
Open and closed sets (topology) in R

This lecture is devoted to the study of some special classes of subsets of R,
namely, open and closed sets. Open or/and closed sets play a fundamental role in
Analysis and you will meet with them many times in future. In a modern language
the collection of all open sets is called ”topology” on a given space (in our case
it is R, but this works for much more general spaces, like C, R3 or even space
of functions). As you will learn later, the collection of all open sets determines
convergence and amount of continuous functions on a set considered, but in this
course we give only a brief introduction to the topic.

Def.: A set V ⊂ R is open if for every x ∈ V there exists ε = ε(x) > 0 such that
Oε(x) ⊂ V .

NB! The number ε is different for different points of V , but must be strictly
positive!

Examples: Let us consider an open interval V = (a, b) which consists of all
points x ∈ R satisfying the inequalities: a < x < b. This set is open. Indeed, let
x ∈ (a, b) be arbitrary. Take ε := min{x−a, b−x} > 0. Then, obviously, Oε(x) ⊂ V .
Thus, our denomination ”open interval” is consistent with the definition of an open
set.

Let us consider now a semi-open interval V := [a, b). This set is not open.
Indeed, if we take x = a ∈ V then Oε(x) will be not entirely in V no matter how
small ε > 0 is.

By the same reason, a closed interval V = [a, b] is not an open set.

A bit more complicated example V = Q. This set is also not open. Indeed, 0 ∈ Q,
but in any neighbourhood of 0 there are irrational numbers, so Oε(0) cannot be
entirely in V . By the same reasons the set R \Q is not open.

At the next step, we study how open sets behave under the set operations,
namely, taking unions and intersections.

Properties of open sets.

1. The whole space R and empty set ∅ are open.

(The fact that R is open is obvious and ∅ is open is just a useful convention).

2. Union of any number of open sets is open. The number of sets in the union
may be finite, infinite, countable or uncountable. To be more formal, this property
can be stated in the following form: Let {Vα}α∈A be a family of open sets in R(A
is and arbitrary set). Then the union ∪α∈AVα is open.

3. Intersection of a finite number of open sets is open. Formally, let {Vαk
}Nk=1

be a finite family of open sets in R. Then the intersection ∩Nk=1Vαk
is open.

Of course, properties 2. and 3. require proofs. We start with the second one.

Proof of Property 2. We need to prove that the union V := ∪α∈AVα is open.
Let x ∈ V . Then, by definition of a union, x ∈ Vα0 for some α0 ∈ A. We now
utilize that Vα0

is open. Therefore, there exists ε > 0 such that Oε(x) ⊂ Vα0
. But

Vα0
⊂ V . Thus, Oε(x) ⊂ V and V is open. �

Proof of Property 3. We now need to prove that the intersection V :=
∩Nk=1Vαk

is open. Let x ∈ V be arbitrary. Then, by definition of an intersection,
x ∈ Vαk

for all k. Now we utilize that Vαk
are open. This means, for every

k = 1, · · ·N there exist a number εk > 0 such that Oεk(x) ⊂ Vαk
.

NB! We cannot a priori claim that all εk are equal (this does not follow from
the def!!!). But now we utilize the fact that the number of sets is finite. Then the
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following min exists and positive

ε >= min{ε1, · · · , εN} > 0.

Since, Oε(x) ⊂ Oεk(x) (ε ≤ εk) for all k, we a posteriori proved that we may
take ε > 0 which is independent of k = 1, · · · , N . The rest is simple: we see that
Oε(x) ⊂ Vαk

for all k, therefore, Oε(x) ⊂ V and V is open. �
The finiteness assumption in Property 3. is important. Indeed, let Vn = (− 1

n ,
1
n ),

n ∈ N be a countable family of open sets. Then

V := ∩∞n=1Vn = {0}
is not an open set.

We see that any union of open intervals is an open set. The converse is also true:
any open set is a union of open intervals. Indeed, let V be an open set. Then,
for every x ∈ V there exists ε = ε(x) such that Oε(x) = (x − ε, x + ε) ⊂ V and,
therefore,

V = ∪x∈VOε(x)
and V is a union of open intervals. Sometimes, the last property is used for defining
what is an open set. Namely, the set V is open if and only if it is a union of open
intervals. In these notes we prefer not to use this approach.

Remark∗. The above construction V = ∪x∈VOε(x) represent an open set V as
an uncountable union of intervals which are not disjoint. This construction may be
essentially improved and the following fact is true: Every open set in R is a finite
or countable union of disjoint intervals.

Indeed, let V ⊂ R be open and x ∈ V . Let us define

x+ := sup{y ∈ V : (x, y) ⊂ V }, x− := inf{y ∈ V : (y, x) ⊂ V }.
In this defs we allow sup to be +∞ and inf to be −∞. Then, both of them always
exist. Moreover, it follows from the definition that (x−, x+) ⊂ V and it is the
maximal open interval in V which contains x.

