ready to unpleasant surprises!

Example 3 (Infinite sums). Let us consider alternating harmonic series S =
1-1+41— 1+ . Using the Taylor expansion for In(1 —z) =z — §+%3—|—~--
and fixing x = 1 here we get S = In2. This substitution also requires justification
(which will be done at the concluding part of this course), but now let us just
believe that it is true.

We also know from primary school that summation is additive, so the order of
summation should not be important:

_ (4 1 1+ 1 1 1+ 1 1 1+ 1 1+1 1+1ﬁ_ B
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Again something is clearly wrong. But what exactly? The answer is the commuta-
tive law for infinite sums. The second sum is indeed %ln 2! But how can it be that



the natural and basic property of finite sums disappears when we look at infinite
sums? To understand this, we need to understand properly and define rigorously
what is an infinite sum (=proper limit of finite sums). Actually, the problem here
that the rate of convergence of alternating harmonic series is ”too slow” to preserve
the commutative law in the limit (=the series is not absolutely convergent). We
will study this example in details in our course.

The above examples demonstrate the importance of justifying rigorously any
mathematical statements. But maybe there is another way for such justification
which does not involve proofs? Say, numerical or experimental evidence? The
next example illustrates that mathematics is NOT an experimental science and
numerical ”experiments” can give you only a hint for the right answer, but not
justify it, no matter how many experiments you have done. I do not speak here
about so-called ”computer assistant proofs” where the statement which should be
verified for infinitely many cases is reduced by classical proof to the huge but
finite number of inequalities and these inequalities are verified afterwards using a
computer (the famous example of this is four-colours hypothesis, just google it!).

Example 4 (Borwein integrals). Let us consider a sequence of integrals
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It is not so easy to compute them directly especially for all n. So let us do experi-
ments, say, using Maple software or more or less reasonable online integrator. We
start with n = 1:

We already can make a guess that B, = 5, but we are unsure. Let us take n = 3,
after a bit more waiting we see

s
B3 — 5
We are now almost sure, but we want to be completely sure, so we continue
s
By = Bs = Bg = 5"

Ok. Everything is clear. How many more experiments we need to convince a
mathematician?

Is it enough? Yes, for everyone except of a mathematician!

B 467807924713440738696537864469W
~935615849440640907310521750000
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Clearly not 7 (recall that Maple gives exact answers, not approximations)!

This example can be modified in such a way, that the rule will be broken not
at n = 8, but, say, at n = 100 or n = 1000, just it will be difficult for Maple to
compute the integrals.

NB!: We see that experiments, numerical simulations (as well as pictures, Venn
diagrams, etc) can only give us a hint, but to justify the result rigorously, we need
a proof (and nothing except of the proof is accepted for this)!

Hopefully the above examples clarified why the proofs are necessary and un-
avoidable in Analysis (as well as in Mathematics). The next natural question is
what is a proof! This is really a deep question related with the question what is
a human logic and what is rational thought. It has a long tradition, people tries
to answer this during more than 2000 years and, of course, we will be unable to
give more or less complete answer during these lectures! So, let us discuss some
examples.

Let us start with something simple. For instance, we want to prove that

(a+b)? = a® + 2ab + b?

for all real numbers a and b. It looks self-obvious, but nevertheless how we can
justify this?

First, we use the definition 22 := x x x to write (a + b)> = (a + b)(a + b).

Then, we use the distributive law z(y + 2) = xy + zz to get (a + b)(a +b) =
(a4 b)a+ (a + b)b.

Then, we use the commutative law for multiplication: xy = yx and again the
distributive law together with the definition of z2 to write

(a+b)a+ (a+b)b=ala+b)+bla+b) =axa+ab+ba+bxb=a*+ab+ab+b>

Finally, we use the definition of 2 := 1 4+ 1 and the distributive law again to write
ab+ab = 2ab (we also implicitly used the associative law for summation z+(y+z) =
(x +y) + z to be able to write the expressions x + y + z without brackets).

