
Types of numbers and preliminaries.

In this lecture we start to study elementary properties of numbers. The pur-
pose of the lecture is twofold. On the one hand, we will refresh our knowledge of
basic topics like prime numbers, presentation of any natural number as a product
of primes, rational and irrational numbers, decimal expansion of a real number,
binomial law, etc. On the other hand, we will try to learn how to do proofs on
the related model examples. Please, do not worry, we will not use any axiomatic
theories here. Everything will be based on our intuitive understanding what are
natural and real numbers.

Recall that natural numbers are usually denoted by N and the fact that the
nubmer n is natural is abbreviated as n ∈ N and is read as ”n belongs to N”. For
instance 5 ∈ N and −1 is not a natural number which we write as −1 /∈ N (=”−1
does not belong to N”). The nature of these notations will be clarified in the next
lecture where we will discuss sets and set notations.

Throughout of this course, we assume that natural numbers are started from
one: N = {1, 2, 3, 4, · · · } and zero is not a natural number. There are reasons to
include zero to natural numbers (e.g., from the algebraic point of view the existence
of a neutral element is important) and in some countries (e.g., in France) zero is
always included to N. But in England natural numbers traditionally start from
one. We will not break this tradition, so please, do not forget that in our course
0 /∈ N.

Analogously, the class of integer numbers is denoted by Z,

Z = {· · · ,−3,−2,−1, 0, 1, 2, 3, · · · }.

The class of integer numbers is wider than natural numbers, but still smaller than
real numbers which we will denote by R. For instance, 1

2 ∈ R, but 1
2 /∈ Z. The

class of complex numbers will be denoted by C. Recall that any complex number
z ∈ C can be presented in a form z = x+ iy where x, y are real numbers (real and
imaginary parts of the number z respectively) and i :=

√
−1.

Let now m,n be natural numbers. We say that m is divisor of n (= m divides n)
if n = mp for some p ∈ N. In other words, m divides n if the ratio n

m is an integer.
This fact is often denoted by m|n.

Remark. In this lecture, we assume that addition, substraction, multiplication
and division are naturally (intuitively) defined and do not try to specify them in a
more rigorous (axiomatic) way.

Recall also that a number p ∈ N, p > 1 is prime if it does not have any other
divisors except of 1 and p. Otherwise, the number is called composite. For instance,
numbers 2, 3, 5, 7 are prime and 4 = 2×2, 6 = 2×3, 8 = 2×2×2 are not. We use
the convention that number 1 is neither prime nor composite. This convention is
made in order to be able to state the fundamental theorem of arithmetic in a more
elegant way (see below).

For any two numbers m,n ∈ N, we introduce gcd(m,n) as the greatest common
divisor of m and n, i.e., the maximal natural number which divides both m and n
(since this number cannot be larger than m or n, the maximum is taken over finitely
many numbers and, therefore, exists). Analogously, lcm(m,n) is the least common
multiplier of m and n, i.e., the minimal natural number such that both m and n
divide it (again, this number clearly do not exceed mn, so the minimum is taken
over finitely many numbers and, therefore, exists). For instance, gcd(3, 5) = 1,
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lcm(3, 5) = 15, gcd(6, 8) = 2, lcm(6, 8) = 24 and so on. Two natural numbers m
and n are called co-prime if gcd(m,n) = 1.

There is an obvious and important property of divisors which is the base of the
so-called Euclidean algorithm of finding gcd, namely, if m|a and m|b than m|(a+b).
Indeed, the first assumption means that a = mp for some natural p and the second
gives that b = mq. Therefore, a+ b = m(p+ q) and m|(a+ b).

Remark. The above statement can be considered as a theorem: ”Let a, b,m ∈ N.
Then m|a and m|b imply that m|(a+b).” and the arguments justifying it is a typical
proof by deduction.

Exercise. Using this fact, prove that gcd(m,n) = gcd(m− n, n) if m > n.
Recall also that there is a ”division with reminder” (=integer division or Euclidean
division) which is defined for all natural n,m. Namely, the number n can be
presented in a unique way in the form n = am + r, where a, r are nonnegative
integers and r < m. Then a and r are called quotient and remainder respectively.
The fact that r is a reminder of integer division of n by m is often denoted by

n = r mod m or r = n mod m.

Then the Euclidean algorithm of finding gcd(m,n) is based on the identity

gcd(n,m) = gcd(n mod m,m), n > m.

Then, if r = n mod m = 0, everything is done and gcd(n,m) = m. If 0 < r < m,
we write gcd(r,m) = gcd(m, r) and continue using now the integer division of m by
r. Since the sum n+m is decreasing strictly after the every step of this algorithm
(check if not obvious!), the algorithm gives the result in finitely many steps. For
instance,

gcd(78, 33) = gcd(12, 33) = gcd(33, 12) = gcd(9, 12) = gcd(12, 9) =

= gcd(3, 9) = gcd(9, 3) = gcd(0, 3) = 3.

