SERIES. PART I. PRELIMINARIES AND BASIC PROPERTIES.

We pass to the last part of our course, namely, to series. We have already
met with infinite sums of real numbers many times (e.g., geometric power series,
exponential function e”, harmonic series were studied before), but now we will look
on such infinite sums in a more systematic way.

We start with clarifying the definitions. Let {a,}72; C R (or C) be a sequence.
We want to make sense for an infinite sum )~ ; ax. To this end, we construct a
sequence of partial sums S,, ==Y ,_; a, Le.,

Slzala ‘92:a1+a2, 83:&1—{—&2—}—&3’ Sn:a1+...+an

and then define the infinite sum as a limit of the sequence {5, }22; of the corre-
sponding partial sums:

oo n

E ap := lim S, = lim E a.
n—oo n—oo

k=1 k=1

NB!! Very common mistake is a misuse of a, and S,. You should distinguish
between a,, = nth term in the infinite sum and S,, =nth partial sum of the infinite
sum = sum of first n terms of it (even if they are denoted by different letters or dif-
ferent summation indexes are used!). If you misunderstood who are the summands
and who are the partial sums in a concrete example or in a proof, it is extremely
unlikely that you complete the exercise without severe errors. Please, be careful!

Note that in contrast to finite sums, the infinite sums contain limit inside, so
their behavior may be surprisingly different (remind the example with "natural”
manipulations with alternating harmonic series which 1 showed at the very first
lecture and which lead to 1 = %) In particular, since not every sequence has a limit,
the value of "7 | ax may not exist. Such series are called divergent, otherwise, they
are called convergent. We are now ready to give the rigorous definition.

Def.: Let {a,}52, be a sequence. The series > ;- aj is convergent if the
sequence {S,,}5°; of its partial sums (S,, = Y ,_, ax) is convergent. In this case
S opey ag = limy, o0 Sp.

Remark. As in the case of sequence, there is the conventional problem: ”con-
vergent to infinity” or "divergent to infinity”. ”Divergent to infinity” is probably
more rigorous, but looks too pedantic and ”convergent to infinity” is more natu-
ral. Both variants are allowed on the exam, but be careful! There are statements
which are correct for ”convergence” = ”convergence to a real number” and become
complete nonsense if convergence to infinity is allowed. For instance, the fact that
absolute convergence implies convergence, see below.

NB! By some mysterious reasons, to give the last definition occurred the most
difficult question at RA I 17-18 final exam (the number of correct answers were
< 10%!7?), that is the reason why I put here more words around than probably
necessary. One more hint, please, do not reproduce such wording around, heuristic
arguments, comments, etc. if you are asked to give the definition. If you see ”Give
the definition..” or ”Define what it means for..”, then the precise rigorous def is
asked, nothing more! In particular, when you are asked ” Define what it means for a
series to be convergent”, the answer in the form of the above given def is expected.

Let us consider several examples of the so-called telescoping series where it is
possible to write explicitly the formula for S,,.
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Example. Let us study 220:1 m To find the partial sums S,,, we use the

formula
1 1 1

TRk +D) T E k-1

Then,Slzl—%,ngl—%—l—%—%:1—%,53:1—%—{—%—%:1—%andso
on. Thus, S, =1 — %H (being pedantic, you need to prove it, say, by induction).

Finally, we see that

lim S, = lim (1—1):1— lim l:1.
n—o00 n— 00 n n—oo n
(Please, do not give the formal proof of the fact lim,,_ o % or similar evident things
if not explicitly asked! Just mentioning that this limit is zero is enough here!).
Finally, we have PROVED that the series > -, m is convergent and that
> ke m =1
NB! Also common mistake. ”Prove that the series is convergent” does NOT
mean " Apply the proper convergent test”. By definition, it means ”Prove that
the sequence of partial sums is convergent”. You may prove this by first principles
just finding the explicit formula for S,, and finding lim,,_,, S,,, you may prove the
existence of a limit for S,, using, say, MCT or Cauchy theorem (as we previously
did for e”), you may indeed apply an appropriate convergence theorem for series
(convergence test), or you may to do something else, for instance, transform the
series to a new form which may occur simpler. In the case of telescoping series,
most appropriate looks proof by first principles (since the explicit form of S,, is
known). Please, do not apply any convergence tests to verify the convergence if
you have already found the limit of S,,. This not only looks weird, but also sends
a clear message to the examiner that you do not understand the subject!!