Let not x, y ∈ V and (x−, x+) and (y−, y+) be the corresponding maximal in-
tervals in V . Then clearly (prove if not obvious!) these intervals either coincide or
disjoint. Thus, V is a union of all disjoint maximal intervals. It remains to note
that any family of disjoint intervals in R is no more than countable (any interval
contains a rational point and these points are different for different intervals). Thus,
V is a finite or countable union of disjoint intervals.

At the next step, we introduce close sets which are complement to the open ones
Def.: A set W ⊂ R is closed if for any sequence {xn}∞n=1 ⊂ R which is convergent

to some x0 ∈ R the limit x0 ∈W .
Examples. Let W := [a, b] be a closed interval. Then W is a closed set. Indeed,

let xn → x0 and xn ∈W , by definition, this means

a ≤ xn ≤ b.
Since non-strict inequalities survives under the limit, we may pass to the limit in
these inequalities and get a ≤ x0 ≤ b which means that x0 ∈ W and W is closed.
In particular, one point set {a} = [a, a] is always closed. This shows that our
denomination ”closed interval” is also consistent with the definition of a closed set.

Let now W := (a, b] be a semi-open interval. This set is not closed. Indeed,
consider a sequence xn := a + 1

n . For sufficiently big n (n > 1
b−a ) xn ∈ W . This

sequence is convergent to a /∈W .
The next theorem gives an alternative description of closed sets.
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Theorem. A set V ⊂ R is closed if and only if its complement R \ V is open.

Proof. Let us first prove the implication ⇒. Let the set V be closed. We need
to check that R \ V is open. By contradiction, assume that it is not open. Then,
there exists a point x ∈ R \ V such that Oε(x) is not a subset R \ V for all ε > 0.
Let us take ε = 1

n . Then, for every n ∈ N there exists a point xn ∈ O1/n(x) such

that xn /∈ R \ V , i.e., xn ∈ V . Since xn ∈ O1/n(x), we have |x − xn| < 1
n , we see

that xn → x. Since V is closed, x must be in V . Contradiction since we originally
assume that x ∈ R \ V . Thus, we have proved that R \ V is open.

Let us prove implication ⇐. Let R \ V be open. Let us prove that V is closed.
Let xn ∈ V be a sequence converging to some x0 ∈ R. We need to check that
x0 ∈ V . By contradiction. Assume that x0 /∈ V . Then x0 ∈ R \ V . Since this set
is open, there exists ε > 0 such that Oε(x0) ⊂ R \ V . Therefore Oε(x0) ∩ V = ∅.
Contradiction to xn → x0 since this neighbourhood should contain all points xn ∈ V
except of finitely many. Thus, V is closed. �

Remark. The result of this theorem is often used as an alternative definition
of a closed set. Namely, ”a set V is closed if its complement is open”.

NB! The fact that V is not open does not imply that V is closed! For instance, a
semi-closed interval I = (a, b] is neither open nor closed!! In addition, there are sets
which are open and closed simultaneously. Namely, R and ∅ are open and closed
simultaneously. It can be proved that these are the only sets in R which are open
and closed simultaneously (in modern language this means that R is connected).

We state now the properties of closed sets.
Properties of closed sets.
1. Sets R and ∅ are closed.
2. Any intersection of closed sets is closed
3. Any finite union of closed sets is closed.
These properties can be proved directly from the definition. But we prefer to

use DeMorgan laws which allows us to deduce it from the analogous properties of
open sets and the proved above theorem. We recall that the DeMorgan laws say

R \ (∪α∈AVα) = ∩α∈A(R \ Vα), R \ (∩α∈AVα) = ∪α∈A(R \ Vα).

This allows us to transform a union of closed sets to the intersection of open sets
as well as the intersection of closed sets to the union of open sets. This proves the
prperties of closed sets and explains why they are complementary to the properties
of open sets.

Our next aim is to transform further the definition of the limit of a sequence to
the form which used the neighbourhoods and set operations. This will allow us to
consider the limits of sequences and functions from the unified point of view. Let
me remind again the ε−N definition of the limit:

A sequence {an}∞n=1 ⊂ R is convergent to L ∈ R if for every ε > 0 there exists
N = N(ε) ∈ R such that xn ∈ Oε(L) if n > N .

I also recall that we have introduced the δ-neightbouhood of +∞ as follows
Oδ(+∞) := ( 1

δ ,∞). Thus, the assumption n > N can be rewritten in the form

n ∈ Oδ(+∞) with δ = 1
N . This leads to the following equivalent ε− δ definition:

A sequence {an}∞n=1 ⊂ R is convergent to L ∈ R if for every ε > 0 there exists
δ = δ(ε) > 0 such that an ∈ Oε(L) if n ∈ Oδ(+∞).
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We now recall that a direct image f(A) of a set A ⊂ X under the map f : X → Y
is defined via

f(A) := {y ∈ Y : ∃x ∈ A, y = f(x)}.

