
Series. Part II. Convergence tests and examples around.

We start our lecture with the study of absolutely convergent series. Recall that,
by definition,

∑∞
k=1 ak is absolutely convergent if

∑∞
k=1 |ak| is convergent and we

know that absolute convergence implies convergence. Thus, for verifying the con-
vergence through absolute convergence, it is sufficient to consider the series with
non-negative terms only.

As we have seen, the series with non-negative terms have nice properties mainly
due to the fact that the sequence of partial sums Sn =

∑∞
k=1 ak is monotone

increasing. This together with the MCT imply that the limit

∞∑
k=1

ak = lim
n→∞

Sn

always exists (as a finite number or +∞). Thus, in order to prove the convergence
(to a finite number), we only need to estimate the series considered from above. To
this end, one usually uses the so-called comparison test (which we have considered
earlier). Namely,

Theorem (Comparison). Let {ak}∞k=1 and {bk}∞k=1 be two sequences of non-
negative real numbers such that an ≤ bn for all n ∈ N. Then,

∞∑
k=1

ak ≤
∞∑
k=1

bk.

Remark This comparison theorem is behind all of the standard absolute con-
vergence tests. The only difference is what series is used as a model one for the
comparison.

NB!: Nothing similar holds for general series with not sign definite terms!
We proceed with somehow surprising test which would allow us to increase the

number of available models convergent/divergent series.

Theorem (Cauchy condensation test). Let {ak}∞k=1 be a non-increasing se-
quence of non-negative real numbers. Then the series

∞∑
k=1

ak and

∞∑
k=0

2ka2k

converge or diverge simultaneously.

Proof. We want to get two-sided estimate of the first series by the second one. Let
us first estimate the first series from above. To this end, we combine the sum in
the following way:

a1 + a2 + a3 + · · · = a1 + (a2 + a3) + (a4 + a5 + a6 + a7) + (a8 + · · ·+ a15) + · · · .

Namely, the kth group contains all terms with numbers from 2k till 2k+1 − 1: 2k-
terms in total and due to monotonicity, the largest term is a2k . So, the sum of
elements in the kth group does not exceed 2ka2k and, consequently,

∞∑
k=1

ak ≤
∞∑
k=0

2ka2k

1
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and the estimate from above is obtained. To get the estimate from below, we
combine the terms into groups in a different way, namely

a1 + a2 + · · · = a1 + (a2) + (a3 + a4) + (a5 + · · · a8) + (a9 + · · ·+ a16) + · · · .

Here we do nothing with the first term, then the kth group includes the terms with
numbers form 2k−1 + 1 and 2k. Now, the kth group contains 2k−1 terms and the
smallest one is a2k . Therefore, the sum of all terms in the kth group is greater or
equal to 2k−1a2k and

∞∑
k=1

ak ≥ a1 +
∞∑
k=1

2k−1a2k =
1

2
a1 +

1

2

∞∑
k=0

2ka2k ≥
1

2

∞∑
k=0

2ka2k .

Thus, we have proved that

1

2

∞∑
k=0

2ka2k ≤
∞∑
k=1

ak ≤
∞∑
k=0

2ka2k

which gives the assertion of the theorem. �

Example. Let us consider
∑∞
k=1

1
kp , where p ∈ R. We already know that this

series is divergent for p = 1 (and, therefore, for all p < 1 by comparison). Also, we
have alredy proved by comparison with the properly chosen telescoping series that
it is convergent for p = 2 (and therefore, for all p ≥ 2 by comparison). But what
is happening for 1 < p < 2? Let us use the Cauchy condensation test. In our case

ak = 1
kp , so 2ka2k = 2k/2kp =

(
21−p

)k
and, consequently,

∞∑
k=0

2ka2k =

∞∑
k=0

(
21−p

)k
is a geometric power series which is convergent iff 21−p < 1, i.e., p > 1. Thus, by
the Cauchy condensation test, the above series is convergent if and only if p > 1.
So, the borderline between convergence and divergence is exactly the case p = 1
(harmonic series which is divergent).

Example. Let us refine the previous example and study the series
∑∞
k=2

1
k(ln k)p .

