SERIES. PART IV. POWER SERIES.

In this concluding lecture, we consider an important class of infinite sums, the
so-called power series. Let {a,}>2; be a sequence of real (or complex) numbers
and x € C be an independent variable. Then, we formally define a function

(P) f(x) ~ ) apa®
k=0

which will be referred as the power series associated with the sequence {a,}. Im-
portant that, in contrast to the previous exposition, power series defines a function
of the independent variable z. Indeed, the partial sums S, (z) := Y ;- axz® are
polynomials in  and the limit if it exists can be considered as a ”polynomial of
an infinite degree”. Note also that these polynomials are defined for x € C, so it
is natural to consider complex valued functions here. Moreover, it is impossible
to understand the properties of power series without considering complex valued
functions (restricting = € R only, see examples below). By this reason, we assume
x € C from the very beginning.

Example. Taylor expansions. If we assume for a moment that the power series
is well-defined and we are able to differentiate it, then we can find formulas for
coefficients ay in terms of f and its derivatives. Indeed, taking x = 0, we get
f(0) = ap. Now, differentiating (P) in =, we will have

(@) ~a + 2asx + 3asz? + - -

and f’(0) = a;. Continue this differentiation, we get f(™(0) = nla,, (check if not

SN _ %0 :
obvious!). Thus, ax = ~;— and the series (P) reads

>, f(k)
fa)~S F0) &

k!
k=0

and we arrived at the standard formula for Taylor series for function f at the point
x = 0. In this lecture we will consider only Taylor expansions at the point x = 0.
In the general case, we should have (z — zo)* instead of ¥, but it can be easily
reduced to (P) by the shift x — x — xg. The next example shows that the power
series are not necessarily convergent.

Example. Let us consider Y ;- k*z* and let = # 0 be arbitrary. We claim
that this series is divergent. Indeed, by the root test,

lim sup(|n"z™ )" = lim (n|z|) = 0
n—00 n—oo

and the series is divergent. Thus, the series Y ;- | k*z* does not define a function
of independent variable x since it is divergent for all x € C except of x = 0.

Thus, we really need to be able to verify the convergence of series (P). Then
next lemma is an important step in this direction.

Lemma. Let the series ZZOZO apx® be convergent for some x = xo # 0. Then the

series is absolutely convergent for all x € C such that |x| < |xo|.
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Proof. Indeed, since Y -, apxf is convergent, by the nth term test, we know that
lim,, 00 |an||zo|™ = 0. In particular, the sequence |a,||zo|™ < C is bounded. Let
now, x € C be such that r = % < 1. Then,

|an|2]" = |an|lzo|"r™ < Cr"

and by the comparison with geometric power series, the series >~ apz” is abso-
lutely convergent. [

Thus, the domain of convergence of a power series (=set of all x € C where (P) is
convergent) always contains a disk {x € C, |z| < R}. This motivates the following
definition:

Def.: Let {a,}?2, be a sequence and Y-, axz”® be the corresponding power
series. Then the radius of convergence of (P) is the following number:

R:=sup{r € R, the series (P) is convergent for all z € C such that |z| < r}

Thus, by definition, the series (P) is convergent for all € C such that |z| < R and
by the lemma, it is divergent for all # € C such that |x| > R (check if not obvious!).
The borderline case |x| = R is more delicate and usually the case study is required
in order to understand what is happened there.

As we have already seen, R = 0 for the series 22021 EFx*. Next example e =

k
> oo % which is convergent for every x € C (as we have already proved), so
R = o0o. One more example is geometric power series ﬁ = ZZOZO z* which is
convergent for any |z| < 1, so R = 1.
The next theorem gives an explicit formula for the radius of convergence.

Theorem. The radius of convergence of (P) can be computed by the following

formula:
1

- limsup,, . |an|t/™

Proof. Let us consider the series Y ;- ) axz® and the associated series Yoo |ax||z|*.
The nth term here is |a,||z|". We apply the root test for it. To this end we need

to compute
tim sup(jaz Jol™) /" = Jo] limsup Ja [1/7 = 1.
n—oo n—oo R

Thus, by the root test, the series is convergent if |x| < R and is divergent if |z| > R,
so by the definition of radius of convergence, it must be equal to R. [

Remark. As we know from the Exercise of the previous lecture, if the limit

. a .
lim,, s oo | |Z+|1| exists then
n

lim sup |a,| /™

— lim fan|V" = lim 1222l
n—00 n—oo

n—o0o |ay,|
and, therefore, in this particular case

1
R =

lanta]
[an |

limy, o0



NB! (Important for exam): You may use the formula for the radius of con-
vergence through ratio-limit in concrete examples, but if you are asked to give the
general formula for the radius of convergence, you should give the formula from the
theorem (not the formula with ratio-limit!) Do not forget, the last formula holds
only if the ratio-limit exists (and this easily may be not the case) although the
formula from the theorem works in all cases. Writing

1

lim,, o0

R =

lant1]
[an|

when the formula for the radius of convergence is asked will be treated as a rough
mistake(!) and may be penalized by zero mark!!

