
Limits of sequences. Preliminaries.

In this lecture we introduce the most important concept in Analysis - the con-
cept of a limit. As we have already seen, this concept is behind the most part of
fundamental things like integrals, derivatives, areas, volumes, etc. So, the proper
understanding of limits is crucial for all of the course as well as many other courses.

Today we will discuss limits of sequences only, but this material can be extended
with minor changes to limits of functions, etc. Thus, the central object today
will be a real valued sequence {an}∞n=1. As we already know, a sequence is just a
function a : N → R where an := a(n). What does it mean that an tends, say, to 0
as n→∞?

For instance, let an := 1
n . You may interpret this as a piece of pie you get when

the whole pie is distributed ”fairly” between n people. It is clear that more people
come less amount of pie you get. And what happens if the number of people will
be huge? You get almost nothing! So, if the number of people will tend to infinity,
your part of pie will tend to 0. This allows us to write

lim
n→∞

1

n
= 0.

But this is very non-rigourous. We have a lot of unnecessarily things here: pie,
people as well as badly defined concepts like ”fairly”. A bit more rigorous would
be to say that an tends to L as n→∞ if

”Larger n is taken, closer an to L is”.
It only remains to quantify what is ”larger n is taken” and what is ”closer an to

L is”. This is naturally done in the following way.

Definition. A sequence {an}∞n=1 ⊂ R is convergent to L ∈ R (=tends to L) as
n→∞ if for every ε > 0 there exists N = N(ε) ∈ R such that

|an − L| < ε if n > N.

In this case we write limn→∞ an = L or an → L as n→∞.

Remark. The condition |an −L| < ε means exactly that the distance between an
and L is less than ε. Introducing the ε-neighbourhood Oε(L) := (L − ε, L + ε)
(which is exactly the set of all points which are on a distance less than ε from L),
we may write this condition in a more elegant way: an ∈ Oε(L).

In some sources you may find slightly different statement, namely, instead of
N ∈ R, it may be required N ∈ N. This is actually equivalent statements. Indeed if
N = N(ε) ∈ R is found, then any N̄(ε) which satisfies N̄(ε) ≥ N(ε) will also work.
So, you may always make N̄(ε) natural using the proper floor function. However,
using assumption N ∈ R allows us to avoid the annoying and completely irrelevant
floor functions when specifying what is N(ε) in concrete examples.

One more important observation: although, according to the definition, we need
to specify what is N for every ε > 0, we only need to do so for very small ε > 0.
Again, if we have N = N(ε) which is valid for ε ≤ ε0 � 1 only, the new function
N̄(ε) := N (min{ε0, ε}) will work for all ε > 0. Analogously, what happens for small
numbers of n is also not important, you may always assume that n is big enough
and ε > 0 is small enough. Moreover, the sequence an may be even undefined for
small n and this is not essential for the existence of a limit.
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Examples. We start with the simplest ones.
a) Let an := 1

n . How to prove rigorously that it is convergent using the above
ε-N definition. First, we need to guess what is the possible value(s) of the limit
L? For instance, from some heuristic arguments, or the value L may be given to
you. Of course, if you guess wrong value of L, you will be unable to prove the
convergence to L and will need to return back to this step. We will learn how to
predict what is L using algebraic properties of limits.

After that you need to estimate |an − L| from above and find for any ε > 0 the
value of N = N(ε) such that |an − L| < ε is satisfied for all n > N .

In our simplest case it is easy to do: of course, we guess that L = 0. Then, we
fix ε > 0 and want to find N = N(ε) such that

|an − L| =
1

n
< ε, ∀n > N.