We have started from k = 2 here since the term which corresponds to k = 1 is
infinite now. We again use the Cauchy condensation test to see that

∞∑
k=1

2ka2k =
∞∑
k=1

2k

2k(ln 2k)p
=

1

(ln 2)p

∞∑
k=1

1

kp

and we see the series from the previous example. Thus, we have convergence if
and only if p > 1. This list of examples can be continued in a natural way by
considering double, triple, etc. logarithms.

There is one more test related with positive and monotone decreasing terms,
namely, the so-called integral test.
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Theorem (Integral test). Let φ : R+ → R+ be monotone decreasing non-
negative continuous function. Then the series

∑∞
k=1 φ(k) and the corresponding

integral
∫∞
1
φ(x) dx converge or diverge simultaneously.

”Proof”. I put ”Proof” since we cannot prove the statement rigorously (we will
study integrals on a proper basis only at Real Analysis II), so here we may use only
the intuitive understanding of integrals and hand waving arguments (similarly to
Calculus!).

We use that, due to the fact that φ is decreasing, φ(k+ 1) ≤ φ(x) ≤ φ(k) for all
x ∈ [k, k + 1]. Integrating this inequality, we get

φ(k + 1) ≤
∫ k+1

k

φ(x) dx ≤ φ(k).

Thus,

Sn =
n∑
k=1

φ(k) ≥
n∑
k=1

∫ n+1

n

ϕ(x) dx =

∫ n+1

1

φ(x) dx

and passing to the limit n→∞, we get

∞∑
k=1

φ(k) ≥
∫ ∞
1

φ(x) dx.

The estimate from above can be obtained analogously, namely,

n∑
k=2

φ(k) =

n−1∑
k=1

φ(k + 1) ≤
n−1∑
k=1

∫ k+1

k

φ(x) dx =

∫ n−1

1

φ(x) dx

and passing to the limit n→∞, we get

∞∑
k=1

φ(k) ≤ φ(1) +

∫ ∞
1

φ(x) dx

which finishes the proof of the theorem. �

Remark. Here we use the definition
∫∞
1
φ(x) dx := limn→∞

∫ n
1
φ(x) dx. This is

the so-called improper Riemann integral which you will study later. Also important
that the proved theorem gives the quantitative estimate∫ n+1

l

φ(x) dx ≤
n∑
k=l

φ(k) ≤
∫ n

l−1
φ(x) dx.

Since series are usually much more difficult to compute than the integrals, the last
formula is often used to estimate the series by something which we may compute
explicitly. In particular, we have used this trick earlier (see the MCT lecture) in
order to verify that

∑n
k=1

1
k ≈ lnn+ C.

Example Let Sn :=
∑n
k=1

1
kp (p 6= 1, p = 1 is already studied). Then, φ(x) =

x−p and ∫ n

1

φ(x) dx =
1

1− p
x1−p

∣∣x=n
x=1

=
1

1− p
(n1−p − 1)

and the finite limit exists iff 1− p < 0 and p > 1. Thus, we have proved again (now
by the integral test) that

∑∞
k=1

1
kp is convergent if and only if p > 1.

We now state several test based on the comparison with basic series. We start
with the comparison with geometric power series.
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Theorem (Ratio test). Let {ak}∞k=1 be a sequence of positive real numbers. Then,
1) If lim supn→∞

an+1

an
< 1, the series

∑∞
k=1 ak is convergent;

2) If lim infn→∞
an+1

an
> 1, the series

∑∞
k=1 ak is divergent.

Proof. 1) Let lim supn→∞
an+1

an
< 1. By definition, this means that the ratio an+1

an
≤

1 − ε for all n ≥ N and some positive ε > 0 (think why!). Since first N terms of
the series are not essential for the convergence/divergence, we may drop them out
and assume that this inequality holds for all n ∈ N. Thus, iterating the inequality,
we get

an+1 ≤ (1− ε)an ⇒ an+1 ≤ (1− ε)na1

and by the comparison with geometric power series bn := (1 − ε)n−1a1 with the
denominator (1− ε) < 1, we conclude that the series is convergent.