Also, be careful! There are a lot of errors in the web sources related with the
radius of convergence formula, including the Interactive Real Analysis notes! In

particular, the formulas given there for the general case
1 1
R = OR R=

; lant]
limsup,, o]

|ant1]
|an|

lim inf,,

are completely wrong.

Example. Let us find the radius of convergence of >~ (1+ %)kQ_%xk. In this
case the coefficients of the power series ay = (1 + %)k2_2k.

Please, do not mix the nth term of this series which is (1 + %)kz_%xk and nth

coefficients of a power series which is here (1+ %)kZ_%. Misuse of these two concepts
may lead to severe errors, for instance, you may end up with the dependence of
the radius of convergence R on x as a result. This is of course a complete nonsense
which will lead to zero mark.

Let us apply the formula for our case

1
limsup |a, /™ = limsup(1 + —)""2 =
n

n—oo n—oo

(14 1/n)"  lim, e(l+1/n)" e

pu— 1. pu— = — =
nooo (L+1/n)2  limpoeo(l+1/n)2 1 C
and R =e~ L. ,
Example. Let us consider Y, ’;—kxk Then,
1
limsup |a, /" = lim n?/"= = =,
n—00 n—00 2

where we have used that limj_,oc k*/* = 1. Thus, R = 2.
Now, when we have studied the convergence/divergence of power series, we turn
to the next natural question: if the function f is defined via

f@) =3 et
k=0

and the series is convergent, can we differentiate it or integrate it over x? As we
will see below, the answer is positive. To this end, we first consider the formally
differentiated or formally integrated series (P):

[ee] B T ) a
F@)~ Ykt [y~ 30 e
k=1

k=0




Lemma. The radii of convergence Rpy, Ry and Rry of the power series for f', f
and Int(f) are the same: R =Ry = Rpy = Ryy.

Proof. Let us prove that Rpy = Ry (the case of integration can be considered
analogously). To simplify the situation, we note that the radii of convergence for
S ka1 and 3007 kaga® are the same (since the second series is just a
multiplication of the first one on x), but the formula for R will be slightly simpler
for the second series. Namely,

1 1

limsup,, . (nY/™|a,|*/™) - limsup,, ., |an|Y/™

RDf: :Rf

where we have used that lim,_,, n'/? =1. O
We are now ready to state one of the main results in the theory of power series.

Theorem. Let f(x):=Y 1o, axz® and let R be the radius of convergence. Then,
for any x € C such that |xz| < R the function f(x) is differentiable at x and

/ S k ’ N kg
) = 3 b /Of(y)dy—;kﬂx

Proof *. Since the systematic study of derivatives and integrals will be given in RA
I1, this proof is for the advanced reading only and will be not asked at exam. The
proof is a bit technical, but is very standard and straightforward. It is actually
based only on the estimates for 2¥, so it may be useful to go through it if you want
to understand better the differentiation.

Note also that, since integration is the inverse operation to differentiation, it is
enough to prove the theorem for the derivative only. Let x and y := z + Ax be two
complex numbers such that |z|, |x + Az| < r < R. Then

f(z +Ax +Ax z®
Zak .

We also set f'(z) :== > p, kapaz® 1. It is well-defined due to the previous lemma,
but we still need to prove that it is a derivative. So, we need to estimate

oo
<Dl
k=2

We transform the kth summand in the right-hand side using that

(x + Az)F — 2
Ax

[z +An) = fz)
Ax

o kxk’fl

k—1
Yot =y - )y e = (g — ) ) gl
=0

In particular

k—1

W =2 <y — 2 |yl e < kly — alrb !
=0



if |x|, |y| < r. Therefore,

(v + Ax)k — 2¥

k-1
Ar kx

k—1
= ’ ( (z + Am)lxk_l_l> — ka1

=0

k—1

Z%k_l_l((l’ + A:L')l . xl)

=1

k—1
< |Az| Zrk_l_llrl_l < ]Ax|k2rk_2.
=1

Thus, we get the estimate

fla+Aa)~ f@)
O gy

oo
< |Ax| Z |ag|k2rF=2,

k=2

so the proof will be completed if we check that >y, |ax|k?r¥~2 is convergent. Let
7 > 0 will be such that » < ¥ < R where R is the radius of convergence. Then the
series Y p- ; |ag|F* is convergent, so |ax|7* < C is bounded, so

oo

e k—2 e r\ k—2
L2k—2 k27,2 (f) < OF—2 12 (_) < oo.
Z\ak\ r Z\aklr 7 - <Cr ];2 - 00

k=2 k=2
The last series is convergent since = < 1 (check!) and the theorem is proved. [