What we can see based on this example?

Observation 1. We cannot prove anything based on nothing. The proof of a
new statement (theorem) relies on something previously known. In our example,
these were the laws of addition and multiplication and some definitions. This has a
long history, for instance, on the level of philosophy it can be formulated as follows:
”Of everything that is, it can be found why it is” (Schopenhauer). In mathematical
logic is it reflected as modus ponens rule or rule of inference:

If the statements P and P implies () are asserted to be true then () must be
true.

This is the main rule which allows to deduce the new statements from previously
known in the so-called propositional logic or propositional calculus and this is also
the base for proof by deduction.

NB!: The relation ”P implies Q" is denoted by P = ). There is an important
convention about this relation, namely, if P is false then P = () is true whatever
Q@ is! This may look a bit strange at first glance, but this is a natural and useful
convention.

There are also other useful operations with statements. Namely, negation of P
(is denoted by —P) which is true if and only if P is false. Other operations are



congunction P AND @ or P&(@) which is true if and only if both P and () are true
and disjunction P OR @ (often denoted as PV Q) which is true if and only if at
least one of the statements P and () is true. We also have a special notation P < )
(P is equivalent to Q) for

P& Q@ :=(P=Q)%&Q=P).

There are also three more ”traditional laws of thought” which are reflected as basic
principles (axioms) of propositional logics and which worth to be mentioned here:

- Law of identity. Philosophy: ”Everything that is, exists”. Logic: P = P (or
P < P is always true);

- Law of non-contradiction. Philosophy: ”Nothing can simultaneously be and
not be”. Logic: P&—P is always false whatever P is.

- Law of excluded middle. Philosophy: ”Each and every thing either is or is not”.
Logic: PV =P is always true whatever P is.

Remark. The last law is especially important for us since it is the base for the
so-called proof by contradiction. Indeed, in this case, instead of proving that P is
true, we prove that =P is false. Usually, we assume that =P is true, then come to
a contradiction by deductive arguments, this shows that —P is false and by the law
of excluded middle, P is true.

We also mention the so-called double negation elimination rule: ——P < P as
one of the principles of propositional logic.

Observation 2. We usually expect that the proof has finitely many steps only.
In any case, you will not have enough time at exam to reproduce an infinitely long
proof! This means that you need to start with something which you cannot prove
or disprove and which is postulated to be true. Such statements are called axioms.
Then, everything which can be derived from them by logical arguments are called
theorems. In particular, our model proof uses the commutative, distributive and
associative laws for real numbers which are the azioms of real numbers.

Moreover, not any statement can be included into the list of potential theorems.
For instance, if we are speaking about natural numbers, then the statements like

73 is odd”, 75 is divisible by 77, "n(n — 1) is even for all natural n”, etc.

should be allowed (they should not be necessarily true!), but the statement

7 All cats are grey during the night”

should not be allowed (it is unclear how to define what is a cat and night in
terms of natural numbers) and of course we should exclude self-contradictory or
meaningless sentences.

Thus, to build up a rigorous (axiomatic) theory, we need

1) To fix an "alphabet” and specify the list of acceptable statements or/and the
rule how these acceptable statements can be constructed.

2) Fix the list of axioms (= acceptable statements which are postulated to be
true).

3) Fix the allowed rules how the new theorems can be derived (=specify what is
”a proof” in our theory).

The detailed study of any axiomatic theories is out of scope of this course.
However, some basic fact from real analysis would be difficult to understand without
a minimal knowledge about the axiomatic theories and that is the reason why we
are discussing them here. The examples of such axiomatization are



1) Elementary geometry. Probably, the most famous example. Most of you for
sure heard about Axioms of Euclid and especially about his 5th postulate. This
theory is originated more that 2000 years ago, but it was completed only at the
beginning of 20th century by Hilbert.