2) Let now lim infn→∞
an+1

an
> 1. Then, again by definition, an+1

an
> 1+ε > 1 for

sufficiently large n > N and again we may assume without loss of generality that
the inequality holds for all n ∈ N. Therefore,

an+1 ≥ (1 + ε)an ⇒ an+1 ≥ (1 + ε)na1

and, by comparison with geometric power series with ratio 1 + ε > 1, we conclude
that the series is divergent. �

Remark. In a particular case where R := lim an+1

an
exists, the statement of the

test is especially elegant: if R > 1 - the series is divergent; if R < 1 - the series is
convergent; R = 1 - nothing can be said (test is not conclusive).

There are two essential drawbacks of this test:
1) It is conclusive only if an → 0 exponentially for convergence or when an →∞

also exponentially for divergence. Roughly speaking, this test is conclusive only in
the simplest cases (where more or less experienced person just says ”obviously” and
this is usually enough). In all more or less interesting cases it is inconclusive!

2) It may fail even in the simplest cases, for instance, it clearly does not work
if at least one of ans is zero!! Indeed, in this case lim supn→∞

an+1

an
= +∞ and

lim infn→∞
an+1

an
= 0 (if there is at least one nonzero term in the sequence, check!)

and nothing works.
The next test is the so-called root test is also based on the comparison with

geometric power series.

Theorem (Root test). Let {ak}∞k=1 be a sequence of non-negative real numbers

and let R := lim supn→∞ a
1/n
n (finite or infinite). Then,

1) If R < 1, the series
∑∞
k=1 ak is convergent;

2) If R > 1, the series
∑∞
k=1 ak is divergent;

3) If R = 1 nothing can be said (the test is not conclusive).

Proof. Let R < 1. Then, by definition, there exists ε > 0 such that a
1/n
n ≤ 1 − ε

for all n ≥ N . As before, we may assume that N = 1, so an ≤ (1 − ε)n and the
comparison with geometric progression gives the convergence.

Let now R > 1. Since R is a maximal limit point, there exists a subsequence

a
1/nk
nk → R and since R > 1, we have a

1/nk
nk ≥ 1 for k large enough. Thus, ank

≥ 1
for large k and ank

cannot converge to zero, so the nth term test fails and the series
is divergent. �
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Example. Let us consider the simplest example
∑∞
k=1

1
k! . In this case (since

k! grows even faster than exponentially), an tends to zero at least exponentially
fast, so comparison with geometric power series should work. Indeed, by Ratio
test: an+1/an = 1

n+1 → 0 as n → ∞ and the series is convergent. By Root test is

slightly more difficult since you need to estimate (n!)1/n. This is usually done by
the Stirling formula. I will state below the quantitative version of it:

√
2πn

(n
e

)n
e

1
12n+1 < n! <

√
2πn

(n
e

)n
e

1
12n

which holds for all n ∈ N (This is a very intriguing and nice subject to derive
such estimates! But we do not have time to move in this direction. Use Wikipedia
and references therein for the advanced reading!). This formula gives us two sided
estimate for (n!)1/n

(n!)1/n ≈ (2πn)1/n
n

e

and since limn→∞ n1/n = elimn→∞
lnn
n = e0 = 1, we have limn→∞ a

1/n
n = 0 and the

root test works.
We see that ratio test works nicely here and that it is well adopted to deal with

factorials. The root test here also works if you know the Stirling formula. But the
rate of convergence of an here is really superfast, so the convergence is obvious.

Example. Let us consider a bit more complicated case of
∑∞
k=1

kkak

k! . We want
to know for what a > 0 it is convergent.

Start with ratio test.

lim
n→∞

an+1

an
= lim
n→∞

(n+ 1)n+1an+1n!

nn(n+ 1)!an
= a lim

n→∞
(1 +

1

n
)n = ae.

Thus, the series is divergent for a > e−1 and is convergent for a < e−1.
In contrast to this, root test requires the Stirling formula. Then

a1/nn ≈ an

(2πn)1/nn/e

and limn→∞ a
1/n
n = ae, so we come to the same result.