Remark. Being honest, both integer division and Euclidean algorithm require
proofs. But all these things will be considered (or have been already considered)
in Algebra, so I will not go into more details here. NB!: Be careful! Not sure that
the notations in Algebra are the same as here.

As we discussed in Introduction, the Axiom of Induction is the key axiom which
determining natural numbers, so many statements about natural numbers can be
proved using this axiom. Recall that this axiom states:

If the statements P (1) and ”P (n)⇒ P (n+ 1) for all n ∈ N” are both true then
the statement ”P (n) for all n ∈ N” is also true.

Thus, in order to verify that P (n) is true for all n ∈ N by induction, you need
1) Prove that P (1) is true. Base of induction.
2) Assuming that n ∈ N is arbitrary and P (n) is true, prove that P (n + 1) is

true. Induction step.
3) Make a conclusion that P (n) is true for all n ∈ N.

Let us illustrate this scheme on a senseless model example. Let
P (n) :=”72n − 3 ∗ 7n + 2 is divisible by 6”.

We call it senseless since the result by itself is not important and will not be used
in the sequel, it is given just to illustrate proof by induction.
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Proof that P (n) is true for all n ∈ N.
1) Base of induction: n = 1, 72 − 3 ∗ 7 + 2 = 30 is divisible by 6, so P (1) is true.
2) Induction step: Assume that P (n) is true for some n. This means that

72n−3∗7n+2 is divisible by 6 for this n, i.e., 72n−3∗7n+2 = 6p for some integer
p. Let us prove that the statement holds for n+ 1:

72(n+1) − 3 ∗ 7n+1 + 2 = 49 ∗ 72n − 21 ∗ 7n + 2− (72n − 3 ∗ 7n + 2) + 6p =

= 48 ∗ 72n − 18 ∗ 7n + 6p = 6(8 ∗ 72n − 3 ∗ 7n + p)

and P (n+ 1) is true. Thus, the induction step is completed.
3) By induction we conclude that 72n−3∗7n+2 is divisible by 6 for all n ∈ N. �

Comment. Of course, this statement can be proved without induction. For
instance, we may write that 72n − 3 ∗ 7n + 2 = (7n − 1)(7n − 2) and use xn − yn =
(x − y)(xn−1 + xn−2y + · · · + yn−1) in order to prove that 6|(7n − 1). This would
be the standard proof by deduction. This also indicates that for the most part
of mathematical statements there are more than one proof, so the choice of the
particular one is often just a question of taste.

The induction step can be slightly modified, namely, instead of assuming that
P (n) is true, we may assume that P (k) is true for every k < n and deduce that
P (n) is true. If this is verified for every n > 1, then we conclude that P (n) holds
for all n ∈ N. This is often called strong induction. Actually, if we consider only
natural numbers, this is equivalent to the usual induction. Indeed, to see that,
it is enough to consider instead of P (n), the following statements: P̄ (1) = P (1),
P̄ (n) = P (1)&P (2)& · · ·&P (n − 1). Then the usual induction for P̄ (n) gives you
the strong induction for P (n) (think about it!).

NB:! The symbol ∗ will always mean that the given material is for advanced
reading only (not for exam!) and may be skipped at first reading.

Remark∗∗∗ As we have already notified, the Axiom of Induction is a determining
property of natural numbers. Surprisingly the equivalent (for natural numbers)
form of strong induction stated above is not. Indeed, the standard form uses well-
ordering of natural numbers and the fact that any natural number n > 1 has not
only a successor n+1, but also a predecessor n−1. This is not true for general well-
ordered sets and actually is a determining property of natural numbers. We will
discuss well-ordering later. Here I just mention that a general well-ordered set is a
set where the order relation ” ≤ ” is defined and satisfies some natural properties
plus any subset has a minimal element. Then this minimal element is denoted by
1 and the successor n + 1 of the element n is a minimal element which is larger
than n. In contrast to this, the predecessor n − 1 which is the maximal element
smaller than n may not exist. For instance, let us define N̄ as all natural numbers
plus the symbol ∞, which is by definition is larger than any natural number, plus
any ”number” of the form∞+n, n ∈ N which are greater than any natural number
and obey the order relation∞+n ≤ ∞+m iff n ≤ m. This is an ordered set, where
every subset has a minimal number and every element has a successor, but ∞ does
not have a predecessor (think about this example! this is a particular case of the
so-called ordinal numbers, google if interested in!).

The standard induction applied to a general well-ordered set will stop at the
first element without a predecessor. If we cannot find k − 1 for some element
k of an ordered set, we cannot conclude that P (k) is true from the implication



4

P (n)⇒ P (n+1) for any n. This is exactly how the Axiom of Induction determines
natural numbers. Indeed, if the axiom of induction is asserted to be true then the
only element without a predecessor which can exist is the minimal element and this
gives us natural numbers in the Peano arithmetic.