Of course, it will be true if we take N(ε) = 1
ε . Indeed, 1

n <
1
N = ε if n > N . This

completes the proof limn→∞
1
n = 0.

b) Let us consider something a bit more complicated: an = 7
2n+3 . Again, since

denominator is growing and the nominator remains bounded, we expect that L = 0.
After that we estimate

|an − L| =
7

2n+ 3
<

7

2n
=

7

2
· 1

n
<

4

n

After that, it is enough to solve 4
N = ε, i.e., N = 4

ε to get

|an − L| <
4

n
<

4

N
= ε.

if n > N . �
c) Let an = 2

7n−3 . By the same reasons L = 0 and we need to estimate 2
7n−3

from above. In contrast to the previous example, we cannot replace denominator
7n − 3 by 7n since we will get the opposite inequality 2

7n−3 >
2
3n which is useless

for us. So, we proceed in a bit more accurate way: 7n − 3 = 4n + 3(n − 1) ≥ 4n
and therefore 2

7n−3 ≤
2
4n . The rest is simple:

|an − L| =
2

7n− 3
≤ 2

4n
<

1

n
.

Thus, taking N which solves 1
N = ε, i.e., N = 1

ε , we get |an − L| < 1
n <

1
N = ε for

all n > N . Since ε > 0 is arbitrary, this proves the convergence of an to zero.
d) Let an := 3n+2

n2−4n+5 . Again, we expect L = 0 since the nominator is a linear

function and the denominator is quadratic (growing faster than linear). So, again,
we need to estimate 3n+2

n2−4n+5 from above. How to do this? We use that, for

sufficiently large n, n2 − 4n+ 5 > 1
2n

2. Actually, for n > 6, but this concrete value
is not necessary since ONLY large values of n are important, so you only need to
know that the inequality holds for large n and this is obvious since n2 is stronger
than n. So, please, do not waste time computing the minimal value when it holds.
Analogously, 3n+ 2 < 5n and finally

|an − L| =
3n+ 2

n2 − 4n+ 5
<

5n
1
2n

2
=

10

n
.
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Thus, |an−L| < ε for all sufficiently large n satisfying n > N where N = 10
ε (being

pedantic, we need to write for all n > N := max{N0,
10
ε } with N0 � 1, N0 = 6

in our case, but we are learning how to be rigorous, not pedantic, so there are no
reasons to do senseless computations again and again). Thus,

lim
n→∞

3n+ 2

n2 − 4n+ 5
= 0.

e) Let us look at something with nonzero limit, e.g., let an := n+sinn
3n−cosn . In this

case, roughly speaking, the nominator behaviors like n and the denominator looks
like 3n for large n, so we expect L = 1

3 and need to estimate

|an − L| = |
n+ sinn

3n− cosn
− 1

3
| = |3n+ 3 sinn− 3n+ cosn

3(3n− cosn)
| = |3 sinn+ cosn|

3(3n− cosn)
.

After that, we use that sinx and cosx are between −1 and 1, so 3(3n − cosn) >
3(3n−1) = 3(2n+(n−1)) ≥ 6n, analogously, |3 sinn+cosn| ≤ 3| sinn|+| cosn| ≤ 4
and finally

|an − L| <
4

6n
<

1

n
.

The rest is simple: Take N = N(ε) as a solution of 1
N = ε, i.e., N = 1

ε . Then,

|an − L| < 1
n <

1
N = ε if n > N . Since ε is arbitrary, we conclude

lim
n→∞

n+ sinn

3n− cosn
=

1

3
.

NB!: Proving the existence of limits by first principles (utilising the above
ε-N arguments) is traditionally difficult for students (in all universities and all
countries!). There is even a legend among mathematicians that the borderline
between those who may be a mathematician and those who are unable in principle
is exactly understanding of limits!! I do not know whether or not it is true, but let
me analyze typical errors here:

Fatal error 1: Trying to use ε-N arguments for computing concrete limits where
it is not necessary or/and is not explicitly asked. Actually, most part of limits you
meet can be much easier found by algebraic properties of limits or some theorems
on their existence which will be studied below. Moreover, ε-N arguments are
mostly used for proving some theorems, lemmas, etc. Not for computing concrete
limits! Very often you even unable to express L explicitly. For instance, the number
e = limn→∞(1 + 1

n )n is defined by this limit, so ε-N arguments are a priori useless
here and you need to use special theorems in order to establish the convergence.
Thus, use proof by first principles in examples ONLY when asked. These examples
are specially chosen in such way that it should be no problems to proceed with this
proof.