Now look at the most interesting borderline case ae = 1. In this case, neither
ratio nor root test work (both give the inconclusive result), but the Stirling formula
still give the result. Indeed, in this case we will have a lot of cancellations in it
(all exponentially growing terms will disappear and only

√
2πn will determine the

convergence/divergence). Namely, from Stirling formula we get

C2√
n
≤ an ≤

C1√
n

for all n and the comparison with the divergent series
∑∞
k=1

1√
k

= ∞ gives the

divergence of the series in the borderline case.
Exercise. There is a useful relation between the limits involved into the ra-

tio and root tests. Namely, let {an} be a positive sequence such that the R =
limn→∞

an+1

an
exists. Then,

lim
n→∞

a1/nn = R
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(in particular this limit also exists). Prove this!
NB! The above result holds only if the ratio limit exists. If it does not exist,

it does not mean that the root limit also does not exist! So, the root test is
more general than ratio test. Although both of them are restricted to the case
of exponential convergence of an only. Applying them in different situations, say,
where the decay rate is clearly polynomial is just wasting of time! The result will
always be inconclusive!!

NB! Important for main exam (not resit)! Please, unlearn the ratio test just
before the exam! The problems which appear there will be not appropriate for ratio
test. So, it will not help you, but may be very harmful if you misuse it. So, please,
just forget about it!

We conclude our discussion of convergence tests for absolutely convergent series
by one more self-evident test which is suitable for the cases where the convergence
an → 0 is polynomial.

Theorem (p-test). Let {an} be a sequence of non-negative real numbers. Then,
1) If an ≤ C

np , for large n and some p > 1, then the series
∑∞
k=1 ak is convergent.

2) If an ≥ C
np for positive C, p ≤ 1 and large n, then the series

∑∞
k=1 ak is

divergent.

The statement follows from the comparison with the model series
∑∞
k=1

1
kp .

Remark. The conditions of the theorem can be verified as follows:
1) Let limn→∞ npan exist and be finite for some p > 1. Then the series is

convergent;
2) Let limn→∞ npan exist and be strictly positive for some p ≤ 1. Then the

series is divergent. Check if not obvious!
Example. The last test is well adopted to the case when an is a ratio of two

polynomials of n. Namely, let

an := |P (n)

Q(n)
|, P (x) = pmx

m + · · ·+ p0, Q(x) := qlx
l + · · ·+ q0,

so P and Q are polynomials of degree m and l respectively and pm, ql 6= 0. We put
modulus in order to guarantee that an are non-negative. Of course, we also assume
that Q(n) 6= 0 in order to avoid infinite terms in the sequence. The question is
when the series

∑∞
k=1 ak is convergent/divergent. Actually, the answer depends

only on numbers m and l and even more, only on the difference l −m.
1) Let l = m. Then we have polynomials of the same degree and

lim
n→∞

an = lim
n→∞

|pmn
m + · · ·

qmnm + · · ·
| = lim

n→∞
|pm + pm−1n

−1 + · · ·+ p0n
−m

qm + pm−1n−1 + · · ·+ q0n−m
| = |pm

qm
| 6= 0,

so we have divergence even by nth term test. The case m > l is analogous.
2) Let l = m+ 1. Then, arguing analogously, we get

lim
n→∞

n|P (n)

Q(n)
| = |pm

ql
| 6= 0

and the series is divergent by the p-test with p = 1.
3) Finally, let l > m + 1. Then, analogously, we may prove that limn→∞ n2an

exists and finite, so by the p-test with p = 2 the series is convergent.
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Thus, the series is convergent if degQ − degP > 1 and is divergent otherwise.

For instance,
∑∞
k=1

k2

k3+k+1 is divergent and
∑∞
k=1

k+1
k4+3k2+6 is convergent.

Exercise∗. The ratio test can be extended to the case of polynomial decay of
an considered at the previous example. Namely, prove the following result (Raabe
test): Let {an} be a sequence of positive numbers such that the limit

R := lim
n→∞

n

(
an
an+1

− 1

)
exists. Then, the series

∑∞
k=1 ak is convergent if R > 1 and is divergent for R < 1.

Hint: this is a comparison with
∑∞
k=1

1
kR

.

Example. Let us return to
∑∞
k=1

1
k2 . Then, an = 1

n2 and

n(
an
an+1

− 1) = n
(n+ 1)2 − n2

n2
=

2n+ 1

n
= 2 +

1

n
.