Interpereting a sequence {an}∞n=1 as a function a : N → R, we may write the
condition ”an ∈ Oε(L) if n ∈ Oδ(+∞)” as ”a(Oδ(+∞)) ⊂ Oε(L)”. This leads to
the following equivalent form:

A sequence {an}∞n=1 ⊂ R is convergent to L ∈ R if for every ε > 0 there exists
δ = δ(ε) > 0 such that a(Oδ(+∞)) ⊂ Oε(L).

We conclude the lecture by the famous example of a ternary Cantor set. This
material is for advanced reading and is not necessary for exam.

Exanple (Cantor set). Let us start with K1 := [0, 1]. At the second step, we
divide this interval on three equal parts and drop out the middle part:

K2 = [0, 1] \ (
1

3
,

2

3
) = [0,

1

3
] ∪ [

2

3
, 1].

So we get a union of two closed intervals of lenght 1
3 each.

At the third step, we again divide every of these intervals by 3 equal parts and
drop out the middle parts:

K3 = K2 \ ((
1

9
,

2

9
) ∪ (

7

9
,

8

9
)) = [0,

1

9
] ∪ [

2

9
,

1

3
] ∪ [

2

3
,

7

9
] ∪ [

8

9
, 1].

So, two more intervals of legth 1
9 is dropped out and we have 4 intervals of length

1
9 each. We continue this procedure and at step n we will have 2n−1 disjoint closed

intervals of length 3−n+1 each. We also see that Kn+1 ⊂ Kn. Finally, we define
the desired Cantor set K as the intersection of all Kn:

K := ∩∞n=1Kn.

Let us study the properties of this set.
1) This set is closed as an intersection of closed intervals. It is also not empty

since all endpoints of closed intervals belong to this set (but not only them!)
2) This set can be naturally described using the ternary expansions of real num-

bers. Let me recall that any α ∈ [0, 1] can be represented in the form

α = 0, α1α2 · · ·3 :=
∞∑
n=1

αn
3n

where αn ∈ {0, 1, 2} are the ”ternary digits” of the number α. This expansion is
unique for all α ∈ [0, 1] except of ternary rational ones (=endpoints of the intervals
in K). This is related with the fact that, analogously to digital expansions,

0, 2222222 · · ·3 = 1.

Now we can state the criterion for α ∈ [0, 1] to belong to the Cantor set K: α ∈ K
iff it can be presented in the form

α =

∞∑
n=1

αn
3n
, αn ∈ {0, 2}.
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This can be proved by induction. Indeed, K2 consists of all points α ∈ [0, 1] for
which α1 6= 1 (the dropped interval ( 1

3 ,
2
3 ) is exactly the interval where α1 = 1. At

step 3: we drop our exactly the points where α2 = 1 and so on.
3) From the criterion we see that there are uncountably many points in K and

their cardinality is continuum (as we proved earlier, the set of all sequences of
numbers 0 and 2 has cardinality continuum). Note also that the set of endpoints
is only countable. For instance 1

4 ∈ K and is not an endpoint. Indeed,

0, 02020202 · · ·3 =
∞∑
n=1

2

9n
= 2

1/9

1− 1/9
=

1

4
.

4) The set K is a simplest example of a self-similar (fractal) set. Namely, by the
construction, K ∩ [0, 13 ] = 1

3K and K ∩ [ 23 , 1] = 2
3 + 1

3K. Thus,

K =
1

3
K ∪ (

2

3
+

1

3
K).

Such self-similar (fractal) sets appear in various areas of modern science including,
for example, dynamical systems, especially for description of the so-called deter-
ministic chaos (probably many of you have heard about ”butterfly effect”, if not
just google!!) and are very popular now-a-days.

5) What is the ”length” of K? Informally, we need to compute the total length
of dropped out intervals and take 1-”this number”. At first step we drop out 1
interval of length 1

3 , at the second one - 2 intervals of length 1
9 each, and so on.

The total length of dropped out intervals is

L :=
1

3
+

2

9
+

4

27
+ · · · = 1

3

∞∑
n=0

(
2

3

)n
=

1

3

1

1− 2/3
= 1.

Thus, the ”length” of K is zero!! These arguments can be made rigorous and in
advanced language this property means ”K is a zero measure set”.

7) Cantor set has a lot of nice and unexpected properties (just google!). I mention
only one of them, namely,

K +K = [0, 2].

Here the set K +K = {x+ y : x, y ∈ K}. Please, try to prove this as an exercise.
I give you a hint that is much easier to verify the equivalent relation

1

2
K +

1

2
K = [0, 1].

The reason for this is that α ∈ 1
2K iff α =

∑∞
n=1

αn

3n where αn ∈ {0, 1} and it is

very easy to sum two numbers from 1
2K.