2) Propositional logic or propositional calculus which we have already discussed
above.

3) Formal arithmetic (Peano arithmetic) which gives a rigorous base for natural
numbers and operations with them. We will not study and even state all of them.
Nevertheless, it worth mentioning the main axiom in this theory, namely, the aziom
of induction. This axiom involves statements P(n) depending on a natural number
n, for instance

P(n)="n is divisible by 3", or P(n) ="n is presented as a sum of two squares of
natural numbers”,

and reads

Axiom of induction: "If P(1) is true and P(n) = P(n+1) is true for all natural
n then P(n) is true for all natural n”. Here P(n) is any acceptable statement.

Many of you are familiar with the ” principle of mathematical induction” of ” proof
by induction”, by I am not sure that many of you know that this ”principle” is not
about proofs, but about what is a natural number (actually it is a determining
property of natural numbers!).

4) Axioms of real numbers. Here we will go a bit further during the course,
we will formulate the list of all axioms and even do some elementary proofs based
on this list of axioms. But really important for us here will be only one axiom,
namely, axiom of completeness (existence of a supremum) which is a central thing
in Analysis.

5) Axiomatic set theory (Zermelo-Fréinkel theory) . This is also a base for the
Analysis, but we will not even state any of these axioms and restrict ourselves to
discuss only the heuristic set theory originated by Cantor and will indicate the
paradoxes which can be resolved only in the axiomatic theory.

Recall that axioms are the statements which are valid a priori, so we need not
and should not prove them. However, there are some natural requirements which
we expect from them.

- Consistency. The theory is expected to be non self-contradictory, so P and
—P should not be simultaneously the theorems of our theory (related with the law
of non-contradiction). If this is failed, any statement becomes a theorem in this
theory and the theory by itself become senseless.

-Completeness. For any statement P either P or —P is derivable from axioms
(= is a theorem). Of course, this is related with the law of excluded middle.

-Independence. Any axiom from the list of axioms cannot be derived from other
axioms.

Thus, the ”proof” of axioms is replaced by proving that the considered axiomatic
theory is consistent, complete and minimal. This is really possible to do for some
relatively simple theories. For instance, for elementary geometry this was done
by Hilbert at the beginning of 20th century. A bit later the same was proved for
the propositional logic by Hodel. At that moment people thought that something
similar could (and should) be done for every mathematical theory or even for all
natural sciences.

However, this program failed already on the level of natural numbers (Peano
arithmetics) due to famous Hodel incompleteness theorem. This theorem states



that in formal arithmetics (and also in any more general theory which contains
Peano arithmetics, say, in the set theory) there are always statements which can-
not be proved or disproved. These statement can be added by extra axioms to the
theory. But adding any finite number of axioms does not repair the situation, in-
completeness will persist! Moreover, now-a-days we know the concrete and natural
statements which cannot be proved or disproved. For instance, in the set theory this
happens with Axiom of Choice or with Continuum Hypothesis (will be discussed
later during the course).

There is also famous Holder inconsistency theorem. It roughly speaking says
that if for a sufficiently complicated theory (which contains formal arithmetics) we
are able to prove its consistency (remaining ”inside” of the theory, i.e., without
using more general theories) than the theory is inconsistent. So, the only way to
check the consistency of a theory is to develop a more general theory (with the same
problem of inconsistency) and then to prove the consistency of the initial theory
based on this more general theory.

Discovering these theorems was a real shock for philosophers, logicians and many
other scientists! Up to now there is no common agreement how to treat this. Some
of them insist that the problem can be overcome by using more advanced logical
systems, others say that it reflects some fundamental laws of nature and human
thought. At this point I would prefer to stop discussing these things and turn to
something much simpler, like Real Analysis.

We will conclude this introduction by discussing the structure of mathematical
texts. How does a good mathematical textbook or course of lectures look like
normally? As you have already guessed the key players here are theorems. These
are the statements which must be proved. So, proofs are the second class of key
players. But some of them may be replaced by proper references especially in the
texts for beginners.