Remark. We have verified that f(z) = > ;- arz” is differentiable at all z € C
such that |z| < R. Since the radius of convergence R does not change under the
differentiation, we may apply the same arguments for f’(x) and get f”(z) and

so on. Therefore, we have proved that f is infinitely differentiable and f(x) =

0 ! (Zl(o)xk if R # 0. Moreover, we have establish also that f(z) is complex

differentiable (analytic). You will study such functions at Complex Analysis. I will
just say here that roughly speaking, analytic functions are exactly the functions
which can be presented by power series with non-zero radius of convergence.

The proved theorem allows us to construct many interesting examples of power
series and even to find the explicit values of sums.

Example. Let us start with the geometric power series ﬁ = Z;O:o x¥. Dif-
ferentiating in x, we get

1 _ k—1 x _ S
(l_m)z_ka OR (1—:6)2_2]”
k=1 k=0

The radius of convergence for geometric power series is R = 1 so it is valid for
|z| < 1. Putting = 1 here, we get

i k_1.2.3
282 4 8 -
k=0
A bit more complicated formula arises if we put = = % here. Then using the
formula g™ = CSMEISINN e gef

= cosk = et/2 10cos(1) — 8
k = ka* = . = .
;;) ok Re}; T =R TR T 5= deos(1) 2



Example. Let us now do integration. Starting with = =30 z, we get by
integration that
oo
In(1—z)
which is convergent for || < 1 (R = 1 here). If we start with another geometric
power series 1—— +$ = > 12 o(=1)*22% then after the integration, we get

00
$2k+1 3 5

x>
arctan x ’;:O( ) 1 T3 + 5 +

Again R = 1 here and the formula is valid for |z| < 1.
We would like to put x = —1 or x = 1 to the above formulas to get nice explicit

sums
> 1 1 1
— —1)k =1—-Z 4+ ...
ZX )k+1 2+3

o

and

T > 1 1 1
Z:arctan(l):Z(—l)k2k+1 =1—=-4—-—...
k=0

However, up to the moment they are not justified. Indeed, we proved the formulas
for In(1 — z) and arctan(x) for |x| < 1 only, but trying to use them for |z| = 1.
This may easily be a mistake since the validity of the expansion at the borderline
of convergence |z| = R is not guaranteed in general

Example. Let us consider T =3 0 z¥. The radius of convergence R = 1
and the series is divergent for all x € C such that |z| = 1 (follows from the nth test,
for instance). However, the left-hand side is well-defined for all = # 1 and if we put
x = —1 there, we get the wrong formula

FP=l-141-14--

I
1M
i

Since this substitution looks very similar to what we intend to do with In(1 — z)
and arctanx, clearly a bit more accuracy is needed. As the following theorem
tells us, the key difference here is that the series obtained after the substitution is
convergent. In the previous cases they are just Leibnitz type series.

Theorem (Abel)*. Assume that f(z) = Y, axz® with the radius of conver-
gence R > 0. Assume that xo = Re'® € C is such that the series Y oo, axxf is
convergent. Then

oo
> araf = lim f(re).
k=0

Proof. Let us assume that R = 1 and ¢ = 0, the general case can be reduced to
this by scaling and rotation. Then > 27 arzf = Y oo ,ar = A is convergent.
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We denote A,, := ZZ:O a, and use the Abel transformation with b, = z* and
0 < x < 1. This gives

a:):zn:akxk:Anm ZA AL
k=0

n—1 n—1
= Apz™ =Y (Ap — A) (@ —aF) =Y T AT - 2).
k=0 k=0

The last sum is telescoping and gives A(1 — ™) and therefore

[Su(@) = Al =) (Ax = A" —a?)| <Y |Ap - A@@* — )
k=0

k=0

Passing to the limit n — oo here we obtain

(@) — Al <Y Ay — Al(z" — )

k=0

and we only need to show that the right-hand side tends to zero as © — 1—. To this
end, we utilize that Ay — A as k — o0, so, for every € > 0 we may find N = N(¢)
such that |Ay — A| < e if k > N. Then, we split the series as follows

S 1Ak Al(* — ) Z A AlF -1 Y A Al -t <
k=0 k=N+1
N 0o
S OZ(.Ik . J;k—i—l) +e Z (I’k o xk—i—l) _
k=0 k=N+1

