SETS, FUNCTIONS AND RELATED THINGS.

In this lecture we discuss one of the most important concept in Analysis, namely
the concept of a set. We will permanently deal with sets throughout of this course.
For instance, N is the set of natural numbers, Q is the set of rationals, R is the set
of all real numbers, we nay also consider a set of solutions of a given equation, set
of all functions from R to R, etc. The examples may be more exotic, for instance,
set of all students registered for Real Analysis I, set of all extraterrestrials in the
room where you are sitting (hopefully, this set is empty, i.e., does not contain any
elements, but I am not entirely sure...), set of all cats in Guildford, etc. But what
is a set in general? As usually happens with intuitively clear things, it is not easy
at all to answer this question (simpler the thing seems to be for us, more difficult is
to define it rigorously!). Georg Cantor gives the following answer to this question:

”A set is a gathering together into a whole of definite, distinct objects of our
perception or of our thought which are called elements of the set.”

Important observations from this heuristic definition are:

- Any set contains of its elements, so for any set A and any ”object” x, we should
be able to say whether or not x is an element of A (if yes, we write x € A and say
”x belongs to A”; if not we write x ¢ A and say "z does not belong to A”). For
instance, 2 € N, % ¢ 7, etc. If the set A consists of elements x1, za, -+, =, we
write

A=A{xy, - ,z,}.

- A set consists of different objects only. So, identical elements are counted as
one element. For instance, {1,2,3} = {1,2,2, 3} is the same set.

- Everything can be a set! There are no restrictions on a ”gathering” in Cantor’s
theory. For instance, we may consider the set of all sets and even more surprising
objects. Exactly this statement is too general and somehow controversial since
allows ”self-contradictive” gatherings (classes) to be sets and leads to paradozes.
We will discuss this later on the example of the so-called Russel’s paradox. This
problem is resolved in the aziomatic theory of sets (Zermelo-Frénkel theory) where
such a gathering is not automatically a set and ”the right to be a set should be
earned”. We will not consider further details of the axiomatic theory and restrict
ourselves to the "naive” Cantor’s theory only.

We now introduce natural operations with sets:

-Set inclusion: If A and B are two sets such that any element of x € A is an
element of B (x € A = x € B for all ), we say that A is a subset of B and write
A C B. There is a convention that an empty set & (a special set which does not
contain any elements) is a subset of any set (& C A for any set A). For instance,

NczZcQcRcC.

Elementary examples like {1,2} C {1,2,3} are also possible. Obviously A C A.
The inclusion A C B is called properif A # B and is denoted by A C B. Very often
a subset of a set X is defined using a predicative statement P(x) which is defined
for any x € X and which is assumed to be true for any element of the subset:

A={zeX : Px)}.

For instance, if X = R and P(z) ="23 — 2 — 1 = 0” then the set A of real roots of
this equation is denoted by

A={rcR 2> -z —1=0}.
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Other examples are Q = {r e R : & = %, p € Z, q € N} which can be considered
as the definition of rational numbers and so on. This is one of several ways how
you can construct new sets in the axiomatic set theory (the so-called axiom of
specification).

-Set complement: Let X and B be to sets. Then, the complement X \ B is a set
which consists of all elements x € X such that ¢ B. For instance, let X = R and
B =Q, then R\ Q is the set of irrational numbers.

-Set union: Let A and B be two sets. Then their union A U B consists of all
elements x such that z € A or € B (the possibility that x belongs to both A and
B is also included). For instance, AU A = A and

{1,2,3}U{3,4,5} = {1,2,3,4,5}.

Unions of more than two sets are also naturally defined. For instance, if Ay, - -,
A,, are n sets, we may consider the union U}_, A;, which consists of all = belonging
to at least one of the sets Ay,---,A,. The sequence of sets A, can be infinite
and the we write U2 Ax. In most general situation, if you are given a family of
sets A, parameterized by a parameter o € A, where A is a parameter set (can be
an arbitrary set), then the set Uyc 44, is naturally defined. For instance, for any
R € Ry (R4 is a set of non-negative integers), define a set S C C as a set of
complex numbers such that |z| = R (this will be a circle of radius R on a complex
plane). Then, C = Uger, Sk.

-Set intersection: Let A and B be two sets. Then the intersection A N B of sets
A and B consists of all x such that x € A and x € B simultaneously. If there are
no common elements of A and B then the intersection is empty AN B = &. For
instance,

(1,2yn{2,3} = {2}, {1,3}n{2,4} =0

and so on. The intersections of many sets N}_; Ax, N2, A and Nyc 4 A, are defined
analogously.

