LIMIT POINTS, SUBSEQUENCES, AND BOLZANO-WEIERSTRASS THEOREM
Let me start with recalling what is a limit point of a sequence {a,}>2; C R.

Definition. A pointl € R is a limit point of the sequence {a,}5%; C R if for every
e > 0 the e-neighbourhood O (1) contains infinitely many terms of the sequence a,.

It is useful to compare this definition with the definition of a limit stated in terms
of neighbourhoods O.(L) := (L — e, L + ¢). Namely, L is a limit of the sequence
{a,} if for any € > 0 the neighbourhood O.(L) contains ALL points of a,, except of
at most finitely many (the equivalence of this def with the standard e — N definition
has been proved before). From this comparison we conclude that

The limit L = lim,, o ay, if exists is a limit point of the sequence {a,}5%

However, a limit point is not necessary gives the limit of a sequence and the
number of limit points may be more than one. For example, the sequence a,, :=
(—1)™ has TWO limit points {—1,1}. More exotic example is the set Q of rationals
which is countable and therefore can be treated as a sequence Q = {a,}72 ;. Since
any interval (I —e,l + €) contains infinite number of rational points, any [ € R is a
limit point of this sequence.

The limit points are closely related with subsequences of the sequence consid-
ered. Roughly speaking, a subsequence is obtained from a given sequence {a,} by
dropping out some terms (preserving the order of the remaining terms). This can
be rigorously stated in the following way: let us consider a function n : N — N
which is strictly monotone increasing. Then any such function defines a subse-
quence {a,k) iz, of a given sequence {a,};2 ;. Thus, the function n(k) counts
the terms which remain in the subsequence and all a;s with [ not in the range of
the function n(k) are dropped out. Often we write ny instead of n(k) and then the
subsequence reads {an, }7°; C {an}n;.

Example Let {a,}72; be a sequence. Then {asx},, {a2r+1}221, {ar2}iy,
{ayx }32, are the examples of different subsequences of this sequence.

Remark. Often the function n(k) is not explicitly given. Instead, one uses the
existence of a subsequence with some good properties, e.g., monotone subsequence,
convergent subsequence, etc.

Exercise: Prove (if it is not obvious for you!) that any subsequence of a given
convergent sequence converges to the same limit.

We are now able to describe limit points of a sequence in terms of convergent
subsequences.

Proposition. Let {a,}2, C R. Then, | € R is a limit point of this sequence
if and only if there exists a subsequence {ay, }?2, which is convergent to | (i.e.,
[ = limg_y00 An,, )-

Proof. In one side the assertion is obvious. Indeed, let | = limy_, o ap,. Then,
by the definition of the limit, for every ¢ > 0, all terms of a,, except of at most
finitely many belong to O.(l). So, O(l) contains infinitely many terms of a,, and
therefore infinitely many terms of a,, as well. Thus, [ is a limit point.

The converse is slightly more delicate. Let [ be a limit point, i.e., for every € > 0
there are infinitely many points of a, in the neighbourhood O.(l). Let us take
e =1 and find a,, € O;(l). At the next step, we take e = 1 and find a,, € Oy (0
such that ny > ny (possible to do since there are infinitely many terms in O /5(1).

Repeating this procedure recursively, we get a subsequence a,, € O,or(l) and
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ny < ng < --- < ng at the step k. Thus we have constructed (by induction to be
pedantic) a subsequence a,,, such that

1 1
Un, € O1/01(l) & l_z_k<a"k’<l+2_k

and by the sandwich rule a,, — [ as k — oo.

Remark: The arguments used in the second part of the proof are very standard
and you will see them again and again in the analysis courses!

Our next task is to introduce the key notions of limsup and liminf which are
somehow similar to sup and inf but take into the account the fact that we are not
interested in the first terms of a sequence a,,, but only in its behaviour as n — co.

Definition. Let {a,}5°, be a bounded sequence in R. Then,

limsup a,, = max{l : [ is a limit point of a,}
n—oo
and
liminf a,, = min{l : [ is a limit point of a,}.
n—oo
NB!: The existence of these numbers is not immediate and needs to be proved!

In a fact, this existence is equivalent to the completeness axiom and will be derived
below from the MCT.

Proposition. Let {a,}32 be a bounded sequence in R. Then limsup,, .. a, and
liminf, . a, both exist and can be found as follows:

limsupa, = lim sup a,
n—00 N—oon>N

and

liminfa, = lim inf a,.
n—o00 N—ocon>N

Proof. 1T will prove only the statement concerning lim sup (the treatment for lim inf
is analogous). The proof will consist of 3 steps.