= C(1— a2V 4 e < OV +1)(1 —2) + ¢,

where we have used telescoping series and the boundedness of A. If we now take
d = d(¢) in such way that C(N + 1)§ = ¢, then the sum will be less than 2¢ if
|1 — x| < 6. Thus, we have proved that

) _ . _ ko k+1y
Jig @) = Al < g 31— A" -0 =0

and the theorem is proved. [J

Remark. Based on this theorem, we have finally proved rigorously that

= (=DE o SN (-1)R
In2 = Z E ' 4 L=2k+1
k=1 k=0

Example* A bit more complicated calculation. Let us find the value of the sum
S(p) => 00y S‘nkk¢. We know from the previous lecture that this series is conver-
gent. Using that e’ = cos ¢ + isin ¢, we transform it as follows:

>, eiok >k
¢):Imk§::1 = kE?
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where 2 = €'. By the Abel theorem, we conclude that
S(¢) = —ImlIn(1 — €'?).

The only problem here is to compute the complex logarithm (and chose the right
branch since In is a multivalued function on a complex plane). You may see this
computations at Section ”Extras” at SurreyLearn. Here I just give you the final
answer which is surprisingly simple:

—sin(kg) | 5E, 6 €(0,m)
Z k _{ ==, ¢ € (—m,0).

©-

S~
V)

k=1

Comment. Let us consider two very nice smooth functions f(z) = H% and
g(x) = e®. But the radius of convergence for Taylor expansion for f is R = 1 and
for the second function R = oo. This fact looks mysterious if we look only at real
values x € R. But everything becomes clear if we take into account that power
series are defined for x € C, not only for real numbers! Indeed, the function e*
is nice and smooth for all x € C, but f(x) has singularities at x = +i. And this
is exactly the reason why the radius of convergence cannot be larger than R = 1!
Otherwise, the series would give you smoothness of the function near x = +¢ which
is impossible. It can be shown that the radius of convergence of Taylor expansion
for the analytic function f is exactly the distance from zero to the nearest singularity
(will be studied at Complex Analysis).

Comment. Let us consider the function f(x) = e737. As we know, this func-

tion is continuous at x = 0 with f(0) = 0 and since = = 0 is the only problematic

point, it is continuous for all z € R. Furthermore, its derivative f’(x) = #e_z%

also continuous everywhere with f/(0) = 0 (check!). Moreover, f(™ (z) = Pn(%)e;%
where P,(z) is a polynomial (prove by induction!) and therefore f(™(z) is contin-
uous with f(™(0) = 0. Thus, the function f(x) is infinitely differentiable for any
x € R. So, we may write the Taylor expansion for it. But as we see f(™)(0) = 0 for

all n € N and we have clearly wrong expansion

o0

_ 1 k

e =22 = E 0x” = 0.
k=0

This example again looks mysterious if we look at x € R only. But everything
becomes clear if we know complex numbers! Indeed, if we look at = = iy, y € R,

then f(iy) = et and f(iy) — 400 as y — 0, so the function f(x), considered as
a function of complex argument, has singularity at x = 0 and by this reason cannot
be presented by a power series. This shows us again that only complex analytic
functions can be presented by Taylor series.

Example*. Let us verify that > -, k% = %2. The rigorous proof can be
obtained integrating the series S(¢) introduced above, see Extras. But here I will
show only the heuristic proof discovered by Euler (it can be justified using the
complex analysis, but this justification was not known at Euler’s time).

You know that if P(x) = a,2z? + ---ag is a polynomial and z1,--- ,z, are its
roots that we may write

P(z) = ap(x —z1)(z —z2) - - (x — xp).



The idea of Euler was to apply this formula for an ”infinite degree polynomial”
P(r) = . Since zeros of this "polynomial” are xz,, = +£mn, this leads to the

formula
sin x
o H 7r2n2

The convergence of this product is easy to prove, but the identity is really difficult.
But if this relation is known, the rest is simple. Namely, let us expand the left and

the right-hand side in Taylor series near x = 0. Indeed, sin(z) = = — g—? +---, 80
: 2
sin x x
—1-
x 3! T

Expanding the brackets in the right-hand side, we get

- x? 9 <1
H(l—m)zl—x D )t

k=1

Equating the coefficients in front of 2%, we arrive at ¢ = 77, ' and

2

> 1

Computing the other terms in the expansion is also useful. For instance, if we
equate the coefficients for x4, we get

> i = 1
n?m?2 120
n,meN
n>m

and consequently

2
=1 1
- (; ﬁ) - Z w2mz +2 Z nzmz Zkz;

m,neN n,meN
n>m

which implies one more famous formula

=1 4
Sa-n

k=1