-Cartesian product: Let A and B be two sets. Then the set A x B consists of pairs
of (x,y) where z € A and y € B. For instance R? := R x R is a set of pairs of real
numbers which is naturally identified with a plane (if we introduce the Cartesian
coordinates on it; this justifies the denomination ” Cartesian product”). By the same
reasons we may say that C = R2. Analogously, the set R = R2 xR = R xR x R of
triples of real numbers is naturally identified with a space and the set R™ is identified
with n-dimensional vector space (which you will meet with in Algebra). Cartesian
products are important objects which are involved into many key definitions, for
instance, binary relations, functions, order relations, etc., so sooner you ”digest”
this construction is better.

There are many interesting relations involving the introduced operations, for
instance,

1) Various distributive laws: AN (BUC) =(ANB)U(ANC), AU(BNC) =
(AUB)N(ANC), Ax (BUC)=(AXx B)U(A x C) and so on.

2) DeMorgan’s laws: A\(BNC) = (A\B)U(A\C), A\ (BUC) = (A\B)N(A\C).

These laws hold for unions/intersections of many sets as well:

A\ (U Ba> =) (A\Ba), A\ (ﬂ Ba> = |J 4\ B.).

acA acA acA acA



3) Other relations like A\ (A\ B) = ANB, (BNC)\A=BnN(C\A) and so on.

These and similar relations are actually theorems, so they require proofs. How do
we prove relations between sets, for instance, that X C Y or X = Y7 Of course, we
may (and should!) use general logic (deductive arguments, proof by contradiction,
etc.), but there is a special scheme which allows to do this on a rigorous basis and
minimize the number of possible mistakes. Namely,

- In order to prove that X C Y, we argue as follows: assume that x € X; then
prove that x € Y (using arguments related with the concrete nature of sets X and
Y'); conclude by definition that X C Y.

- In order to prove that X =Y, we first prove that X C Y and second prove the
opposite inclusion Y C X. These inclusions are proved using the first step of the
algorithm.

Of course, it is not necessary to use exactly this scheme in all cases. But unless
you see how to prove the statement X = Y in a simple way directly, I strongly
recommend to use exactly this scheme. With minimal experience it would allow
you to produce rigorous proofs for such statements ”on fly” in contrast to alternative
ways where students very often do essential errors (also "on fly”).

Let us demonstrate the scheme on the example of DeMorgan’s laws. We need to

check that
X:=A\ (U Ba> =) (A\B,) =Y.
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According to the scheme, we need to prove TWO statements: first X C Y and
second Y C X.

1) Let us prove the first inclusion. Let z € X be arbitrary. By the definition of
complement, this means: x € A and x ¢ UyeaB,. The last non-inclusion means
that x ¢ B,, for all @ € A (definition of union or, being precise, its negation). Thus,
we established that © € A and = ¢ B, for all a, i.e., z € A\ B, for all « € A and
this means (by the definition of intersection) precisely that € Naea(A\ By) =Y.
Thus, the inclusion X C Y is proved.

2) Let us prove that Y C X. Let x € Y be arbitrary. By the def of intersection,
it means that z € (A\ By) for all « € A. So x € A and = ¢ B, for all a. Then,
x € Aand x ¢ UyeaB, and finally x € A\ (UpeaBa) = X. Thus, the inclusion
Y C X is also proved. [

Exercise. Prove the second part of DeMorgan’s laws as well as all other set
relations mentioned above.

NB!: Typical mistake here is to "forget” about one of the steps and check only
that X C Y (or Y C X). Other possibility to loose marks is to try to combine these
two steps together and try to say something like z € X if and only if (sequence of
statements) if and only if x € Y. In general, this is NOT a mistake and can be
rigorously done in many cases. The only problem here is that it is usually more
difficult to realize this without logical errors especially if you are not experienced
enough...

NB!: Most of you are already familiar with sets, but I am not sure that you did
any proofs related with them. The relations can be visualized by the so-called venn
diagrams which are really helpful if plotted properly. However, anything based on
them is NOT a proof, just heuristics! The reason for this is simple: you cannot
guarantee that your picture is relevant, captures all possible cases, etc. So, when
asked to prove some relations between sets, you may plot the corresponding venn



diagram, but this is just a hint for yourself which does not replace a rigorous proof
asked. The sole venn diagram will be not counted even as an attempt to solve the
problem!