Fatal error 2: Forgetting to find L or taking it randomly, e.g., L = 0 or
L =”something which was in a similar past paper learned by heart”. Of course,
everything what follows after that will be a nonsense. You need some rationality
and some experience in order to make a right guess what is L. For instance, using
the algebraic properties of limits or analyzing who is growing faster/slower, etc.
Fortunately, you will be asked to produce such a proof in simple cases ONLY.
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Fatal error 3: Misunderstanding what is N = N(ε). This number (actually
a function ε → N(ε)) is NOT a priori known. It is a result of your estimating
of |an − L|, so it is impossible to fix it BEFORE the estimations!! There is no
canonical choice of it, it strongly depends on the concrete example and on how
exactly you do these estimations (many functions may work for the same example).
Many of such errors are caused by using the pedantic pseudo-rigorous scheme on
how the solution should be written. Namely, at first line: write ”Let ε > 0 be
arbitrary”. OK. Nothing harmful so far. Then, at the second line: write ”Let us
take N=???”. But this is already a big problem. Where you should take the value
from? The answer is: you should do the estimations first at some other piece of
paper and then write the result here! Just in order to put your work in this strange
scheme. Using this is not a mistake by itself, but provokes a mistake. Namely, a lot
of students start to guess here and write a nonsense for N(ε) which is just taken
from the air, not from estimations. Of course, after this your chances to complete
the solution are miserable.

Please, NEVER use this scheme (do not try to fix N before estimations)! I would
recommend the following instead:

1) Think what is L. Find a reasonable value for it.
2) You may write ”Let ε > 0 be small enough and n ∈ N be large enough” or

postpone it and start with estimates.
3) Main step. Estimate |an−L| trying to find as simple as possible upper bound

depending on n in the form

|an − L| < f(n)

for some function f monotone decreasing to zero when n grows. Important: If
f(n) is not decreasing to zero, you definitely did something wrong, e.g., use too
rough estimates – stop here and look for the errors.

4) Solve the equation f(N) = ε and write formula for N = N(ε) (ε > 0 here is
as SMALL as necessary, do not waste time considering what happens if ε = 1000!).
This is the reason why you should try to find as simple as possible upper bound
f(n) which still decreasing to zero – you should be able to solve f(N) = ε explicitly.

5) Final step. Write ”|an − L| < f(n) < f(N) = ε for n > N”. Here we used
that f(n) is decreasing for large n.

Essential error 4: Trying to find the best possible value of N by solving
inequality |an − L| < ε, using floor functions, considering cases ε > 100, ε ∈
(
√

12, 100), etc. Formally, this is not a mistake by itself and the correct proof still
be obtained in this way. But this requires 10 time more efforts than necessary
and has nothing common with computing limits! Let me repeat, you need the
estimate for small ε > 0 only. What happens when ε is not very small is absolutely
irrelevant for limits. Finding the best (least possible) value for N(ε) may be an
interesting (and tough) problem by itself, but it has nothing common with limits
also. You need just one choice of N(ε) in order to prove the existence of a limit. It
is reasonable to make it as simple as possible without taking care about sharpness.

Silly errors: Usually they are related with forbidden manipulations with num-
bers and inequalities. For instance, doing estimates not for |an − L|, but for an
only, then deduce from |an| < f(n) something like |an − L| < |f(n) − L| and do
something irrelevant after this mistake.