There are several types of theorems. The word " Theorem” is usually reserved for
a "big” or essential results and often the theorems are named (like ”Cauchy The-
orem”, or ”Bolzano-Weierstrass theorem” or ”Monotone Convergence Theorem”).
The word ”"Lemma” is often used for some auxiliary results which are used to prove
the "main” big theorem. The word ”Proposition” is used for ”small” theorems and
the word ”Corollary” is reserved for statements which follow in a straightforward
way from the proved theorem. All these statements have the form A = B, where
A is a list of assumptions and B is a list of their consequences. For instance, look
at the Monotone Convergence Theorem

”Every monotone and bounded sequence is convergent”.

It is not difficult to see A = B structure here. Indeed, we may reformulate it as
follows:

”Let a sequence be monotone and bounded, then it is convergent”.

Here, clearly A =”a sequence is monotone and bounded” and B ="a sequence is
convergent”. Our first "theorem” ((a+b)? = a? +2ab+b?) also can be transformed
to this way. Namely, "Let a and b be real numbers, then (a + b)? = a? + 2ab + b°.
Think about other examples!

Together with theorems, of course, should be axioms or postulates. Usually
there are very few of them, but they are extremely important. The central axiom
of our course will be the completeness axiom (will be considered in details later):

” Any bounded set of real numbers possesses a supremum”.

Together with axioms and theorems there are also ” Conjectures” or ” Hypothesis”



which are reserved for statements which we expect to be true, but we do not know
how to prove or disprove them at the moment.

Other class of statements are definitions which define new objects in terms of
other (already defined objects). They have structure A = B and usually look like
7Ais B if ¢, for instance

7 A sequence is called convergent to L if for every epsilon greater than zero...”

They do not require proofs, but nevertheless some consistency is usually ex-
pected. Classical example:

Def.: ”A man is an animal, bipedal and featherless” (Plato).

Arguing with Plato, Diogenes plucked a chicken and declared ”Here is Plato’s man”.
This is a typical counterexample which shows that something is wrong with the
given definition. Counterexamples are also used to show that a given conjecture is
wrong or to show that some assumptions of the theorem cannot be omitted, etc.

There are also examples which illustrate how the considered theory (proved
theorem) works in particular cases or/and how it can be applied for solving a
concrete problem, etc.

Finally, there is one more group of statements, namely, remarks, comments,
etc, which describe, say, the history of a given result, explain why the result is
important and how it is related with other results, give heuristic arguments to
support the statement which is planned to prove, etc.

NB!: When reading a mathematical text you should be able to say what class
the read sentence belong to. Is it a part of a theorem, or definition or axiom?
Is it example? If yes then what exactly this example does illustrate? Or if it is
comment /remark? Then to what statement? Also be careful with sources where
such a structure is essentially broken, for instance if rigorous statements (theorems)
are not presented there. Usually such ”oversimplified” example oriented texts are
not only non-rigorous, but contain a lot of essential errors and may lead to wrong
understanding of a subject. Avoid such sources especially if they are about Real
Analysis.

NB!: An essential part of your exam mark (about 30%) will be related with
stating the standard defs and named theorems, so do not avoid the theorems and
defs just because it is something new and unusual for you. This is definitely a
bad strategy (of course if you are not a summer resit fun!). Also, do not try to
replace the proper study of the proofs of theorems by mechanical solving of many
standard examples and learning them by heart. The best (and probably the only)
way to understand in full the result from Real Analysis is to understand how is
it proved. Also do not forget that solving one problem by 10 different methods is
always better than solving 10 problems using one method! Similarly, it is always
better to understand in full one problem than to understand %th part of every of
10 problems.

GOOD LUCK WITH REAL ANALYSIS!!!

AND DO NOT FORGET TO ATTEND LECTURES!