But the strong induction does not have this restriction, it ”jumps” to the element
without predecessor and goes further. By this reason, it does not specify natural
numbers inside of an ordered set and works in the whole ordered set. In this case it is
often called trans-finite induction indicating exactly the ability to jump from finite
numbers to infinity. Thus, the strong induction coincides with the standard one
only if we know from somewhere else that the only element without a predecessor
is 1.

Let us return back to elementary things. As a next step, we prove a result
concerning the integer points on a line ax+ by = 1 which is a key thing for proving
the fundamental theorem of arithmetic and also has an independent sense.

Proposition. Let a, b be two nonnegative integers not equal to zero simultaneously
such that gcd(a, b) = 1. Then equation ax+ by = 1 has at least one integer solution
x, y ∈ Z.

Proof. We will do induction by the number a + b = n. Let n = 1. Then, a = 1,
b = 0 or a = 0, b = 1. In the first case, x = 1, y = 0 and in the second case x = 0
and y = 1 be a solution. Thus, the induction base is verified.

Assume now that the solution is found for all non-negative integer a, b such that
a + b < n for some n > 1. Let us do the step of induction. Let a, b be arbitrary
(satisfying the assumptions) and a+ b = n. Note that a = 0 or b = 0 is impossible.
Indeed, if a = 0, b = 1 since gcd(a, b) = 1 and then a + b = 1 and we assume that
n > 1. So, there are 3 possible cases. First case: a = b. Since gcd(a, b) = 1, we
should have n = 2 and x = 1 y = 0 is a solution. Second case: a > b > 0. Then,
by the induction assumption applied to numbers a− b and b, we have a solution

(a− b)x+ by = 1.

Since a−b+b = a < a+b = n, the induction assumption is applicable. Rearranging
the terms in the equation, we have ax + b(y − x) = 1 and the pair (x, y − x) is a
desired solution. The third case b > a > 0 is analogous.

Thus, the induction step is completed and by (the strong) induction the state-
ment is true for all n. �

As you will learn in Algebra, this proof is strongly related with the algorithm of
Euclid and this algorithm gives you a constructive way to find all integer solutions
of ax+ by = 1. But for us only their existence is important.

Lemma (Euclid). Let p be prime and let a, b ∈ N be such that p|ab. Then, p|a or
p|b (the case where p divides both a and b is not excluded).

Proof. Assume that p does not divide a. Then, since p is prime, gcd(p, a) = 1. By
the proposition, there are integers x and y such that px+ ay = 1. Multiplying this
by b, we get b = pbx+ aby. Since p|ab, we see that p divides both summands in the
right-hand side and, therefore, p|b. �

This corollary can be extended by induction to any number of multipliers.
Namely
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Corollary. Let p be prime and a1, · · · , an be natural. Then p|a1 · · · an implies that
p divides at least one of the multipliers ak, k = 1, · · · , n.

Proof. Induction by n and using the previous corollary as a base of induction.
Complete the details!

We are now ready to state and proof the so-called fundamental theorem of arith-
metic or main theorem of arithmetic.

Theorem (Main Theorem of Arithmetic). Any natural number n ∈ N, n > 1
can be presented as a product of primes:

n = pα1
1 pα2

2 · · · p
αk

k ,

where p1, · · · , pk are different primes and αi > 1, i = 1, · · · , k are natural numbers.
This presentation is unique up to the order of multipliers (and will be unique if we
fix p1 < p2 < · · · < pn).

For instance, 8 = 23, 15 = 3 ∗ 5, 124 = 22 ∗ 31, 100 = 22 ∗ 52 and so on.

Proof. This will be discussed in more details in Algebra, but nevertheless I will
present the proof here since I found the proof given in ”old notes” a bit confusing.

There are two parts here: existence and uniqueness. Uniqueness is trivial when
the Euclid lemma is established and can be verified by contradiction. Indeed,
assume that the statement is wrong. Then, for some n we have

n = pα1
1 · · · p

αk

k = qβ1

1 · · · q
βl

l ,

where pi and qi are primes. We may assume that all pis are different from any of qis
(otherwise, we may divide on the common multiplier and simplify the identity). We

see that p1 divides n = qβ1

1 · · · q
αl

l and by the Euclid lemma for many multipliers,
we conclude that p1 divides at least one of qis. Since qi and p1 are primes, this
is possible only if qi = p1 which contradicts our assumption that pis and qis are
different. This contradiction proves uniqueness.

Existence: This can be done by induction. For n = 2 it is obvious since 2
is prime. Assume that existence is proved for all k < n. Let us do the step of
induction. There are two possibilities, 1) n is prime. Then it is nothing to do. 2) n
is not prime. Then, n = n1 ∗n2 where 1 < ni < n, i = 1, 2. Applying the induction
assumption to n1 and n2 we present them as a product of primes and multiplying
these products, we get n as a product of primes. This finishes the induction step
and the proof of the theorem. �

This theorem is explicitly or implicitly used in almost all statements involving
natural numbers. One of the corollaries of it is the following statement.