Bad understanding what happens with a fraction A
B , A > 0, B > 0 when you

increase/decrease A and B. Of course, everyone will answer me after some thinking
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that ”If you increase A the ratio will increase and if you increase B the ratio
will decrease and vice versa”. You know all this probably from primary school!
Nevertheless, there is a swarm of errors in students answers exactly at this place!
Do not hurry up here and think what you write.

Example. We have considered before only the examples of convergent sequences.
However, most part of sequences are not convergent (we will call them divergent).
The simplest example of such a sequence is an = (−1)n. It looks like

{−1, 1,−1, 1,−1, 1, · · · }

and it is intuitively clear that the sequence cannot converge to any L ∈ R, so it
must be divergent. But how to prove this? By contradiction. Assume that an → L
for some L ∈ R. Then, for every ε > 0, we have N = N(ε) such that an ∈ Oε(L)
(=|an − L| < ε) for all n > N(ε). Let us fix, say, ε = 1

4 . Then the interval

O1/4(L) = (L − 1
4 , L + 1

4 ) should contain all points of an except of finitely many
first ones. But there are infinitely many 1s and −1s in the sequence. Since O1/4(L)

is an interval of length 1
2 , it cannot contain both points 1 and −1 no matter what

L is. This contradiction proves that the limit does not exist. �
We now discuss the case where the sequence an is convergent to ±∞ as n→∞.

Although ±∞ /∈ R, it is not difficult to give an example where such behaviour is
expected. For instance, an = n naturally grows unboundedly as n → ∞, so it is
natural to think that its limit is +∞. It is also not difficult to give the corresponding
definition if you understand the idea of the limits properly.

Definition. A sequence {an}∞n=1 tends to +∞ as n tends to infinity if for every
M > 0 there exists N = N(M) ∈ R such that an > M if n > N .

Remark. This definition can be stated in the equivalent, but more elegant way if
we introduce an ε-neighbourhood of +∞ as follows: Oε(+∞) := ( 1

ε ,∞). Then the
definition will look exactly the same as for the case of finite limit: limn→∞ an = +∞
if for every ε > 0 there exists N = N(ε) ∈ R such that an ∈ Oε(+∞) if n > N
(check!)

The definition for convergence to −∞ can be written analogously using the ε-
neighbourhood of −∞, namely, Oε(−∞) := (−∞,− 1

ε ).
Sometimes instead of saying ”convergent to infinity” you may find ”divergent to

infinity”. It is not a mistake to use this terminology, however, this sounds a bit
weird for me, so in this course I will use ”convergent” meaning ”convergent to a
number L ∈ R” and ”convergent to ±∞” instead if ”divergent to ±∞. Thus, if not
explicitly specified, ”convergence” will mean ”convergence to a finite number”, not
to ∞.

We now turn to verifying a number of general facts which simplify finding of
limits. Let us start with the following almost tautological result.

Proposition. A sequence {an} ⊂ R is convergent to L ∈ R if and only if |an −L|
is convergent to zero.

Proof. Actually it is an immediate corollary of the definition. Prove as an exercise!

Proposition. Any convergent sequence an in R is bounded.

Proof. Let an be convergent to L ∈ R. Then, for every ε > 0 there exists N = N(ε)
such that |an − L| < ε for n > N . Let us take ε = 1. Then we have

|an| ≤ |an − L|+ |L| < |L|+ 1, ∀n > N
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where we have used the triangle inequality |X + Y | ≤ |X| + |Y | (prove if not
obvious!). Thus,

|an| ≤ C := max{|a1|, · · · , |aN |, |L|+ 1}.

This maximum exists since it is taken over finite number of elements and the se-
quence is bounded. �

The next proposition shows that order relation survives under the passage to the
limit.

Proposition. Let {an} and {bn} be two sequences satisfying an ≤ bn for all n ∈ N.
Assume also that both limn→∞ an and limn→∞ bn exist. Then

lim
n→∞

an ≤ lim
n→∞

bn.