Example. Let us study Y -, m In this case _k(k:1+2) _1 <1 1 > and

2 \k Ek+2
1 1 1 1 1 1
51 2( 3)’52 2( 372 4)

S—l 1_24_1_1_{_1_1 —l 1_|_1_1_1
379 3'2 4'3 5/) 2 2 4 5)°

Here we see no cancelations at So, but the idea starts to work at S3. If you write
one more term you will see how the formula for S, should look like

g lfy 11 11 1y 1/ 1 1
179 9 4 54 6) 2 2 5 6

and you may write S,, = % (1 +1- n+L1 — n+L2> and proof it by induction (I do

not expect to see a pedantic proof by induction for such things from you at exam).
Alternatively, instead of looking at first sums, you may argue as follows: let n > 3,
then

1 1+1+§él 1 1 1) 1 - 1 1
S 2 2 <k n+1l n+2 k) 2 2 n+l n+2
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and the formula for S,, is obtained in a straightforward way (you may use the way
you prefer to get it in exercises, just do not do mistakes!).
The rest is simple:

. 1 1 . 1 . 1 3
=g (“a-nllfgoml —JLH;OHQ) =1

3

Z.
Exercise. a) Arguing analogously prove that > -,
b) Let s € N be arbitrary. Prove that

$ o1
k(k+s) s 2 s)’

k=1

Thus, the series is convergent and the sum is

1 _3
k2—1 = 4-

c) Let Fy = Fy = 1 and F,y; = F,, + F,,—1, n € N be the Fibonacci numbers.
Prove that

> 1
_ =1.
k:z_l Fr_1Fyp

Hint: L = L , use the recurrent equation in order to transform the
Fy_1Fra Fy 1FrFria

series to telescoping form.

Example. Let us consider a bit more complicated case of ZZO:1 Ty 1

VE+EVEFT
Here we do not see immediately where is the telescoping series. Nevertheless,

1 1 1
k+t)VE+hkvELL VEER+TDVE+VERL

1 VE+1-Vk CVEFI-VE 11
CVER+ D) (VEFL+VEWEFT-VE)  VEE+1)  VE VE+L

Then S, =1 — \/7%1 and lim,,_ oo S, = 1.

Remark. Natural question: Can any series be transformed to a telescoping
series? The formal answer is yes. Indeed, the sequence S, of partial sums for
22021 ay, satisty S,4+1 — Sn = an41 and if we put Sy = 0, we may write the initial
series as a telescoping one:

D ar = (Sk— Sk-1).
k=1

k=1

But this telescoping structure is useless since we still do not have an explicit for-
mula for 5,, to compute the limit lim,,_,,, S,,. Unfortunately, there are no formu-
las/algorithms how to find explicitly the values of infinite sums. Moreover, similarly
to integration, the explicit formulas for infinite sums can be found in exceptional
cases only.