Proposition. The number of all primes is infinite.

Proof. By contradiction. Assume that the assertion is wrong and the number of
primes is finite. Let p1, · · · , pN be all of them. Let us consider a natural number
M := 1 + p1 ∗ · · · ∗ pN . This number is greater that any prime number (by the
assumption that p1, · · · , pN are all of them), so it must be composite. By the main
theorem of arithmetic, it must be divisible on one of the primes, say, by p1. But
by the construction, M = 1 + p1 ∗ A for some natural A, so it cannot be divisible
by p1. This contradiction proves that the number of primes is infinite. �
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Remark. This statement is trivial. However, there are many similar questions
in the number theory which are insane and the answers on them are not known
yet. For instance, two primes p and q are called twin primes if p − q = 2. There
are many examples of such primes, for instance, (5, 3), (139, 137). The largest twin
primes known so far are 2996863034895 ∗ 221290000 ± 1 have 348342 decimal digits.
However, it is still unknown whether or not the number of such primes is finite.

Let us do some more exercises on proof by induction. The next ones will be
related with finite series of numbers. To this end, let me introduce the corresponding
notations which simplify writing the sums or products of many numbers. These
notations will be used throughout of the course as well as throughout of many other
courses, so it worth to spend some time digesting them. Namely, if a1, · · · , an are
real or complex numbers, we may write a sum or product of them, the special
notations are

n∑
k=1

ak := a1 + a2 + · · ·+ an,
n∏
k=1

ak := a1 ∗ a2 ∗ · · · ∗ an.

For instance
∑n
k=1 k = 1 + 2 + · · ·+ n is the sum of first n naturals and

n! :=

n∏
k=1

k = 1 ∗ 2 ∗ · · · ∗ n

is a product of first n naturals (which is called ”n factorial” and is denoted by
n!). More general situation, where we start summation, not from k = 1, but from
any other number is also possible. Moreover, a bit later we will study also infinite
sums/products where n =∞, but they require special definitions involving limits.

NB!: Like integrals, sums and products are independent of the choice of a
”dummy” variable k, for instance

∑3
k=1 k =

∑3
l=1 l = 1 + 2 + 3 = 6. Also there are

many different correct ways to write the same sum using
∑

. For instance,

1 + 2 + 3 + 4 =

4∑
k=1

k =

3∑
n=0

(n+ 1) =

3∑
l=0

(4− l)

and so on. There are also a lot of possibilities to do a mistake! For instance∑k
k=1 k is senseless or confusing: a dummy variable k coincides with the upper

limit of summation; the expression
∑n
k=1 n has a precise meaning:

∑n
k=1 n =

n+n+ · · ·+n = n2, but this may be different from what you want to write. Please,
be careful! There is also a general convention:

n∑
k=n

ak = an,

m∑
k=n

ak = 0 if m < n

and, analogously, for products
∏m
k=n ak = 1 if m < n.

Example. Let us prove by induction that

S1(n) :=

n∑
k=1

k = 1 + 2 + · · ·+ n =
n(n+ 1)

2
.
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Let n = 1. Then, S1(1) = 1 and the formula holds. Assume that S1(n) = n(n+1)
2

for some n. Then, by the induction assumption,

S1(n+1) = 1+· · ·+(n+1) = S1(n)+(n+1) =
n(n+ 1)

2
+(n+1) =

(n+ 1)(n+ 2)

2
,

so the induction step is done and the formula is proved for all n.

Exercise. Prove that

S2(n) :=

n∑
k=1

k2 = 12 + 2 + · · ·+ n2 =
n(n+ 1)(2n+ 1)

6

and

S3(n) :=
n∑
k=1

k3 = 13 + 23 + · · ·+ n3 =
n2(n+ 1)2

4
= S1(n)2.

As a next step we would like to discuss the binomial law (Newton’s binomial), i.e.,
the formula

(x+ y)n = xn + C1
nx

n−1y + · · ·+ Cn−1n xyn−1 + yn =
n∑
k=0

Cknx
n−kyk,

where are Ckn =

(
n
k

)
:= n!

k!(n−k)! . According to the convention 0! = 1 and Cnn = 1.

Throughout of this course we will use the notations Ckn for the binomial coefficients.

You should know these formulas from school, but I am not sure that you all
know how to prove them. We start with the proof by induction and to be able to
do it we need the so-called Pascal lemma which has an independent interest and
which is normally used in order to find quickly the binomial coefficients for small
n.

Lemma (Pascal). The binomial coefficients Ckn satisfy the following relation:

Ck+1
n+1 = Ck+1

n + Ckn,

where we put Ckn = 0 if k < 0 or k > n.

Proof. Just a direct proof by deduction using the relation m! = m(m−1)!. Indeed,

Ck+1
n + Ckn =

n!

(k + 1)!(n− k − 1)!
+

n!

k!(n− k)!
=

=
n!

k!(n− k − 1)!