Proof. By contradiction. Assume that L := limn→∞ an > M := limn→∞ bn. Let
us take ε := L−M

2 in the definition of convergence. Then, for sufficiently large n,
we should have

an > L− L−M
2

=
L+M

2
, bn < M +

L−M
2

=
L+M

2
⇒ bn <

M + L

2
< an

which contradicts the assumption that an ≤ bn. �

Example. Let an = 0 and bn = 1
n . Then, obviously an < bn for all n ∈ N, but

lim
n→∞

an = lim
n→∞

bn = 0.

Therefore, strict inequality may become non-strict after passing to the limit. NB!:
Very common mistake is to forget about it!

Proposition (Sandwich Rule). Let an, bn and cn be 3 sequences in R such that

an ≤ bn ≤ cn for all n ∈ N.

assume also that limn→∞ an and limn→∞ cn both exist and equal to the same num-
ber L. Then limn→∞ bn also exists and

lim
n→∞

bn = L.

Proof. From the fact that cn → L as n → ∞, we infer that for every ε > 0 there
exists N1 = N1(ε) such that |cn − L| < ε for all n > N1(ε). In particular

bn ≤ cn < L+ ε

for n > N1(ε). Analogously, from the fact that an → L, we conclude that for every
ε > 0 there exists N2(ε) such that |an − L| < ε if n > N2(ε). In particular,

L− ε < an ≤ bn, n > N2(ε).

Let now N(ε) := max{N1(ε), N2(ε)}. Then, combining these two inequalities, we
get

L− ε < bn < L+ ε ⇒ |bn − L| < ε
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for all n > N(ε) and Sandwich rule is proved. �

For instance, let an := sinn
n . Then, obviously

− 1

n
≤ sinn

n
≤ 1

n
.

Since limn→∞
1
n = limn→∞

−1
n = 0 (already proved), from Sandwich Rule, we get

for free that

lim
n→∞

sinn

n
= 0.

Let us now discuss complex valued sequences {zn}∞n=1 ⊂ C which will appear
sometimes in our course as well. The definition of the limit can be extended to this
case word by word with the only difference that |z| is now understood as a modulus

of a complex number: if x = a+ ib then |z| :=
√
a2 + b2. In addition, using real and

imaginary parts: zn = an+ ibn, we see that a complex valued sequence is identified
with a pair of real valued sequences. The next proposition gives natural relations
between their limits.

Proposition. Let {zn}∞n=1 = {an + ibn}∞n=1 be a complex valued sequence. Then
zn is convergent if and only if both of two real-valued sequences an and bn are
convergent. Then

lim
n→∞

zn = lim
n→∞

an + i lim
n→∞

bn.

Proof. Indeed, let zn → L := A+ iB. By definition, we know that

lim
n→∞

|zn − L| = lim
n→∞

√
(an −A)2 + (bn −B)2 = 0.

Using the obvious inequality |X| ≤
√
X2 + Y 2, we conclude that

0 ≤ |an −A| ≤
√

(an −A)2 + (bn −B)2

and by Sandwich Rule, limn→∞ |an−A| = 0, so an → A. The convergence bn → B
can be established analogously.

Let now an → A and bn → B. Then using another obvious inequality:√
X2 + Y 2 ≤ |X|+ |Y |,

we get

0 ≤
√

(an −A)2 + (bn −B)2 ≤ |an −A|+ |bn −B|.

Note that |an−A|+ |bn−B| → 0 as n→∞. This follows from algebraic properties
of limits, namely, limit of sum is equal to the sum of limits (will be proved in the

next Proposition). Then, by Sandwich Rule, |zn − L| =
√

(an −A)2 + (bn −B)2

tends to zero and zn → L. �

We now ready to state and prove the algebraic properties of limits which will
allow us to compute limits without using the ε-N definition.
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Proposition (Algebraic Properties of Limits). Let {an} and {bn} be two real-
valued sequences and α, β ∈ R be two numbers. Assume that both limits limn→∞ an
and limn→∞ bn exist. Then

1) limn→∞(αan + βbn) = α limn→∞ an + β limn→∞ bn
2) limn→∞ anbn = (limn→∞ an) (limn→∞ bn)

3) If limn→∞ bn 6= 0 then limn→∞
an
bn

= limn→∞ an
limn→∞ bn

.