Thus, R = 2 > 1 and the Raabe test works.
We now turn to the case of series which are not absolutely convergent, so you can-

not obtain the convergence looking at series with positive summands and NOTH-
ING which is considered above in this lecture actually works.

Example (of nonsense from previous exam). Problem: prove that the
series

∑∞
k=1

sin k
k is convergent. Hint: use the Abel test.

”Solution”: 1) The hint is simply ignored since Abel transformation is not learned
properly! 2) Ratio test!! an = sinn

n ,

|an+1|
|an|

=
n

n+ 1

sin(n+ 1)

sinn
= ”some more nonsense” < 1

and the series is convergent. As you can see, there are too many errors here: the
series is actually not absolutely convergent, even if it was, the ratio test would
not work since sinn may be arbitrarily close to zero, the nth term decays only
polynomially ⇒ ratio/root test cannot work in principle, etc. Result: very easy to
mark! just to put zero.

As we will see below, proving the convergence for the case where there is no
absolute convergence is much more delicate and there are not many general methods
doing this. Usually, a case study is required!

Up to the moment, we have studied only the Leibnitz theorem for the toy model
of alternating series. Namely,

Theorem (Leibnitz). Let {an} be a monotone decreasing sequence of positive real
numbers tending to zero. Then the series

∑∞
k=1(−1)kak is convergent.

For instance, we see that
∑∞
k=1

(−1)k
kp is convergent for every p > 0 although the

absolute convergence holds only for p > 1.
Another tool which can help here is the Abel transformation. Namely, the corol-

lary which we proved at the previous lecture.

Corollary (from Abel transformation). Let an, bn be two sequences of real
(complex) numbers and let An :=

∑n
k=1 ak. Assume also that L = limn→∞Anbn

exists and finite. Then

∞∑
k=1

akbk = L−
∞∑
k=1

Ak(bk+1 − bk)
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and the series in the right and left hand sides of this equality converge or diverge
simultaneously.

As we have already seen (when proving the convergence of Leibnitz series by Abel
transformation), the series in the right-hand side may converge absolutely even in
the case where the series in the left hand side is not. If this really happens, we are
very lucky and may prove the convergence using the technique developed for the
series with positive terms. The following test is based on these arguments.

Theorem (Abel/ Dirichlet test). Let {an} and {bn} be two sequences of com-
plex numbers such that

1) The sequence An =
∑n
k=1 ak is bounded and limn→∞ bn = 0;

2) The series
∑∞
k=1 |bk+1 − bk| is convergent.

Then the series
∑∞
k=1 akbk is convergent.

Proof. Since An is bounded and bn is convergent to zero, we have limn→∞Anbn = 0
and we may replace the series

∑∞
k=1 akbk by

∑∞
k=1Ak(bk+1 − bk). I claim that the

last series converges absolutely. Indeed,

∞∑
k=1

|Ak||bk+1 − bk| ≤ A
∞∑
k=1

|bk+1 − bk| <∞.

Thus, the convergence of
∑∞
k=1 akbk is proved. �

Remark. The situation is especially simple here if {bn} are real numbers mono-
tone decreasing to zero. Then |bk+1−bk| = bk−bk+1 and the series

∑∞
k=1 |bk+1−bk|

is convergent as a telescoping series. So, we need not to check condition 2).

Example. Consider the series
∑∞
k=1

sinnx
n or more general

∑
k=1 bk sin(kx)

where x is a parameter and bn are real numbers decreasing to zero. In this case,
the Abel test allows us to get the result which is analogous to Leibnitz theorem:
such series are always convergent, no matter how slow the decay of bn is. This is
based on the following trigonometric identity:

n∑
k=1

sin(kx) =
sin(nx/2) sin((n+ 1)x/2)

sin(x/2)
.

This formula can be proved by writing sin(kx) = eikx−e−ikx

2i . After this you will
see the geometric power series in the left-hand side. Check! Alternatively, if the
formula is known, you may prove it by induction (Prove!). Therefore, the sequence
An is bounded with respect to n for all fixed x and we are under the assumptions
of the Abel theorem which guarantees the convergence.