(
1

k + 1
+

1

n− k

)
=

n!

k!(n− k − 1)!

n+ 1

(k + 1)(n− k)
=

=
(n+ 1)!

(k + 1)!(n− k)!
= Ck+1

n+1

and the lemma is proved. �
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The Pascal lemma is usually interpreted in therm of the so-called Pascal triangle:

n = 0 1
n = 1 1 1
n = 2 1 2 1
n = 3 1 3 3 1
n = 4 1 4 6 4 1
n = 5 1 5 10 10 5 1
n = 6 1 6 15 20 15 6 1

where the number in the next row is a sum of two nearest numbers in the previous
row. Due to the Pascal identity this triangle allows us to compute the binomial
coefficients in a recursive way.

We are now ready to prove the binomial law.

Proposition. Let n ∈ N and Ckn be the binomial coefficients defined above. Then

(x+ y)n =
n∑
k=0

Cknx
n−kyk.

Proof. By induction. For n = 1, we have (x + y)1 = x + y and the proposition is
obvious. Assume that the assertion is true for some n and prove it for n+ 1:

(x+ y)n+1 = (x+ y)(x+ y)n = (x+ y)
(
xn + C1

nx
n−1y + · · · yn

)
.

Let us expand brackets in the right-hand side. There are exactly two possibilities
to get the term xn+1−kyk there:

1) Taking the term x from first bracket and xn−kyk from the second one. This
gives the coefficient Ckn in front of it;

2) Taking the term y from the first bracket and xn+1−kyk−1. This gives the
coefficient Ck−1n in front of it.
In total this gives (Ckn +Ck−1n )xn+1−kyk = Ckn+1x

n+1−kyk due to the Pascal iden-
tity. Finally, we have proved that

(x+ y)n+1 =
n+1∑
k=0

Ckn+1x
n+1yk.

Thus, the induction step is done and the proposition is proved. �

Remark. There are much easier way to prove the binomial law based on differ-
entiation. Indeed, without loss of generality, we may assume that x = 1 (in general
case we just write (x + y)n = xn(1 + (y/x))n). Then, we only need to find the
coefficients ak in the expansion

f(y) = (1 + y)n = 1 + a1y + a2y
2 + · · · ak−1yk−1 + yk

which is no more than the Taylor expansion for the polynomial f(y). By usual
differentiation, we get

f(y) =
n∑
k=0

f (k)(0)

k!
yk,
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so ak = f(k)(0)
k! . On the other hand, differentiating polynomial (1+y)n with respect

to y k-times, we get f (k)(0) = n(n−1) · · · (n−k+ 1) = n!
(n−k)! . Thus, ak = n!

k!(n−k)!
and the binomial law is proved. �

Remark∗∗∗ For those, who have heard about functions of several variables and
partial derivatives, this proof will be done even simpler. Indeed, let

f(x, y) = (x+ y)n.

Then, ∂n

∂xn−k∂yk
f = n! (check!). On the other hand, if we take exactly the same

derivative from the right-hand side of the binomial law, we get k!(n−k)!Ckn (check!)
and this gives the desired identity Ckn = n!

k!(n−k)! .

This can be extended for any numbers of variables and gives the so called multi-
nomial law

(x1 + x2 + · · ·+ xl)
n

=
n∑

k1,··· ,kl=0
k1+···+kl=n

Ck1,··· ,kln xk11 · · ·x
kl
l ,

where Ck1,··· ,kln = n!
k1!···kl! (think about this!).

We now turn to the next topic - rational and irrational numbers. Rational
numbers will be demoted by Q. By definition, rational numbers are fractions, i.e.,
α ∈ R is rational if there are two integers m,n ∈ Z such that α = m

n . Then we
write α ∈ Q. Otherwise, α is irrational and we write α /∈ Q. Obviously, if α ∈ Q,
we may take n ∈ N and choose the pair (m,n) in such way that gcd(|m|, n) = 1.
For instance, 1

2 , 2, − 7
5 are rational numbers. The next proposition gives us the

simplest example of an irrational number.

Proposition. The number
√

2 is irrational.

Proof. By definition,
√

2 is a positive number such that
(√

2
)2

= 2. The existence
of such a number is much deeper question which we are unable to answer now (it
requires the completeness axiom for real numbers and will be considered later). So,

we will prove a bit weaker statement, namely,
√

2 if exists is an irrational number.
By contradiction. Assume that

√
2 = m

n where m,n ∈ N and gcd(m,n) = 1.

Then, by definition, it means that 2 = m2

n2 or m2 = 2n2. Therefore, m2 is even

and m is also even. Thus, m = 2k. Then 4k2 = 2n2 or n2 = 2k2. This shows
analogously that n is also even, so gcd(m,n) ≥ 2. This contradiction shows that

our assumption is wrong and
√

2 /∈ Q.