Proof. Let A := limn→∞ an and B := limn→∞ bn.
1) We use the triangle inequality |x+ y| ≤ |x|+ |y| to estimate

|αan+βbn−αA−βB| ≤ |α||an−A|+|β||bn−B| ≤ (|α|+1)|an−A|+(|β|+1)|bn−B|.

Let ε > 0 be arbitrary. Since an → A, we know that there exists N1 = N1(ε) such
that

|an −A| <
ε

2(|α|+ 1)

if n > N1(ε). Analogously, there exists N2 = N2(ε) such that

|bn −B| <
ε

2(|β|+ 1)

if n > N2(ε). Let N(ε) := max{N1(ε), N2(ε)}. Then

|αan + βbn − αA− βB| < (|α|+ 1)
ε

2(|α|+ 1)
+ (|β|+ 1)

ε

2(|α|+ 1)
=
ε

2
+
ε

2
= ε

if n > N(ε). Thus, the first property is proved. �
2) Here we need to use that any convergent sequence is bounded, so |an| ≤ C

0 ≤ |anbb −AB| = |anbn − anB + anB −AB| =
= |an(bn−B)−B(an−a)| ≤ |an||bn−B|+ |B||an−A| ≤ C|bn−B|+ |B||an−A|

By 1), the right-hand side tends to zero as n→∞. Thus, by Sandwich Rule,

lim
n→∞

|anbb −AB| = 0

and anbn → AB. Thus, the second property is proved. �
3) Note that it is enough to prove the identity for an = 1 only. Then the general

case will follow from 2) and an
bn

= an
1
bn

. To prove this, we need to utilize that

B 6= 0. We claim that |bn| > |B|/2 for sufficiently large n. Indeed, since bn → B
we know that, for sufficiently large n, we have |bn −B| < |B|/2. Then, by triangle
inequality

|B| ≤ |B − bn|+ |bn| ⇒ |bn| ≥ |B| − |bn −B| > |B| − |B|/2 = |B|/2

for sufficiently large n. Then, we estimate

0 ≤ | 1

bn
− 1

B
| = |bn −B|

|B||bn|
≤ 2

|B|2
|bn −B|
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for sufficiently large n. Then, by Sandwich Rule, | 1bn −
1
B | → 0 as n→∞ and the

proposition is proved. �

Example. Let an := 2n3+n2−5
3n3+n+4 . Let us divide the nominator and denominator by

n3 and proceed using algebraic properties of limits. Namely,

lim
n→∞

an = lim
n→∞

2 + 1
n −

5
n3

3 + 1
n2 + 4

n3

=
limn→∞

(
2 + 1

n −
5
n3

)
limn→∞

(
3 + 1

n2 + 4
n3

) =

=
2 +

(
limn→∞

1
n

)
− 5

(
limn→∞

1
n

)3
3 +

(
limn→∞

1
n

)2
+ 4

(
limn→∞

1
n

)3 =
2 + 0 + 0

3 + 0 + 0
=

2

3
.

This is not hand-waving, but a rigorous proof based on the obvious fact that
limn→∞

1
n = 0 and the proved algebraic properties of limits.

One more example, let an = n2 lnn+n sinn
5n2 ln(n+1)+3 . Again, we divide on the strongest

term n2 lnn to get

lim
n→∞

an = lim
n→∞

1 + sinn
n lnn

5 ln(n+1)
lnn + 3

n2 lnn

=
1 + limn→∞

sinn
n lnn

5 limn→∞
ln(n+1)

lnn + 3 limn→∞
1

n2 lnn

.

