SERIES. PART III. REARRANGEMENTS AND RIEMANN THEOREM.

As you know from primary school, addition is commutative, i.e., a+b = b+a for
all a,b € R. In our course it is one of the basic axioms of real numbers. This can
be extended to any finite sum of numbers, namely, if ¢ : {1,--- ;n} = {1,--- ,n}
be any permutation (one-to-one correspondence), then

a1+ ag F e T Gn = A1) T Ag2) T T Gg(n)

for any numbers aq,--- ,a, € R. Formally, you can prove this by induction. Intu-
itively we expect that it should be true for infinite sums as well, i.e., that for every
permutation ¢ : N — N we should have

(R) Z ag = Z Ap(k)-
k=1 k=1

But as we know from the first lecture, it may be not true even in the case when
the series in the left and right sides are convergent! Let me recall the example.
Example. Let us consider the alternating harmonic series In2 = "2 | (_1]):“ .
From Leibnitz theorem we know that it is convergent. The concrete value In2 for
the sum will be found in the next lecture, but this value is not important for the

example. Let us now consider the rearranged sum

D) A L () L (B ) e
2 4 3 6 8 5 10 12 7 14
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But the sum 57 contains exactly the same summands just taken in a different order!
Formally, the permutation ¢ is given by

123 45 6 7 8 9 10 --
124 3 6 8 5 10 12 7 ---)°
and the sum becomes too times smaller!! The aim of today’s lecture is to study this
phenomenon and to understand under what extra assumptions we may guarantee

the identity (R) to be true.
We start with the case of non-negative summands.

Lemma. Let {a,}2; be a sequence of real non-negative numbers. Then (R) is
valid for any permutation ¢.

Proof. Let S,, :== >_}_, a and S% = oy ag(r)- Denote also the corresponding
infinite sums by S and S? respectively. Then, it is sufficient to prove that S < S.
Indeed, if this inequality is obtained, then § = G tod < S? and the equality is
proved.

For every n € N, fix m = m(n) = max{¢(1),---,¢(n)}. Then, the sum S,
contains all of the elements ag1), - ,a¢(n) plus some more non-negative terms.
Consequently,

S¢ < S <8,
1



where we have used that S = lim,,_, S, = sup,,¢y S since S;, is monotone increas-
ing. [0

We now turn to the case of absolutely convergent series. For any a € R, we
denote by a™ and a~ its positive and negative parts, namely,

a™ =max{a,0}, a_ :=—min{0,a}.

Then, a* >0, a = a* — o~ and |a| = a* + a~. In particular,

[e.¢] oo oo oo
D lal =D (af +a) =D af +> a.
k=1 k=1 k=1 k=1

Since a series with non-negative summands is always convergent to a real number
or +00, we may use algebraic properties of limits here. In particular, the series
> peq ax is absolutely convergent if and only if both sums

ST .= ia; and S™ = ia,:
k=1

k=1

converge. In this case, by algebraic properties of limits, we have

S:iak:i(az—a,;):SJr—S_
k=1 k=1

which allows us to verify (R).

Proposition. Let {a,}32, be a sequence of real numbers such that the series
> peq ak is absolutely convergent. Then (R) holds for any permutation ¢.

Proof. Indeed, using the already proved result for series with non-negative sum-
mands, we get

S§¢ =89t -84 =8t -5 =5
0

Exercise. Prove that (R) is true for the case where a;, € C and >, , |ax| < oo.
Hint: check that the series >~ Reay and >/, Imay are absolutely convergent
in this case.

Let us now consider the case when the series Y ;- ;| aj is convergent (to a number,
not to infinity), but ) ,_; |ax] = oo. Such series are called non-absolutely (or
conditionally) convergent. In this case, both sums ST and S~ are infinite. Indeed,
if both of them were finite, then the series would be absolutely convergent and if
only one of them, say, ST were finite, we would have S = ST — 00 = —o0 and
the series is divergent. Thus, in the case of non-absolutely convergent series, we
formally have

S:S+—S_:OO—OO.

But the value co — oo is indefinite and may be an arbitrary number (depending on
the way how these infinities are approached). This somehow explains the following
result.
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Theorem (Riemann). Let the sequence {a,} of real numbers be such that the
series 220:1 ay 1s conditionally convergent. Then, for every £ € R (or £ = +o0 or
§ = —00), there exists a permutation ¢ = ¢¢ such that

S¢ = ZC%(@ = 5
k=1

Proof*. We give the proof for the most complicated case £ € R (the case of infinities
is analogous, but simpler. You may try do them as an exercise). We also note that
we may assume without loss of generality that all ay # 0 (adding zeros does not
change the sum) We construct the desired permutation ¢ by induction.