Remark. This proof has been found by ancient Greeks and it became a shock
for them. Indeed, at that moment they did not know any other numbers than
rational ones. So, this proposition meant for them that

√
2 does not exist. But

by the Pythagoras theorem
√

2 is the length of the diagonal of a unit square, so
either this diagonal or its length does not exist!! Fortunately, we now know about
irrational numbers, so it is not a problem for us.

NB!: Clearly, a sum, product of quotient of two rationals are rational. For
instance for sums it follows from the summation rule for fractions m

n + p
q = mq+np

mn .

But the sum of two irrationals may easily be rational. For instance 2 +
√

2 and
2 −
√

2 are both irrational (as a sum of rational and irrational number, prove if
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not obvious!), but their sum is a rational number 4. This is actually a common
mistake.

Exercise. Prove that
√

3 and
√

5 are irrational. Or more general, prove that
the number

√
n, n ∈ N is integer (if n is full square) or irrational (otherwise).

Hint: argue analogously, but use the main theorem of arithmetic to come to a
contradiction. State and proof the analogous result for 3

√
n.

Example Prove that α =
√

2 +
√

3 is irrational. Assume that it is rational.

Then, taking a square, we get α2 = 2 + 3 + 2
√

6 or
√

6 = α2−5
2 . Since α ∈ Q, the

expression in the right hand side is also rational, but the left-hand side is irrational.
This contradiction proves that α is irrational.

Similarly, but a bit more difficult is to prove that α =
√

2+
√

3+
√

5 is irrational.
Assume that α ∈ Q. Then, taking square is not very helpful since the number of
roots in the right-hand side will not change (you will have

√
6,
√

10 and
√

15 there).

The trick here is to write α −
√

2 =
√

3 +
√

5 and then take a square. This gives

α2 + 2− 2α
√

2 = 3 + 5 + 2
√

15 or
√

15 +α
√

2 = α2−6
2 . Here we reduce the number

of roots by one and may take one more square to get 15 + 2α2 + 2α
√

30 = (α2−6)2
4 .

Finally,
√

30 =
1

2α

(
(α2 − 6)2

4
− 15− 2α2

)
.

Again, in the left-hand side we see an irrational number (since 30 is not a full
square), but the right-hand side will be rational if α is rational. This contradiction
proves that α is irrational.

We may continue and ask whether or not α =
√

2 +
√

3 +
√

5 +
√

7 is irrational.
The answer is yes, but I do not know simple proof of this result. If anyone find it,
please, tell me!

We now introduce more general class of complex numbers.
Def.: A number α ∈ C is called algebraic if there exists a nontrivial polynomial

P (x) = anx
n + an−1x

n−1 + · · · + a0 with integer coefficients (ai ∈ Z) such that
P (α) = 0.

We denote the algebraic numbers by A, so α ∈ A if α is algebraic. The numbers
which are not algebraic (not the roots of any polynomial with algebraic coefficients)
are called transcendental.

Actually, all numbers which we have considered before are algebraic. For in-
stance,

√
2 is algebraic (root of x2−2 = 0), i :=

√
−1 is algebraic (root of x2+1 = 0),

the golden ratio
√
5−1
2 is algebraic (root of x2 + x− 1 = 0) and so on.

Example. Let α =
3
√

5−
√

2. Then this number is algebraic. To prove this, we
need to construct a polynomial with integer coefficients such that α is a root of it.
To this end, we take cube from the left and right-sides of the definition of α to get
α3 = 5−

√
2 or

√
2 = 5− α3 and 2 = (5− α3)2. Thus, α is a root of

P (x) = (5− x3)2 − 2.

Obviously, this polynomial has integer coefficients, so α is algebraic.
It can be shown that A is closed with respect to addition, multiplication and

division, i.e., if α, β ∈ A then α+ β, αβ and α/β are also algebraic. Moreover, any
root of a polynomial with algebraic coefficients is algebraic. However, this general
fact is not easy to prove. But we may prove in elementary way some particular
cases of it.
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- Sum of an algebraic and a rational number is algebraic. Indeed α ∈ A and
p
q ∈ Q. Let P (x) = anx

n + · · ·+ a0 be a polynomial with integer coefficients such

that P (α) = 0. Then, the polynomial Q(x) = P (x − p
q ) satisfies Q(α + p

q ) = 0.

However, the coefficients of this polynomial are only rational. But if we consider
Q̄(x) = qnQ(x), then

Q̄(x) = an(qx− p)n + qan−1(qx− p)n−1 + · · ·+ qna0

we will have integer coefficients and Q̄(α+ p
q ) = 0, so α+ p

q ∈ A.

- The number 1
α is algebraic if α 6= 0 is algebraic. Indeed, let P (x) = anx

n +
· · ·+a0 be a polynomial with integer coefficients such that P (α) = 0. Dividing this
identity by αn, we get

a0α
−n + a1α

−(n−1) + · · ·+ an = 0

and therefore Q(x) = a0x
n+· · ·+an is a desired polynomial with integer coefficients

such that Q(α−1) = 0 and α−1 ∈ A.
- The number α2 is algebraic if α is algebraic. Indeed, let P (x) = anx

n+ · · ·+a0
be the polynomial with integer coefficients such that P (α) = 0, i.e.,

anα
n + an−1α

n−1 + · · ·+ a0 = 0.