As the next step we introduce the so-called Abel transformation (often also called
summation by parts rule) which plays an important role in the theory of series.
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Proposition (Abel transformation). Let {a,}>°; and {b,}52 be to sequences
and let A, =Y} _, ar. Then, for every n € N,

n—1

(A) Z akbk = Anbn — Z Ak(bk—H — bk).
k=1 k=1

Proof. By induction. For n = 1, we have a1b; = A1by which is true since A; = a;.
Assume that the statement is true for some n and do the induction step.

n+1 n n—1
Inp1 = arbe = Gnyibpsr + Y arbe = apyrbpir + Apby — > Ag(bregr — bi).
k=1 k=1 k=1

Here we have used the assumptions that the formula is valid for n. It only remains
to transform the right-hand side to the form of (A) with n replaced by n + 1. To
this end we add and substract the term A, (b1 — bp):

n—1
In—i—l == an—l—lbn—l—l +Anbn_z Ak(bk—l—l_bk) == an+1bn+1 ‘I'Anbn_"An(bn—l—l_bn)_
k=1
=) Ap(brr1 — be) = angrbnsr + Anbngr — Y Ag(brpr — bi) =
k=1 k=1
- (an—f—l + An)bn+1 - Z Ak(bk+1 - bk)
k=1

and since A, 1 = an41 + A, we have verified the validity of (A) for n + 1. By
induction, it is valid for all n € N. [

Corollary. Let lim,_,o A,b, exists and is equal to L € R. Then the sums
Sore g agby and Y v Ak(bry1 — br) are convergent or divergent simultaneously.
In the case where they are convergent, we have the relation

Z akbk =L ZAk(bk—H — bk)
k=1 k=1

Proof. To verify this identity, it is sufficient to pass to the limit n — oo in formula
(A) using algebraic properties of limits. [

The last formula is a key tool for the study of non-absolutely convergent series
as we will see later. The next example shows that it is also useful for finite sums.

Example. Let S(n) = Si(n) := Y ,_k =142+ -+ n. We already know
that S,, = n("TH) and can prove this by induction. But for this proof, we need at
least to guess the right answer (or to use the trick of taking the sums ax + a,_g).
Let us do instead the Abel transformation taking ax = 1 by = k. Then Ay = k and
bk—i—l — bk =1 and

n

n n n—1
S(n):Zanbn:Zk:nQ—Zk:n2+n—Zk:n(n+l)—S(n)
k=1 k=1 k=1

k=1



and S(n) = %
Let us consider the sum of first n squares Sa(n) := >_;_, k*. The answer we also

know Sz(n) = w and knowing it we may prove it by induction. But how is

this formula found? The Abel transformation helps us here again! Let ap = b, = k
(the choice ay = 1, by = k? is also possible). Then, A, = w = S1(n),
bk+1 — bk =1 and

n n—1
Sa(n) = axby = nSi(n) = Y Si(k) =
k=1 k=1

n

=nS1(n) + Si(n) — Z

k=1

MELL (4 08i(m) — L Salm) — 31 m)
and Sa(n) = 3(2n 4 1)S1(n) = w. The formulas for sums of cubes, 4th
powers, etc, can be found analogously.

Let us return to basic properties of series. We first state the analogue of the
algebraic properties of limits to series. Namely, let Y 7, ay and Y .-, by be two
convergent series and «, 8 € R (or C). Then the series > - (cvay, + Bby) is conver-
gent and

Z(@ak + Bbi) = azak + 5Zbk-
k=1 k=1 k=1

Let me denote by S,,(aa + pb), Sy, (a) and S, (b) the nth partial sums for the three
series involved in the last formula. Then, clearly

Sn(aa + Bb) = aSp(a) + S5 (b).

Passing to the limit n — oo in this formula and using the algebraic properties of
limits, we get the desired result. [

NB! Yy arby # (O p_qar) (O r_; bx) !!! By this reason the convergence or
divergence of > 77, ap and Y .~ by is not related at all with the convergence of
> peq akbk. Another common mistake: if >~ 7 ap = 400 and Y, | by = —o0, this
does not imply that Y ,-,(ax — by) = 0. As we have already seen, the expression
0o — oo is not defined! and the sum in this case may be any number, co or even
may not exist.