We start with £ = 0. Let us define Sy := 0, 4p = {0} and ¢(0) = 0.

Assume now that, for some & € NU {0}, we already have the set A, C NU {0},
the sum Sy and the number ¢(k) € Ay.

Then, if S < &, we take

¢(k+1):=min{n e N : n¢ A, a, >0}
and if S > £ we take
¢(k+1):=min{n e N : n ¢ Ay, a, <0}.

Then, we set Sk41 := Sk + Agp(k+1)> Agr1 = Ax U {¢(k + 1)}

We claim that ¢ is a desired permutation (being pedantic, we constructed the
map ¢ : NU {0} — NU {0}, but ¢(0) = 0 and ¢(k) € N if £ € N, so the map
¢ : N — N is also well defined). Indeed, by the construction

Sn = Za¢(k) and A, = {¢(1)7 ¢(2)’ T ,(]5(77,)}

k=1

and ¢ is injective (¢p(n + 1) ¢ A,,). Prove that it is surjective. Let n ¢ ¢(N) for
some n. Assume for definiteness that a,, > 0. By the construction, it means that
all terms aq () except of finitely many are negative and Sy > £ for all such k. But
this inequality is impossible since the sum of all negative terms in a series is infinite
and S — —oo. This contradiction shows that ¢ is surjective (and therefore is a
permutation). In particular, we see that the sign of a4x) will be changing infinitely
many times. Let us introduce the sequence of {k,,}52; which corresponds to these
sign changes of ag1) by the following recursive rule: kg = 0,

Fny1:=min{k € N : k >k, agyags1) <0}

(condition agk, )¢k, +1) < 0 exactly means that ag(y, ) and ag(, +1) have different
signs). If we assume for definiteness that £ > 0, the sum will look like

S=ag() + o g T Ag(ki+1) o Qo) T A1) T Qi) T

TV TV TV
positive terms negative terms positive terms

We claim that

(E) |Sk —f| < |a¢(kn)| for all k€ [kn,kn+1).



Indeed, if agx,) > 0 then agy,+1) < 0 and by the choice of ¢, we know that
Skn—l <, Skzn > ¢ and € < S < Skn7 k e [Ifmkn—l—l — 1)

which gives & < S <&+ ag,) for all k € [k, k,y1 —1). The case ag,) < 0 can
be considered analogously. Thus, (E) is proved.

Since lim;, 00 @g(k,) = 0 (the initial series is convergent), inequality (E) gives
S — & and finishes the proof of the theorem. [J

Remark. The above given proof is a bit ”over-formalized” in order to be rig-
orous, but it is based on a very simple idea. The algorithm of rearranging is the
following: we just take the sum of positive terms (one-by-one without changing
their order) in the series till the total sum does not exceed &, then we switch to
negative terms until the sum becomes less than £ again, the we switch to positive
terms again and so on. Since both sums of positive and negative terms are infinite,
the switching cannot stop and will happen infinitely many times and all the terms
finally will be in the sum. The obtained sum will oscillate around ¢ and since the
nth term tends to zero, will converge to &.

Conclusion. We see that commutative law (R) holds for infinite sums for every
permutation ¢ if and only if the series is absolutely convergent. Moreover, we have
the following dichotomy: the sum of a series either independent at all of the order
of summation (=absolute convergence) or changing this order you may force the
series to converge to every fixed number (conditional convergence).

Note that the above stated theorem was for real-valued sums only. In the case
where a;, € C and >";7 , ai is conditionally convergent, there are two possibility:
the set of all possible limits of rearranged sums is either a line in C or the whole
C. But this result is much more difficult to prove and we do not discuss the details
here.

Example. Let us return to rearrangements of alternating harmonic series. Let
0 < pn <n,n € N be a sequence of natural numbers and let ¢, := n — p,.
We assume that p;,,q, — oo and the limit « := lim,_, 2= exists. Consider the
rearranged partial sums

— 2k
k=1 k=1

which contains p,, positive and ¢,, negative terms of the alternating harmonic series.

We claim that )
lim S, =In2+ —1In a .
n— oo 2 1l -«

Indeed, let H,, :== > ;_, k —Inn. We know that lim,,_, ., H, exists (and is equal to
the Euler Constant 7, see the lecture on MCT). Then

’U

L T T | 1 1&1 11
=2 5" ;—k‘;—k:_lz 22k kT
= In(2p,) — ; Inp, — %lnqn + Hyp, — %Hpn %an
:ln2+%lnz—:—|—H2pn ;Hpn—%ﬂqn
:ln2+%ln1€n1{:/ + Hap, %Hpn %an.