Remark. In some sources you may see the set complement as a unitary op-
eration (not a binary one) which is denoted by A’ or A°. It is more related with
probability where you usually have a universal set (universal event) U such that
all sets (events) are subsets of it. Then A°:= U \ A is a complementary event. In
contrast to probability, in Analysis and Set Theory, there is no natural choice for
such a universal set U (or it does not exist at all). By this reason, we will never
use the notations A’ or A¢ in this course and will specify both arguments in the set
complement A\ B.

Example (intervals in R and interval notations). Let a < b be two real
numbers. Let us consider the following special subsets:

- Closed intervals: [a,b] == {x € R : a <z < b}. In other words, [a,b] consists
of all real numbers inbetween a and b including both the left (a) and the right (b)
endpoints of the segment [a, b]. Particularly, [a,a] = {a} and if a > b, according to
this definition, we put [a,b] = &.

- Open intervals: (a,b) :== {z € R : a < x < b}. The difference with [a, b] is
that both endpoints a and b are now excluded. In particular, (a,a) = @. There are
also natural convention for semi-infinite intervals (a,00) := {x € R : = > a} and
analogously for (—oo,a). Obviously, [a,b] = {a} U (a,b) U {b}.

- Semi-open (or semi-closed) intervals: This corresponds to the case where ex-
actly one of two endpoints are included:

[a,b) :={z eR: a<z<b}, (a,b]:={zeR: a<z<b}

General rule is: the round bracket means that the corresponding endpoint is not
included and the square bracket indicates that this endpoint is included. Note that
the symbol oo is NOT USED together with square bracket (since oo is not a real
number). So, R = (—o0,00) or [1,00) are correct, but [—oo,1] or [—oo,00) are
wrong notations. The use of words ”open” and ”closed” here will be clarified later
when we will study general open and closed sets.

Example. Let us write, say, A := R\ ([-1,1] U (3,4)) as a union of intervals.
The simplest way to solve such type of problems is to plot the endpoints —1, 1,
3, 4 at the picture of real line (in the right order) and look at intervals appeared.
Indeed, we see that all points from (—oo, —1) should be in A (since they are not in
the union of [—1,1] and (3,4)), the endpoint —1 is not included. The next interval
[—1,1] is not in A. The third interval (1, 3] is in A again since it is not in the union,
the left endpoint is not included and the right one is. The fourth interval (3,4) is
analogously not in A and the fifth one [4,00) is. Thus,

A= (—00,—1)U(1,3] U4, 00)

(plot the corresponding picture!). A bit more complicated example is to find an
infinite intersection 4 := N3, (-2, 1). Obviously, 0 € A (since it belongs to all in-
tervals). On the other hand, since the length of nth interval is 2/n becomes smaller
and smaller, there are no other points which belong to all interval simultaneously,
thus, A = {0}.

Let us consider one more standard example: A := {x € R : tan(xz) # 0}.
This set consists of all points x € R such that © # 7mn, n € Z. There is a minor



inconsistency in the definition of A, namely, whether or not points 5 + 7mn where
tan(z) is not defined belong to A. We resolve this inconsistency as follows: if tan(x)
does not exist then it cannot be equal to zero, so such points are included in A and

A =R\ (Upez{mn}).
But how to write this set as a union of intervals? Of course, using infinite unions:
A =Upez(mn,m(n+1)).

Think about this formula!
Exercise. Write the following sets as unions of intervals:

a) {r €R :2? — 3242 > 0},

1
b) {xGR :0<Sin(x)§§}, ¢) {r €R : sin?z 4 cos®x = 1}.

We will discuss now the so-called quantifiers which are very natural for (pred-
icative) statements involving sets and which are widespread in mathematics and
particularly in Analysis. Namely, there are two main quantifiers:

- Universal quantifier V: it is interpreted as "for every” or "for all”. If we
have a statement P(z) depending on a parameter x € A, then typical construction
involving existential quantifier is "Vz € A, P(x)”. This new statement does not
contain any parameters and it is true if and only if P(z) is true for all z € A. For
instance, ”Vn € N, 2|n(n+1)” is an example of a true statement and "Vr € R, = €
Q” is an example for a false statement containing quantifiers.