Let me remind now that if S, = Y ,_; ax = a1 + -+ + a,, and m > n, then we
have obvious relations

m
Sm =14+ +app1 o+ A =Syt App1 A = Su+ Y
k=n+1

and therefore S,, — 5, = Zzl:n 410k (we have already used this many times, but
the test showed problems here, so I am repeating this once more). In particular

Sn+1 - Sn + Ap41-

Assume that the series Y ;- | aj is convergent to L € R (finite number!). Then,
passing to the limit n — oo here, we get

L=L+ lim a, = lim a, =0.

n—oo n—oo

Thus, we have proved the following result.
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Theorem (nth term test). Let the series Y .., ai be convergent (to a finite
number, not infinity!). Then, lim,,_,oc a, = 0.

NB! The converse is NOT true! Indeed, let 22021% be a harmonic series.
We know that S, =~ Inn + C for large n, so it is divergent, but lim, .. a, =
lim,, oo % = 0. Thus, the nth term test can be used for verifying that the series
is divergent ONLY. For convergence you need to do something else. For instance,
using this test, you may exclude "silly” examples like Y7o (=1)* or 322, V&
which are clearly divergent.

Let us state one more property of convergent series. Namely, let S = >"7  ay
be convergent (to finite number, not to infinity again). Then we may pass to the

limit m — oo in the relation S,, = S, —1 + ZZL:n ar, m > n and get
oo o0
S:Zak :Sn_1+Zak
k=1 k=n

(the existence of lim,, o0 > 4., aj is also guaranteed by the algebraic properties
of limits). Finally, we may pass to the limit n — oo in the last relation to get

o0

S:S+nlingogak = nlLH;Ok_ ar, = 0.

Thus, we have proved the following fact.
Proposition. Let the series Zzozl ax be convergent. Then lim,,_ Ziin ar = 0.

We now turn to an important class of convergent series with ”good” properties-
the so-called absolutely convergent series. The corresponding definition is simple.

Def.: The series Y .-, ay is absolutely convergent if the series Y, |ag| is
convergent.

NB! The convergence of the series > - aj itself is not assumed in this def-
inition, but will be obtained as a corollary of completeness axiom and Cauchy
theorem.

Proposition. Any absolutely convergent series is convergent.

Proof. We will use the Cauchy theorem. To this end, we need to prove that the
sequence S, = Y ,_, a is Cauchy. We know that the sequence S, := > "7_, |ax]| is
convergent and, therefore, is Cauchy. Let now m > n. Then

S = Sul =1 > arl < Y lak] = Sm — Sn = [Sm — Sal-
k=n+1 k=m+1

This estimate shows that S,, is Cauchy if S, is Cauchy (reread the def of Cauchy
sequence if not obvious!). Thus, S,, is Cauchy and is convergent by the Cauchy
theorem. [J

Note that the converse is not true: there is a wide class of convergent series
which are NOT absolutely convergent. For instance, as we discuss at the very first
lecture, the alternating harmonic series In2 = >~ 77 | #
take modules, we get the harmonic series Y, ; % which is divergent. Many such
examples can be constructed using the Leibnitz theorem.

is convergent, but if we



Theorem (Leibnitz test). Let the sequence {ar}3>, be monotone decreasing,
positive and convergent to zero. Then the series Zzozl(—l)kak 18 convergent.

Proof. Since monotone sequences are involved, it is natural to apply MCT. But the
sequence S, is clearly not monotone: S, 11 — S, = (—1)”+1an+1. The key idea is
to look at odd and even terms of the sequence S,,:

Sotnt1) — Son = (1) agni1 + (—1)*"azn42 = azni2 — azn1 <0

and, analogously,

Sont1 — S2(n-1)4+1 = (_1>2(n_1)+2a2(n—1)+2 + (=1)*"agy41 = azn — azny1 > 0.