Step 1. Let us prove that limy_,oc Sup,,~ x an exists. Let Ay := sup,,~ an. The
number Ay € R exists for all N € N by the completeness axiom (since a,, is bounded
from above). Moreover, the sequence Ay is monotone decreasing (Ayi+1 < An
for all N). This follows from the fact that sup A < sup B if A C B. In our case
A={ant1,an42, - }and B = {an,an+1, - }. The sequence Ay is also bounded
from below since a,, is bounded from below (prove if not obvious!). Thus, by the
MCT, the limit Ay as N — oo exists.

Step 2. Let us prove that | := limy_,.c Ay is a limit point. By contradiction.
Assume that [ is not a limit point. Then there is ¢ > 0 such that O.(l) contains
only finitely many points of a,. This means that there exist M € N such that
an ¢ O (1) for all n > M. Let us look at Ay := sup,,~y a, for N > M. Since
{an}n>n N O:(l) = @, there are two possibilities: a) there exists a,, > [ + ¢ for
some n > N. Then, Ay =sup,,>ya@n >l +¢;b) a, <l —¢ for all n > N. Then
Ax <l — €. In both cases AN_§§ O, /2(l) which is impossible since Ay — [ as
N — oo and we have proved that [ is a limit point.



Step 3. Let us prove that [ is a maximal limit point. Again by contradiction. Let
1 > [ be the limit point of {a, }52 ;. Then there exists a subsequence a,, — 1 > .
Then,
AN = sup ap, > sup ap, >1;.
n>N k:ng>N
Thus, [ := limy_,o Axy > l; which contradicts our assumption. So, we have proved
that [ = limsupy_, ., any and the proof is finished.

Remark. The proved proposition not only clarifies the reason for the notations
liminf and limsup, but also gives the proof of the famous Bolzano-Weierstrass
theorem in one line!

Corollary (Bolzano-Weierstrass theorem). Any bounded sequence in R has
a convergent subsequence (or equivalently, any bounded sequence in R has a limit
point).

Proof. Indeed, we may take [ = limsup,,_, . a, as a desired limit point.

The next corollary gives us a useful criterion for a bounded sequence to be
convergent in terms of the number of limit points.

Corollary. A bounded sequence in R is convergent if and only if it has exactly one
limit point. Fquivalently, it is convergent if and only if

lim sup a,, = liminf a,,.
n— 00 n—00

Proof. Indeed, let the sequence {a,}>°; be convergent to L. Then L is a limit
point of it. Assume that it is not unique and [ # L is one more limit point. Let us
fix € > 0 to be small enough that O.(I) N O.(L) = @. Then, since L is a limit, all
terms a,, except of finitely many belong to O.(L). On the other hand, since [ is a
limit point, infinitely many of them belong to O.(I) and therefore cannot belong to
O.(L). This contradiction proves that [ = L.

Assume now that the limit point is unique. Then, by definition,

liminf a, = limsupa, := L
n—oo n—00

Let Ay = Sup,,>n an and By := inf,,>n @,. Then, obviously

By = inf a, <ay < sup a, = An
n>N n>N

and both Ay and By tend to the same limit L. Then by sandwich rule ay is
convergent to L.

We conclude this lecture by some nontrivial examples of sequences with very
large set of limit points. The material below is not for exam, only for advanced
reading.

Examples around the Weyl theorem. Let us denote by {x} the fractional
part of the number x € R, take any polynomial P(x) with real coefficients at least
one of which is not rational and consider the sequence

an = {P(n)}.



What are the limit points of this sequence?

We know that a,, € [0, 1], so ALL limit points must be in this segment. Amazing
that there are no more restrictions! Any point [ € [0,1] is a limit point of this
sequence!! Moreover, we may take any subinterval [a, 8] C [0, 1] and ask how many
points of the finite sequence {a,}2_; will be in [«, 5]. We denote this number by
#{n < N : a, € [a,f]}. The behaviour of this number is described by the Weyl
theorem.

Theorem(Weyl). Let P(x) be a polynomial with real coefficients at least one of
which is irrational. Then the set of limit points of a, := {P(n)} coincides with the
whole segment [0,1]. Moreover, the sequence a,, is uniformly distributed on [0,1] in
the following sense:

i #{n <N :Nan € [o, Al}

=p—a.

This famous theorem has enormous amount of applications. Let us consider here
only one example
Example Let A := {sin(n?), n € N}. What are sup A and inf A? We expect
that sup A =1 and inf A = —1, but how to prove this?
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Using that sinz is 27-periodic, we fix P(z) := 5-22 and rewrite

sin(n?) = sin(2rP(n)) = sin(2r{P(n)}).

Now, by the Weyl theorem there exist subsequences ny and n; such that {P(ny)} —
1 as k — oo and {P(n;)} — 2 as | — oco. Since sinz is continuous, we conclude

1
from here that
.9 . 1 .9 . 3
sin(ny) — sm(27rz) =1, sin(nj) — sin 27r1) =-1

and we have proved that sup A =1 and inf A = —1. Then, max and min both not
exist since 7 is not rational.