- Existential quantifier 3: it is interpreted as ”there exists”. If we have a state-
ment P(z) depending on a parameter x € A, then we may construct also the
statement "Jz € A, P(x)”

Often the statements with quantifiers contain not one, but many different quan-
tifiers, then you need to structure the formula in such way that it will be possible
to understand what quantifier is applied to what. For instance, the syntaxis may
be the following;:

"Vx (”where x is from” ) (”formula quantifier is applied to”)

Example. Let us consider the famous Gauss theorem which in a "normal” language
is stated like ” Every natural number is a sum of four squares of integer numbers”.
In the formal language this reads

Yn(n€N)(3ny(n1 €Z)(3nz(ng € Z)(3ns(ns € Z) (3ny(ng € Z) (n=n?+n3+ni+n)))))

Formulas like this are typical for aziomatic theories. As I told you in the intro-
duction, these theories are built up on a minimalistic base and their syntaxis do
not include English (or any other human languages, they are simply not rigorous
enough!). Thus, normal words are forbidden and you may use only the allowed
symbols and brackets.

Actually, if you look in a more precise way, the above formula makes sense and
even may have its own ”intrinsic beauty” especially for a mathematician. However,



it looks neither transparent nor friendly at first glance. And this is only the very
first step. Much more difficult is to rewrite the proof of this theorem in a formal
way (without any normal word) using only the allowed symbols. In addition, I
would like to mention that forgetting one bracket ”)” here is a serious mistake
which makes the whole formula invalid. This is similar to computer coding where a
single forgotten bracket prevents the whole routine to work and causes just a error
message instead.

NB!: In this course, you will never be asked to transform a definition or theorem
from normal language to the formal one and vice versa. Moreover, I strongly
recommend you not to state anything in this formal way at exam. What you should
be able to do instead is to "recognize” quantifiers in defs or theorems stated in a
normal language. In the contrary, the usage of quantifiers together with normal
words is encouraged since they may simplify the formulas and save time. For
instance, the definition of a convergent sequence {a,}52; (will be discussed in
details later) can be given without quantifiers:

7 A sequence {a, }52 ; is convergent to some L € R if for every € > 0 there exists
N € R such that |a, — L| <eifn > N.”

This can be simplified using the mixture of words and quantifiers:

”A sequence {a,}o>; is convergent to L € R if Ve > 0, IN € R such that
la, —L| <e,Vn > N.

Also you may write it formally, a sequence {a,,}52 ; is convergent if

AL(L € R)(Ve(e € R, e > 0)(IN(N € R)(Vn(n € N, n > N)(|la, — L| < €)))).

The first or the second ways are natural and understandable, but, please, DO NOT
USE the third one if you are not entirely sure! If you are unable to write a sentence
in a rigorous way using normal language, the quantifiers and formal language will
not help you. It will only multiply errors!!

Remark. There are simple rules which allows us to find negations for statements
involving quantifiers. Indeed, what does it mean that the statement ”for every
x € A, P(x)” is wrong? It means that P(z) is wrong at least for one xz € A. In
other words, there exists x € A such that =P(x) is true. Thus,

-(Vz € A, P(z)) & dx € A, —~P(z).

Analogously,
-(3x € A, P(z)) & Ve e A, -P(x).

Since to be able to negate the statement which you want to prove is crucial for proofs
by contradiction, we will face with negations very often in this course. The above
stated rules may be useful for this. For instance, replacing existential quantifiers
by universal and vice versa, we may immediately write the negation of the Gauss
theorem:

In(neN)(Vni(n1 €Z)(Vna(ng € Z)(Vnsz(ns € Z) (Vna(ng € Z) (n#ni+n2+n2+n2)))))
and the negation of the fact that the sequence is convergent formally reads:

VL(L e R)(Fe(e € R, e > 0)(VN(N € R)(In(n € N, n > N)(la, — L| > ¢)))).



But after this you still need to translate it back into a normal language in order to
be able proceed further with your proof by contradiction.

NB!: As I already told, there will be no problems with formal statements and
formal negations during this course. All statements we make will contain both
quantifiers and normal words. Nevertheless, you should be able to negate the con-
crete statements, for instance, ”a sequence is convergent”, ”a function is continuous
at xo”, 7a set is closed”, etc. Very often students are not able to put quantifiers
properly and choose them just "randomly”. Crucial also is to be able to recognize
what quantifier is implicitly used in a statement written on a human language. For
instance, the sentence ”All cats are grey” clearly uses the universal quantifier V
and the sentence ”Some crocodiles are longer than greener” contains the existen-
tial quantifier 4. You should avoid writing statements where it is not clear what
quantifier is actually used (they may lead to misunderstandings). For instance,
if you write ”Crocodiles are longer than greener”, it probably contains universal
quantifier, but it may be not clear what exactly you meant. It is better to refor-
mulate the sentence in the form ” All crocodiles are longer than greener” or in the
form ” There are crocodiles which are longer than greener” in dependence on what
exactly you want to say. Just train yourself to think in a rigorous way avoiding
sentences which have multiple interpretations or even make no sense, this is useful
not only for mathematics!