The same result will hold if we replace sin by cos. Then we just need to use the
proper trigonometric identity:

n∑
k=1

cos(kx) =
sin(nx/2) cos((n+ 1)x/2)

sin(x/2)

and be careful with points x = 2πl, l ∈ Z where the series reads
∑∞
k=1 bk.
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Example. This example shows that the Abel transformation remains use-
ful even if we are not under assumptions of the Abel theorem. Let us consider∑∞
k=1

sin(k2)
k . In this case, the sequence

An :=
n∑
k=1

sin(k2)

is no more bounded. However, the deep fact from the number theory and theory
of Weyl sums (see below some explanations for advanced reading) tells us that it
grows slower that n. Namely,

|An| ≤ Cn7/8

which is enough to prove the convergence (the best exponent in this estimate is
not known yet, but 7/8 is enough for us). Indeed, since bn = 1

n now, we still have
limn→∞Anbn = 0, so the problem is reduced to the series

∑∞
k=1Ak(bk+1−bk). But

this series is absolutely convergent! Indeed,

∞∑
k=1

|Ak|(
1

k
− 1

k + 1
) ≤ C

∞∑
k=1

k7/8
1

k(k + 1)
≤ C

∞∑
k=1

k−9/8 <∞.

Thus, our series is convergent.

The rest of the lecture is for advanced reading only! Not necessary for the exam∗.
In this part I will try to explain very briefly the principal difference between the
linear Weyl sums

W lin
n (x) :=

n∑
k=1

e2πinx

and the quadratic sum W quad
n (x) :=

∑n
k=1 sin(2πin2x).

For the linear sums, we have a simple trigonometric formula which shows that
they are bounded in n for every fixed x ∈ (0, 1) and the only problematic point
where it may become unbounded is x = 0 (note that these functions are 1-periodic
in x, so it is enough to look only at x ∈ (0, 1)).

The quadratic case is drastically different. First, we do not have explicit formula
any more, so we need to do qualitative study which is a challenging task. Actually,
it is one of the central problem of analytic number theory which is traditionally
related with the Riemann hypothesis as well as many other things including the
Schrödinger equation and quantum mechanics. But how the number theory comes
into play here? In the case of W lin

n (x) we do not see any ”traces” of the number
theory!

The answer on this question may become a bit clearer if we look at these qua-
dratic Weyl sums for rational x. Say, x = p

q . In a fact, the nominator is not

important and may be replaced by 1, so it is enough to look at x = 1
q . In this case,

as not difficult to see e2πin
2/q will be q periodic in n, so it is enough to compute

the finite sum

W quad
q (

1

q
) =

q∑
n=1

e2πin
2/q.
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This sum is called a Gauss sum and fortunately, we have explicit formula for it:

W quad
q (

1

q
) =


√
q, q = 1 mod 4

i
√
q, q = 3 mod 4

0, q = 2 mod 4

(1 + i)
√
q, q = 0 mod 4.

Unfortunately all proofs which I know are too complicated to be given here, so I
just state the result.

What does it mean for us? In particular, these formulas show that in the case
where x = p

q , the associated Weyl sum may grow linearly with respect to n:

|W quad
n (p/q)| ≈ C

√
q
n

and the coefficient becomes smaller when the denominator q is larger. This guesses
that probably the rate of divergence will be slower than linear if x is irrational.
This is really the case and has been proved by Weyl:

lim
n→∞

W quad
n (x)

n
= 0

for all x /∈ Q. But the actual rate of divergence depends on the properties of the
number x. Namely, better the number x /∈ Q can be approximated by rationals,
slower will be the convergence to zero in the last limit. In particular, for the example
above we need to take x = 1

2π (clearly irrational). Then, you need to study how
good the number π can be approximated by rationals, full picture is not known
here, but there are some partial results which are enough to verify the estimate
above. Note that you cannot expect anything better than

√
n in the asymptotic,

e.g., for x =
√

2, we have exactly this, for x = e we have
√
n lnn, etc.

Mention also that, in contrast to the limear case, the series
∑∞
k=1

sin(2πk2x)
k is

divergent for most part of rational x. Moreover, as proved by Hardy, it is also
divergent for some (infinitely many) irrational x.