Let us move to the right-hand side of this relation all terms which contain even
powers of α. Then, we end up with relation

αQ1(α2) = Q2(α2)

for some polynomials Q1 and Q2 with integer coefficients. Taking a square of this
relation, we get α2Q1(α2)2 = Q2(α2)2 and α2 is the root of

Q(x) = xQ1(x)2 −Q2(x)2.

Clearly Q(x) has integer coefficients and α2 ∈ A.
NB!: The most common mistake here is to ”forget” that the polynomial P (x)

defining the algebraic number must have integer coefficients. Without this the
definition of an algebraic number and all other things make no sense! Indeed, any
number α ∈ C is a root of the polynomial P (x) = x − α, so all numbers become
”algebraic” (and your final mark for the problem will be naturally multiplied by
zero).

Remark. As we will see later when studying cardinality, ”almost all” complex
numbers are not algebraic (=transcendental), but it is not so easy to give an ex-
ample of a concrete transcendental number. Indeed, since algebraic numbers are
closed with respect to all algebraic operations, we need to use calculus in order
to build up a transcendental number, i.e., any transcendental number involves the
limit process in their definition. The typical examples of transcendental numbers
are e and π. This fact is proved more than 100 years ago, but till now we still do
not know anything about the number e + π. Even the rationality/irrationality of
this number is an open problem!

We restrict ourselves to state only two classical theorems which allow us to give
many interesting examples of transcendental numbers. The proof of them is too
complicated to be presented here.
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Theorem (Lindemann). Let α 6= 0 be algebraic. Then the number eα is tran-
scendental.

Theorem (Gelfond-Schneider)∗∗∗. Let α, β be algebraic, α 6= 0, 1 and β is irra-
tional. Then the number αβ is transcendental.

For instance, Lindemann theorem tells us that the number e = e1 is transcen-
dental. A bit more difficult to extract from it that π is transcendental. To this
end, we need to use Euler identity eiπ = −1. Then, since −1 is not transcendental,
by Lindemann theorem iπ is transcendental and, since i is algebraic, π must be
transcendental.

Another applications of Lindemann theorem are: lnα is transcendental if α 6=
1 is algebraic (follows from the identity elnα = α), sin(α) is transcendental if
α 6= 0 is algebraic. To see this we note that by Lindemann theorem, z := eiα

is transcendental. So, if sin(α) = 1
2i

(
z − 1

z

)
was algebraic, z would be a root of

the quadratic equation z2 − 2i sin(α)z − 1 = 0 which is impossible since all roots
of equations with algebraic coefficients are algebraic. The assertion on cos(α) is
analogous.

Gelfond-Shneider theorem gives for instance that eπ is transcendental (from the

Euler relation (eπ)
i

= −1) or
(√

2
)√2

is transcendental.
As I already told, it is not easy to prove that e is transcendental, but there is an

easy and interesting proof of its irrationality which I give below.

Proposition∗∗∗. Number e is irrational.

Proof. We recall that the number e is defined by the following convergent series

e =
∞∑
k=0

1

k!
.

We postpone the proof of convergence and other justifications related with infinite
sums till next lectures and will proceed intuitively with this sum. By contradiction.
Assume that e = p

q . Then, multiplying the series by q! and splitting the terms with

numbers ≤ q and > q, we get

p(q − 1)!−
q∑

k=0

q!

k!
=

∞∑
k=q+1

q!

k!
.

The number in the left-hand side is integer since q!
k! = q(q− 1)(q− 2) · · · (q− k+ 1)

is integer if k ≤ q. We want to prove that A :=
∑∞
k=q+1

q!
k! satisfies 0 < A < 1 and,

therefore, cannot be and integer. This contradiction would prove the proposition.
To this end we use the estimate

q!

k!
=

1

(q + 1)(q + 2) · · · k
<

1

(q + 1)(q + 1) · · · (q + 1)
=

1

(q + 1)k−q
.

Thus, using the formula for geometric power series, we get

A <
1

q + 1
+

1

(q + 1)2
+ · · · = 1/(q + 1)

1− 1/(q + 1)
=

1

q
≤ 1.
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Another inequality A > 0 is obvious, so A cannot be integer and this contradiction
proves the proposition. �

Remark. We see that this proof is principally different than the proofs of
irrationality which we have considered before. It has nothing common with divisors
and main theorem of arithmetic, but based on estimations. This is typical for the so-
called analytic number theory. In a fact the key idea of the proof is that the partial
sums

∑n
k=0

1
k! give ”too good” rational approximations to e which are incompatible

with rationality of e. The proofs of Lindemann and Gelfond-Schneider theorems
are also based on similar ideas, but the approximations used there are much more
complicated.