To complete the calculation, we need to compute 3 limits involving into the right-
hand side. Two of them are obvious since | sinn| ≤ 1 and lnn > 1 if n is large
enough. Indeed,

0 <
| sinn|
n lnn

<
1

n
, 0 <

1

n2 lnn
<

1

n2
<

1

n

if n is large enough, so by Sandwich Rule

lim
n→∞

sinn

n lnn
= lim
n→∞

1

n2 lnn
= 0.

Let us compute the third limit which is a bit more delicate. To this end we write
ln(n+ 1) = ln(n(1 + 1/n)) = lnn+ ln(1 + 1

n ). Thus,

lim
n→∞

ln(n+ 1)

lnn
= 1 + lim

n→∞

ln(1 + 1
n )

lnn
.

Finally, since x→ lnx is monotone increasing, 0 < ln(1 + 1/n) < ln 2 and therefore

ln(1 + 1
n )

lnn
<

ln 2

lnn

and since lnn→∞ as n→∞, limn→∞
1

lnn = 0 (prove this using ε-N arguments!),
we get by Sandwich rule that

lim
n→∞

ln(1 + 1
n )

lnn
= 0.

Thus, all necessary limits are computed and we arrive at

lim
n→∞

n2 lnn+ n sinn

5n2 ln(n+ 1) + 3
=

1

5
.
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Remark. Algebraic properties of limits remain true if one of the limits limn→∞ an
and limn→∞ bn or both are infinite. You just need to introduce addition and mul-
tiplication for numbers (a ∈ R, a 6= 0) with infinity:

a+∞ =∞, a∞ =∞, ∞+∞ =∞, 1

∞
= 0

(check!). However, there is one delicate thing here. Namely, the expressions

∞−∞, 0∞, ∞
∞

are not defined. So, they may be equal to anything depending on the rate of con-
vergence to these infinities. You should rearrange the sum or the product avoiding
such indefiniteness!

For example, let an := n − n2

n+1 . The naive way for computing the limit would
be the following:

lim
n→∞

(n− n2

n+ 1
) = lim

n→∞
n− lim

n→∞

n2

n+ 1
=∞−∞ =?

This is a bad way. But if we rearrange an = n − n2

n+1 = n(n+1)−n2

n+1 = n
n+1 , you

easily find that

lim
n→∞

(
n− n2

n+ 1

)
= 1.

We will conclude this lecture by considering some basic elementary limits which
are building blocks to study more complicated things. Many of them are based on
the following key inequality.

Lemma. For every x ∈ R, ex ≥ 1 + x > x.

Proof. Actually, we are unable to prove this rigorously now since we first need to
define properly what is the exponent ex. For instance, if we define ex := 1 + x +
x2/2 + x3/3! + · · · , the inequality will be obvious at least for positive x (since all
terms which are dropped out are positive), but we still need to verify convergence.
Actually, we need this inequality for positive x only. Of course, you can easily verify
it using derivatives (in a fact, the line y = x + 1 is tangent to y = ex at x = 0,
check!). We will give the rigorous proof later. �

Corollary. Let a ∈ R be such that a > 1. Then, for every α ∈ R,

lim
n→∞

nα

an
= 0.

Proof. Note that nβ

an = 1
nα−β

nα

an , so if we prove the statement for some α, it will
automatically hold for all β < α. By this reason, it is enough to prove it for α ∈ N
only.

Next observation: if we know that nα+1

an is bounded from above by C. Then
nα

an = 1
n
nα+1

an ≤
C
n → 0. Thus, it is enough to verify only that nα

an is bounded for all
α ∈ N.
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Taking αth power from the key inequality, we get eαx > xα. Using the definition
of logarithm, we infer from here that aαx = eα ln(a)x > (ln(a)x)α. Taking now
x = n/α, we arrive at

an >

(
ln(a)

α

)α
nα ⇒ nα

an
<

(
ln(a)

α

)−α
and the corollary is proved. �

Remark. The proved corollary shows that, for a > 1, a−n decays to zero faster
than inverse to any polynomial. It also follows from this result that

lim
n→∞

an

nα
=∞,

so an grows faster than any polynomial. Note also that, since |an| = |a|n for any
a ∈ C, we should only replace the condition a > 1 by |a| > 1.