We now switch to one more fundamental concept of mathematics (as well as
of natural sciences), the concept of a function or functional dependence. You all
know many examples of functions, for instance, real-valued functions

flx) = z2, f(z)=vz, flz)= sin(@’+1)

and so on. In a general situation, we think about a function (map) between two
arbitrary sets f : X — Y. But how this object can be defined. Heuristically,

” A function is a rule that uniquely associates members of one set with members
of another set.”

In other words a function f : X — Y associates every element x € X with a
unique element y := f(x) € Y. The set A is then called a domain of f (and often
denoted also as Dy and the set Y is called a range of the function f. Functions

between sets with finitely many elements, say, X = {x1,---,x,} are often defined
by a table
x | x1 | P IR Tn |
__ - —— __ .. __ ’
fl@) | fle) | fle) | | flza) |

For instance, the final exam marks table can be considered as a function (=map)
from the set X of students registered for Real Analysis I to the set of integers which
do not exceed 100, Y = {0,1,2,--- ,100}.

In the case of infinite sets, say, A = R, tables are no more appropriate to define
a function. For instance, elementary real-valued functions which you have learnt
in school can be defined as sums, products, quotients and compositions of basic
functions like ", e, Inx, sinx and so on. For such functions we may define the
so-called natural domain Dy C R as a biggest subset of R where the function is
defined and then we have f : D; — R. For instance,

F@) = Va? —1= Dy = (=00, 1] U[L,00): f(2) = —— = D; = (0,1) U (1, )

Inx



and so on.
Exercise. Find natural domains for the following elementary functions and
write them as unions of intervals:

a) f(x) = xffl, b) f(z) =Insinz, ¢) f(z) = esn(nE*+1),

More general class of functions are the so-called piece wise functions (or hybrid
functions) are the functions which are defined by different functions on different
subsets of R. For instance,

1, >0,
w={ " T2 @ ={ 0,z =0
I = soenlx) = , £ =20,

—x, x<U0; 8
-1, x < 0;

one more example is the so called Dirichlet function:

1, x € Q,
0,2¢Q

However, most part of functions in Analysis are specified using limits (or construc-
tions involving limits). The most famous example e* := lim,, (1 + %)n will be
studied in details later.

There is a particular class of functions, namely, f : N — Y which are called
sequences.

Def.: A function f : N — Y is called a sequence in Y and is often denoted by
{an}tnen or {a,}22,, where a, := f(n). In particular, {a,}nen is a sequence of
real numbers if Y = R.

An alternative way to specify a function is to use its graph. We recall that
the graph of a real valued function f : R — R is a curve y = f(z) on a plane
R? = R x R which can be interpreted as a set of all points (z,y) of the plane
satisfying the relation y = f(x). This motivates the following definition.

Def.: Let f: X — Y be a function. Then the Graph(f) is a subset of Cartesian
product X x Y defined as follows:

D(z) = {

Graph(f) :={(z,y) CX xY : 2z € X, y= f(z)}.

Thus, Graph(f) is a subset of X x Y. Clearly, not every subset R C X x Y defines
a function f: X — Y. For instance, if R contains two different points (z,y;) and
(z,y2) with the same first component for some = € X, it cannot be a graph of any
function (f(x) must be uniquely defined). Also, for some x there are not points
(x,y) € R, this also prevents R to be a graph (the value f(x) must exist for any
x € X). This motivates the following definition.

Def.: R C X xY is a functional relation between X and Y if R satisfies the
following property: Va € X, there exists a unique y € Y such that (z,y) € R.

Proposition. R C X xY is a graph of some function f : X — Y if and only if R
1 a functional relation between X and Y. Then f is uniquely determined by R.

Proof. Indeed, the necessity of these conditions are already verified. Let R be a
functional relation. Then the corresponding function f is defined as follows: for
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every z € X, denote by f(x) € Y the unique element y € Y such that (x,y) € R.
This gives us a map f : X — Y such that Graph(f) = R (check if not obvious!). O

Remark. Recall that the definition of a function which we gave at the very
beginning was only heuristic. The problem with it is that the word ”rule” (or
law, correspondence, etc.) is not rigorously defined. The last statement allows
us to overcome the problem. Namely, we identify a function f : A — B with its
graph R = Graph(f) and define what is a function using the notion of a functional
relation. Note that, in contrast to rules, the definition of functional relation is
rigorous and can be formalized in terms of axiomatic theory as well. This is a
standard way how functions appear in axiomatic set theory.