Thus, the sequence Ss,, is monotone decreasing and the sequence So,,_1 is monotone
increasing. In addition, since

In+1
Soni1— Son = (=1)*"tag, 11 = —agni1 <0,

we have So,+1 < So, < S9 and analogously Sa,, > Sa2,-1 > S1. Thus, both se-
quences {Sa, } and {Sa,—1 } satisfy the conditions of MCT and therefore convergent.
Moreover, since lim,, ,~, a,, = 0, they are convergent to the same limit. Then the
limit lim,,,~ S, of the whole sequence also exists and is equal to S (prove if not
obvious!). O

Remark. We proved that Sy, > S and Sy,+1 < S. Thus, the error |S,, — S| <
|Sn+1—Sn| = apy1. In other words, the approximation error in Leibnitz series does
not exceed the first dropped out term.

We now return back to absolutely convergent series. If you expect that a given
series > - | ay is absolutely convergent, you may check only that Y, |ag| is con-
vergent. Since all its terms are non-negative and such series have a lot of nice
properties. For instance,

Proposition. Let {a,}3, be a non-negative sequence of real numbers. Then the
series Y -, ag s always convergent either to a real number or to +00.

Proof. This is related with the fact that the partial sums S,, are monotone increas-
ing in this case. Then, if they are bounded from above, we have convergence to
a real number by MCT. If they are not bounded from above, the monotonicity
guarantees that it tends to infinity (prove if not obvious!). O

Remark. Thus, in order to verify the convergence for series with non-negative
terms, it is sufficient to verify that the nth partial sums are bounded from above.
NB! It is not true for general series! For instance, the partial sums for > r  (—1)%
are bounded but the series is divergent. This boundedness is usually checked with
the help of the following obvious property which is often called comparison test.

Theorem (Comparison test). Let {a,} and {b,} be two non-negative sequences
of real numbers such that a,, < b,,. Then

oo oo
k=1 k=1



In particular, if the sum in the right-hand side is finite then the sum in the right-
hand side is also finite. Vice versa, if the left sum is infinite, the right one must be
also infinite.

Indeed, this follows by passing to the limit n — oo from the fact that S, (a) <
Sp(b) for all n. The limits exist (finite or infinite) since both sequence are mono-
tone. [J

Example. Let us check that ;7 ; 77 is convergent (the value of sum is - (has
been computed by Euler), but at this stage we can only verify the convergence)
We want to estimate this series from above by comparing with a telescoping series.
Namely, we take ap = k% and by = kg 7 In this case, we have ay < by for all k,
but by = oo, so we will start summation from k£ = 2, not k = 1. We have already

proved (in the exercise!) that > -, ﬁ = %, therefore,

=1 =1 =1
Zﬁ: Zk— +Zk2_
k=1 k=2 k=1

Thus, the series > -, 1%2 is convergent.

Example. Let us prove the Leibnitz test using Abel transformation. Let
{br}72, be a monotone decreasing positive sequence converging to zero and let
ar = (—1)*. Then, A, = Y_;_, ar. Obviously, A, = —1if n is odd and 4,, = 0 if
n is even. The only important for us fact that A,, is bounded: |A,| < 1. Therefore,
lim,, oo Apb, = 0 and we may write

Z oy, = Zakbk = ZAk br+1 — bi)

k=1

and the series on the left and the series on the right converge or diverge simultane-
ously.

We claim that the series on the right is convergent absolutely. Indeed, we estimate
|An(bk+1 — bk)| S 1|bk_|_1 — bk| = bk — bk_|_1, therefore,

oo

Z | Ak (b1 — br)| < Z(bk —bi+1) = by

k=1 k=1

since the series on the right is telescoping (at this point we use that b,, tends to zero.
The nth partial sum of this series is by — by, 41). So, the series > | Ap(br+1 — by)
is convergent and, therefore, the initial Leibnitz series is also convergent.

NB! The initial Leibnitz series Y-, (—1)*by is not necessarily absolutely con-
vergent as we already seen on the example of alternating harmonic series. But it
become absolutely convergent AFTER applying the Abel transformation no matter
how slow the convergence to zero of b, is.