Corollary. For every positive α,

lim
n→∞

lnn

nα
= 0.

In other words, lnn grows slower than any positive power of n.

Proof. We take power 1
α from both sides of the key inequality to get

ex/α > x1/α

and put here x = α lnn. This gives n > α1/α (lnn)
1/α

or nα > α lnn. Thus, the
sequence lnn

nα is bounded for any α > 0. Writing

lnn

nα
=

1

nα/2
lnn

nα/2
≤ C

nα/2
→ 0

and the corollary is proved. �

Example. Let us consider the sequence zn = an where a ∈ C. We already know
that if |a| < 1, the sequence is convergent to zero. Indeed, |zn| = |a|n and the

result follows from the first corollary. If |a| > 1, then z−1n =
(
a−1

)n → 0 (since

|a−1| = |a|−1 < 1). Thus, |zn| → ∞ and the sequence zn cannot converge to any
finite number.

Most interesting case is exactly the borderline |a| = 1. Then, if a = 1, zn = 1 is
obviously convergent to 1. We claim that zn is divergent for any a 6= 1 such that
|a| = 1. By contradiction. Assume that zn → Z ∈ C. Then, since |zn| = 1, we have
Z 6= 0 (in a fact, |Z| = 1). On the other hand, zn+1 = azn and passing to the limit
n→∞ here, we get Z = aZ. Since Z 6= 0, we arrive at a = 1. �

Example. Let us consider a sequence Sn :=
∑n
k=0 a

k of partial sums for geometric
progression. The question is for what a ∈ C the sequence Sn is convergent? To
answer this question, we recall the explicit formula for this sums. Multiplying it on
(1− a), we get

Sn(1− a) = 1− a+ a(1− a) + · · ·+ an(1− a) =

= 1− a+ a− a2 + a2 − a3 + · · ·+ an − an+1 = 1− an+1.
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Thus, for a 6= 1, we get Sn = 1−an+1

1−a . For a = 1, Sn = n+1 cannot converge to any
finite number. Thus, from the previous example, we conclude that Sn is convergent
to a finite number iff |a| < 1. This number can be easily found from the explicit
formula

∞∑
k=1

ak := lim
n→∞

Sn =
1

1− a
+

1

1− a
lim
n→∞

an+1 =
1

1− a

and we arrive at the standard formula for infinite geometric power sums which you
all know from school.

Our last result will be related with factorials and will show that n! grows faster
than any exponent.

Proposition. For every a > 1, there exists a constant Ca such that

an

n!
≤ Ca, n ∈ N.

Proof. Let us write
an

n!
=
a

1
· a

2
· · · a

n
.

We see that the multiplier a
n in this product become less than one if n > a. This

will happen starting from n = bac+ 1, so we may estimate

an

n!
≤ a

1
· a

2
· · · a
bac

< abac ≤ aa+1.

Thus, Ca = aa+1 and the proposition is proved.

Corollary. For any a ∈ R, a > 1 there exists Ca > 0 such that

an

n!
≤ C2a

2n
, n ∈ N.

In particular, limn→∞
an

n! = 0.
Indeed, this follows from the proposition where we take 2a instead of a.

Remark. The behaviour of n! as n → ∞ is described by the famous Stirling
formula: √

2πn
(n
e

)n
e

1
12n+1 < n! <

√
2πn

(n
e

)n
e

1
12n .

This formula has a reach history and an interesting proof which is unfortunately
out of scope of this course. Nevertheless, we will use this formula when study the
convergence of series.