We now discuss basic types of functions f : X — Y which can be defined in a
general setting where X and Y are arbitrary sets. We start with direct and inverse
images of sets under a map. Let f: X — Y be a function. Then

- Direct image: For any A C X the image f(A) C Y of a set A under map f is
defined as follows:

f(A)={yeY : y= f(z) for some z € A}.

-Inverse image: For any B C Y the inverse image f~!(B) C X is defined as
follows:
7' (B)={zeX : f(z)€ B}.

NB!: The inverse image f~!(B) is a set, not a point of X even if B = {y} is
one-point set. It is defined for all functions, not only for those that have inverse!
For instance, let f : R — R is given by f(z) = 22. Then, f is not invertible since
for all y > 0, we have TWO roots of y = f(z), namely, = £,/y, but for y < 0 we
do not have roots at all. Nevertheless, f~(B) is well defined for any B C R, e.g.,

A1) =o, 711 = {113, f7H([L4) = [-2,-1] U [1,2]

and so on. Plot the graph of y = 22 and check the above formulas.
The introduced images possess interesting properties which worth mentioning.

Proposition. Let f: X — Y be a function. Then

fUHB) B, fH(f(A)>A

forall BCY and A C X.

Proof. Let us prove the first inclusion (prove the second one as an exercise!). Let
B C Y and y € f(f~Y(B)). By the definition of a direct image, there exists
x € f~YB) such that y = f(x). Then, by the definition of an inverse image,
f(x)=yeB. O

Exercise. Give examples showing that inclusions stated in the last proposition
can be strict.

Def.: A function f: X — Y is called injective (or one-to-one) if different points
of X have different images in Y, i.e., f(x1) = f(z2) implies that 1 = xs.

A function f : X — Y is surjective (onto) if any point y € Y is an image of some
element x € X. In other words, f is surjective if f(X) =Y.
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A function f is bijective (one-to-one correspondence) if it is surjective and injec-
tive.
These properties can be interpreted in terms of solutions of the equation

f(z)=vy.

Namely, the function f is injective if this equation has at most one solution = € X
for any y € Y. It is surjective if this equation has at least one solution for every
y € Y. Finally, f is bijective if this equation has exactly one solution x € X for
all y € Y. In this case, we may define a function f~!:Y — X, where z = f~1(y)
is a unique solution of f(x) = y. This function is called inverse to f. To be more
precise

Def.: Let f: X — Y be a function. The function g : ¥ — X is called inverse
to fif

flaw) =y, 9(f(z)) ==

for all z € X and y € Y. Then g is denoted by f~1.

As we have seen, f~1 exists if f is bijection. The converse is also true (check),
so the inverse function f~! exists if and only if f is bijective.

NB!: The definition of a function depends on the sets X and Y and the func-
tions which are defined on different sets are considered as different even if they are
specified by the same formula. For instance, the function f(x) = 22 is surjective but
not injective if f : R — Ry :={xz € R : x > 0}, it is not surjective if f : R — R.
Moreover, it becomes bijective as a function from R, to R,.

Exercise. Prove that

a) f71(f(A)) = A for all A C X if and only if f is injective;

b) f(f~1(B)) = B for all B C Y if and only if f is surjective.

We will now turn to discuss one more important object, namely, the so-called
power set or the set of all subsets of a given set.

Example. Let X := {1,2,3}. Then all possible subsets of it are

o, {1}, {2}, {3}, {12}, {2,3}, {1,3}, {1,2,3}

and the set of all subsets of X (which is usually called power set of X) is

2¥ = {o, {1}, {2}, {3}, {12}, {2,3}, {1,3}, {1,2,3}}.

The notation for it is motivated by the fact that the number of elements of the
power set is 2" if n is a number of elements of X. In our case n = 3 and the power
set consists of 22 = 8 elements. Alternative notation for the power set is P(X)
(also widespread in mathematical textbooks). The next proposition gives a useful
description for the power set.

Proposition. For every set X, there is one-to-one correspondence between ele-
ments of 2% and functions f : X — {0,1}.

Proof. The correspondence is constructed as follows: any subset A C X defines a
function
1, xe A
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(the indicator function of the set A). This function takes only two values zero and
one, so x4 : X — {0,1}. Vice versa, any function f: X — {0, 1} determines a set

Ap={ze X : f(x)=1} C X.