Passing to the limit in this formula and using that z — In ;% is continuous and

that 1 1 11
nh_{go(H%" - §Hpn - §an) =7= 5’7 - 5'7 =0,
we get the desired result.

In particular, for the standard alternating harmonic series 1 — % + % — i + ey
we obviously have o = % and this gives

> -1 k+1
Z —( ]i =In2.

k=1
If we change the order: 1 —2 — 14+ 3 -2 -1+ 14... then (—1) will appear two
times more often that +1, so a = & (check!) and
1 1. 1 1 1 1 1 1/3 1
l——-—=-4-—-—=-—= —4+---=In2+ -1 =—-In2
2717376 8757 nETem T3 T
In a complete agreement with what we have already known.
Another rearrangement: 1+ % — % + % + % — %1 + ---. In this case a = % and
1+1 1+1+1 1—|~ 312
- — — — _ — = oo = —In 2.
3 2 5 7 4 2

Choosing the proper value of o and the sequence p,, such that a = lim,, o 2%, we
may force the rearranged alternative harmonic series to converge to any number
¢ € R (in a complete agreement of the Riemann theorem).

*! The rest of this lecture is devoted to the so-called double or multiple series,
where the index of summation runs not over N or Z, but over N? or the lattice Z2.
Although this material will be not asked at the exam, such series are widespread in
Analysis and basic understanding of their properties is important! We start with
some examples.

Example. We return to the exponent e® = 7° xk—lf and try to prove directly
the functional equation for it. Formally, it looks as follows:

k=1

where we have used the binomial law to computer the inner sum. But how to
justify it? First, we see a double sum 2?5:1 ak, inside (with ax; = % inside)
and second, we change the order of summation in it in order to get the result.
Indeed, initially the order corresponds to repeated series (first fix the index k and
do summation with respect to index [ and then sum the results with respect to 1)
and then we rearrange it taking a sum with respect to the lines k + [ = n first and
then summing the results with respect to n. The last is often called the Cauchy
summation method for summing double series.



The natural question here - ”Is it always possible to change the order of sum-
mation in such way in double series?” Keeping in mind the Riemann theorem, we
may guess that the answer is NO!

k
Example. Let us consider the alternating series S = Y 7o | (?/1% which is

convergent by Leibnitz theorem. Then,
x© _1)l+k
S2 — ( 7

where the summation method is "repeated series”. Let us try to change it to

Cauchy. Then, we first need to compute a, = 2;11 ﬁ and then compute
> (=1)"a,. But the last series is divergent! Indeed, k(n—k) < %2 (check!) and
therefore .
- 1 1 2(n — 1)
n = _ > — 1 =
¢ Zk(n—k)_(n 7= "
k=1 e

and lim,,_,~ a, = 2 # 0. Thus, we need some extra assumptions to justify passing
from ”repeated sum” to Cauchy summation.

Example. Let us define the coefficients ay,; by the following double infinite
upper-triangular matrix

1L 11 1
218 7

0 -1 3 g 7T
A=1o0 o -1 |} -

Then, obviously, > 72, ax; = 0 for all k and ) ;7 = —5+ (check by summing

geometric power series!). Thus,

Ozzzak,l ?’ézzak,l = —2.

k=11=1 =1 k=1

Thus, changing order in the repeated sums is also not immediate. Prove as an
exercise that if you apply the Cauchy summation method here, the series become
divergent!

Actually, there are many ways of summation of double series. For example, we
may take any bijection ¢ : N — N? (since N is countable, there are plenty of them)
and reduce the double series to the usual one:

o0 o0
Sanr LY agm.
k,l=1 n=1

Another way of rearranging double series is the following: Let N? = U, cnA,,, where
N? is presented as a disjoint union of finite or countable subsets A,,, of N?, then we
may associate a summation method with this partition

oo o0
E ag, = E E Qg

k=1 n=1 (k,l)EA,



For instance, if 4,, = {(n,{), | € N} or A, = {(k,n), k € N} we get repeated
series, the choice A,, = {(k,l), k+ 1 = n} gives the Cauchy method. The other
natural choices, e.g., A, = {(k,l), k* +[?> = n} -summation by spheres or A, =
{(k,1), maxk,l =n} - summation by squares and so on.

As we have already understood, all these methods may give different result for
general choice of aj ;. However, the absolute convergence also plays a crucial role
here.