We conclude this lecture by considering decimal expansions of real numbers as
well as expansions with respect to other bases. Since it is clear how to present
integer numbers in this way, we will restrict ourselves to consider only the real
numbers α satisfying 0 ≤ α < 1. Any such number can be presented as a decimal
fraction:

α = 0, a1a2a3 · · · = 0, a1a2 · · ·10 :=
∞∑
k=1

ak
10k

,

where ak are decimal digits: any ak is one of the numbers 0, 1, 2, · · · , 8, 9. This sum
is finite if and only if α can be presented in the form p

10n . For all other numbers
the series will be infinite, so to be rigorous, we need to think about convergence of
infinite sums. Actually, the situation with convergence is simple here since all of the
terms in the sum are non-negative. The partial sums will be monotone increasing,
so the convergence is guaranteed by the monotone convergence theorem. This
theorem will be studied later, so we cannot do this limit rigorously now and we
only state without proof the corollary of this theorem which is important for us:

Proposition. For any sequence {ak}∞k=1 of digits the infinite sum of appropriate
decimal expansion is convergent, so the number

0 ≤ α = 0, a1a2 · · ·10 ≤ 1

is well defined.

Let us now consider the inverse problem. If you are given a number 0 ≤ α < 1.
How to find its decimal expansion? To this end, you need to construct a sequence
αk in a recursive way:

α1 = α, αk+1 = {10αk} , ak = b10αkc,

where {x} is a fractional part of the number x and bxc is a floor function which is
equal to the largest integer which does not exceed x. We claim that ak are desired
decimal digits.

Idea of the proof ∗∗∗. Indeed, since x = bxc + {x}, we have 10αk = ak + αk+1 and,
therefore

αk =
ak
10

+
αk+1

10
.

Iterating this formula, we get

α = α1 =
a1
10

+
α2

10
=
a1
10

+
a2
100

+
α3

100
= · · · =

n∑
k=1

ak
10k

+
αn+1

10n
.
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Thus,

0 ≤ α−
n∑
k=1

ak
10k

<
1

10n

and this guarantees that α =
∑∞
k=1

ak
10k

(as we will learn Part III of our course
when studying convergent sequences). �

Exercise∗∗∗. Prove that α = p
q is rational if and only if the sequence of its digits

is periodic, i.e.,

α = 0, a1 · · · akb1 · · · bnb1 · · · bnb1 · · · bn · · · = 0, a1 · · · ak(b1 · · · bn) · · ·

where a1 · · · ak is the initial part of the fraction which is not repeated and b1 · · · bn
the part which repeats infinitely many times. For instance,

1

3
= 0, (3),

1

7
= 0, (145827),

1

12
= 0.08(3).

Hints:
1) Find the explicit value of 0, (b1 · · · bn) by summing the proper geometric power

series and show that it is a rational number.
2) Let α := p

q . Show that αk = pk
q , where 0 ≤ pk < q. Since there are only

finitely many different numbers of this type, you will have αk = αk+n for some k
and n. Show that the sequence of digits become periodic after ak.

One more natural question would be ”Is the decimal expansion of α unique?”
The immediate answer would be yes. But actually it is not so! Indeed, look at the
example

0, 9999 · · · = 0, (9) =
∞∑
k=1

9

10k
= 9

1/10

1− 1/10
= 1.

Thus, any decimal fraction 0, a1 · · · an, an 6= 0 possesses at least two different
expansions

0, a1 · · · an = 0, a1 · · · an−1bn99999 · · · , bn = an − 1.

Fortunately, this is the only type of non-uniqueness which can appear.

Proposition. Decimal expansion of any real number which is not a decimal frac-
tion is unique. Decimal fractions have exactly two different expansions as described
above.

Idea of the proof ∗∗∗. Let
∞∑
k=1

ak
10k

=
∞∑
k=1

bk
10k

for some different sequences of digits ak and bk. Without loss of generality we may
assume that b1 6= a1 and for definiteness, we assume that a1 > b1. Then

1

10
≤ a1 − b1

10
=
∞∑
k=2

bk − ak
10k

≤
∞∑
k=2

9

10k
=

9

10

1/10

1− 1/10
=

1

10
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and the equality here holds if and only if a1 − b1 = 1 and bk = 9, ak = 0 for k ≥ 1.
This exactly corresponds to the non-uniqueness for decimal fractions. �

Remark. There is nothing special with number 10 here, so expansions of real
numbers into fractions work if we replace 10 by any other natural number n > 1.
The key difference that the digits ak now can take value between zero and n − 1,
so we may write

α = 0, a1a2 · · ·n =
∞∑
k=1

ak
nk
.

All of the above results remain true for such expansions as well. The most important
for us will be digital expansions n = 2 and ternary expansions n = 3. For instance,

0, (01)
2

=

∞∑
k=1

1

22k
=

1/4

1− 1/4
=

1

3
, 0, (02)

3
=

∞∑
k=1

2

32k
= 2

1/9

1− 1/9
=

1

4

and so on.