Obviously, this correspondence is one-to-one (bijection between 2% the set of func-
tions f: X — {0,1}). O

Remark. In particular, the set 2V is a set of sequences of Os and 1s (=sequences
of binary digits). We will use this observation in the sequel for constructing one-
to-one correspondence between R and R2.

Our next task is to show the limitations of the naive Cantor theory of sets and
explain why the axiomatic set theory becomes necessary. We recall that in Cantor
theory any gathering of objects is a set, there are not restrictions on such gatherings.
In particular, the set of all sets is a well-defined set. Let us denote it by A. This
set has a very strange property, namely, since it is a set, it should be an element
of the set of all sets, i.e., it contains itself as an element! So, we may write A € A.
Thus, some sets contain themselves as elements others are not. For instance, N
does not contain itself as an element. Finally, we define set B as a set of all sets
which do not contain themselves as elements:

B:={AcA: A¢ A}

The inconsistency arises if we pose the question whether of not B contains itself as
an element. Indeed, assume that B € B. Then, by definition of B, B ¢ B. Assume
now that B ¢ B. Then, again by the definition of B, we conclude that B € B.

This is the famous Russell’s paradoz!! It is stated in terms of set theory and it
is probably difficult to digest it on fly. However, there are simplified versions of it
stated in more transparent form of a logical paradox. For instance, the so-called
Barber paradox:

The barber is the "one who shaves all those, and those only, who do not shave
themselves.”

The question is, does the barber shave himself? Both possible answers (Yes or
No) lead to a contradiction with the above statement!

Thus, the naive Cantor set theory must be somehow repaired. The key idea
here is to forbid ”"too large” sets and to specify axiomatically what gatherings can
be called "sets”. In particular, it is forbidden by the axiom of regularity for any
set to contain itself as an element. So, the ”"set of all sets” is no more a set in the
theory and the Russell’s paradox (as well as many others) disappear and the theory
at least looks consistent again. We will not go into more details here. There is a
special course ”Numbers and sets” at Surrey where you will study axiomatic set
theory on a more regular basis.

We conclude this lecture by discussing

Cartesian products of many sets and Axiom of Choice*

This material is for advanced reading only (not for the exam!) and may be
skipped at first reading.

Let me recall that we have defined the Cartesian product of two sets X x Y as
a set of pairs (z,y), x € X, y € Y. This can be generalized for any finite number
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of sets, for instance X X Y x Z is a set of triples (x,y, z) such that x € X, y € Y/,
z € Z. Thus,

®Xk = {(3;1,~~~ ,Xn) :xp € X, k;:1~~n}
k=1

But how to introduce, say, ®ZO:1 X7 It is naturally to interpret it as a space
of sequences {xy}32, such that x € X;. But we have already known that any
sequence is a function from N to some set. In our case it is convenient to take
U2, X% as a range of these functions, so we end up with the following definition:

®Xk = {f N — Uiolek : f(]{?) € Xk}
k=1

After that it is clear how to define the product of any number of sets X,, o € A:

®Xa = {f:A—>Ua€AXa : fla) € Xa, VaEA}.

acA

For instance, in the particular case X, = X for all a € A, we get the set of all
functions f: A — X:
XAi=QR X ={f: A= X},
acA

This explains the set notation Y which is sometimes used for the set of all functions
f: X — Y. These set powers are clearly non-commutative: Y* # XY in general.
For instance, let X = {0,1}. Then, {0,1}¥ = 2Y is a set of all subsets of Y and

YO ={f:{0,1} = Y} = {(f(0). f(1)) : f(O) €Y, f(1)eY}=Y2
The key thing here is the following statement.

Axiom of Choice. For every family X, a € A of non-empty sets,

X Xo # 2.

Where is the ”choice” here? Let ¢ € @, 4 Xo. Then c(a) € X, for all a € A.
If we identify o with X, we see that the function ¢ allows us to choose exactly
one representative ¢(X,) = c¢(a) € X, for all sets X,,, a € A simultaneously. By
this reason, the elements of ). 4 Xo are often called choice functions and the
statement on their existence is called Axiom of Choice.

Remark. The statement is trivial if A is a finite set and can be easily proved
by induction for the case of A = N. But for bigger sets it is not only non-trivial,
but also neither it nor its negation can be derived from the axioms of the set
theory. So, it is one of the statements whose existence is guaranteed by the Hodel
incompleteness theorems and either Axiom of Choice or its negation can be added
to the list of axioms without destroying their consistency (this fact is rigorously
proved!). It is "almost” commonly accepted now that the Axiom of Choice (not
its negation) should be added to the standard Zermelo-Friankel set theory which
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transforms it to Zermelo-Frénkel-Choice theory (ZFC-theory). However, accepting
this axiom leads to a number of very surprising consequences, some of them we will
very briefly discuss below.