Lemma. Let {aj,;} be a sequence of non-negative real numbers. Then the value of
the corresponding double sum (finite or infinite) is independent of the summation
method.

The proof is very similar to what we have done for simple series, so I will not
present it here.

To treat the case of non-sign definite summands, we introduce the natural con-
cept of absolutely convergent series for this case. Namely,

The series 22?1:1 a1 is absolutely convergent if the corresponding repeated series
S e oo lag,] is convergent (less than infinity).

Then, splitting ax; = az’l —ay, exactly as in the case of simple series, we get
the following result.

Proposition. Let the series ), ,ar,; be absolutely convergent. Then the value of
the sum is independent of the summation method.

Remark Since the double series can be reduced to a single series using the
bijection ¢, we have the analogue of Riemann theorem here as well, so the absolute
convergence is necessary for the sum to be independent of the summation scheme.

We conclude the lecture by a physically relevant example of computing the so-
called Madelung constant. This is related of the bonding energy of a single ion in
a crystal. We consider an infinite cubic lattice Z3 with ions of Na™ and CI~ (just
a crystal of salt) situated in the alternatind order in the nodes of the grid. If the
ion is sitting at the point (k,m,l) of the lattice, it electrostatic potential is

(_1)k+m+l
k2 4+m?2 +12

up to a constant related with the charge of electron which we omit for simplicity.
Then, the energy of the ion at (0,0,0) is exactly the Madelung constant:

E(k,m,l) =

k+m-+l
M= ) (=1
2 2 2"
(k,m,l)ez3 k +m +l
(k,m,l)#0

But what summation method should be used here? The series clearly not absolutely
convergent (just take the line m = k = [ to get infinite harmonic sum), so the
summation method is important. But physics des not say much about it, so the
correct summation method should be found by mathematicians!

Example. Let us try the intuitively most natural method- summation by
spheres. To this end, we need to compute Ar := > o, 2. o_p FE(k,m,l) and
then take a sum with respect to all R. In order to do this, we note that

(k+m+D? — (E* +m? + 1) = 2(mk + ml + ki),



8

so the parity of k +m + 1 and R is the same and (—1)¥*"+ = (—1)E. Now, let
N(R) := "number of integer points on a sphere m? 4+ k* +1*> = R”

then Ap = % and we get a nice and elegant formula for M which is widespread
in physical literature (including the modern ones):

12 24
) _ ¢ 8 6

—~ (=DN(R

P Dy RV RV RV A
This nice formula has only one small drawback- it is wrong. The obtained series is
divergent! In a fact, limp_, o % # 0 and this alternating series cannot converge.
The proof is really simple and I will indicate it here. Let us try to estimate the
number N(R). To this end, I will estimate the number N;(R) of integer points
in a spherical annulus {R < E24+m?2 412 < 2R}. The volume of this annulus is
3m((2R)3/? — R3/?) ~ CR3/? and the volume of unitary cube is one, so Ni(R) ~
¢R3/2. On the other hand, obviously,

2R
Ni(R) =) _N(R).
r=R

Since the number of summands here is R, we conclude from here that there exists
a constant ¢ > 0 which is independent of R such that N(r) > cr'/? at lest for one

r € [R,2R]. Thus, lim,_, % # 0 and the series is divergent.

To find the correct summation method is a bit more difficult task. The main
idea here is similar to what we have done to prove the convergence of alternative
series in the proof of Leibnitz theorem. Namely, combine together odd and even
terms. But now we have 3 dimensions, so we need to take a sum of 8 neighbouring

terms:
2K+12L+1 2M+1

M= > S S B
k=2K |=2L m=2M
Then, it will be essential cancellation of negative and positive parts and as a result

you will have
1

K2 + M?2 + L2)2
for some C' > 0 (the calculations are elementary and based on differentiation and
Newton-Leibnitz formula only, but they are a bit technical, so I will not go into
details). This, estimates allows us to show that K.L.M Ak 1,.m already absolutely
convergent and therefore we may change the order of such octa-poles in a sum
freely. In particular, using this fact, we may prove that in contrast to the spherical
method, the summation by cubes A,, := {(k,m,1), max{|k|,|l|,|m|} = n} works as
well as repeated summation and give the same result.

Moreover, knowing the absolute convergence for the series of octa-poles energies,
we may also repair the nice physical formula. If we consider the partial sums

My = Zgzl(—l)R%. Then, the following limit

| Ak ] < C(

Mk
M= lim ——
Kb K
(the so-called Cesaro summation) will exist and give the correct value for the

Madelung constant M = —1.74756..