Example (Well-ordered sets and Well-ordering Theorem). Recall that
the set N of natural numbers as well as the set of real numbers R are ordered sets.
The latter means that an order relation is posed on them and for every z,y from
N or R, we have x <y or = > y.

In general, order relation R on a set X is a subset of X? (R C X x X, we write
x <y if (x,y) € R) satisfying the following properties:

a) (x,z) € R for all x € X;

b) (z,y) € R and (y, z) € R implies that (z,z) € R (transitivity);

c) for all z,y € X either (z,y) € R or (y,z) € R (totality).

d) (z,y) € R and (y,z) € R implies x = y (antisymmetry)

A set X with an order relation R satisfying these axioms is called totally ordered
set.

Obviously, the usual order relation < on N and R satisfies these axioms and
therefore both N and R are ordered sets. But nevertheless these orderings are
essentially different. For instance, if we look at N, we see that a) minimal element
(n = 1) exists; b) for every n € N its successor or "next element” (n+ 1) exists and
there are no elements m € N satisfying n < m < n + 1; c¢) every subset A C N has
a minimal element (a bit more complicated fact which can be proved by induction,
will be proved later). But all these statement fail in the case of R. The reason is
that the ordered set N has an additional structure, namely, it is well-ordered.

Def.: An ordered set X is well-ordered if any non-empty subset A C X has a
minimal element.

It can be shown that the property about the existence of a successor can be
deduced from this. Thus, N with the standard order is well-ordered and R is not.

But maybe the initial order on R is not "good enough” and it is possible to find
another order relation on R which makes R well-ordered. Intuitively, we expect
that the answer should be NO since it is hard to imagine how we can ”enumerate”
R in such a way that R will look like N and what is the "next” number to say v/2.
But surprisingly the Axiom of Choice gives us a positive answer on this question!!

Well-ordering theorem. Any non-empty set is well-ordered with respect to some
order relation R C X2,

The proof of this theorem (due to Zermelo) is heavily based on the Axiom of
Choice and some kind of transfinite induction. Note that the proof of this result is
purely existential and nobody is able to specify how this new order relation looks
like.

Example (Non-measurable sets and Banach-Tarski theorem). This the-
orem states that a unit ball in the space R? can be cut on 5 pieces in such a way
that the pieces can be reassembled into two disjoint unit balls of R3. At first glance
it looks unbelievable! Imaging that you go to Tesco, buy a watermelon (together
with a good knife), after returning home you cut it on 5 pieces and reassemble
TWO watermelons of the same size from these pieces!! How can it be?

Let us think a little. Why exactly do we think that it is impossible? Because
of volume preserving. Indeed, the initial unit ball has volume 4?”, then the sum

%y

of volumes of all pieces should be also equal to <* and we cannot assemble from

them anything which has volume 2%”. What can be wrong here? The answer is in
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the statement that any piece should have a prescribed volume. In a fact, there are
sets in R3 for which volume cannot be defined. We discuss at the very first lecture
that areas, volumes, etc., are defined as limits of approximations of a given body
by some elementary ones (e.g., piece-wise rectangular) whose volume can be easily
computed. But this limit may not exist if the considered body is "ugly enough”.
Such sets are called non-measurable and their existence is guaranteed again by the
Axiom of Choice. Thus, if we cut a unit ball on non-measurable pieces, the volume
contradiction will disappear and the result becomes possible. Note, that there
are many other interesting things behind Banach-Tarski theorem. For instance,
the number 5 is minimal possible and in the dimension 2 it is impossible to do
anything similar using any finite number of pieces. Google Banach-Tarski paradox
for more information!

Example (non-linear additive functions). Let us look at the so-called ad-
ditive functions f : R — R which satisfy the following functional equation:

flx+y) = f(z)+ fly), z,y€eR.

Obviously, any linear function f(x) = Cx satisfies this equation. But are there
other functions which are non-linear and satisfy this equation?

It is possible to prove that such a function if exists must be extremely ugly. For
instance, if f is continuous at some point or bounded near some point then it is
necessarily linear. Moreover, you may prove that if there is an arbitrarily small ball
B on a plane R? such that Graph(f) N B = & then the function f must be linear.

Nevertheless, due to Axiom of Choice such non-linear additive functions exist!
Again, no-one of them admits any constructive description, cannot be illustrated
by plotting the graph and so on.



