MAT3004. MOCKTEST 1
WEDNESDAY, MAY 10TH, 2017
DURATION: 50 MIN. STARTTIME: 11AM

Problem 1.

a) (1 point). Define what does it mean that the function F' : X — X is a
contraction on a set X.

b) (2 points). Define what is an inner product on a vector space and what
spaces are called Hilbert ones.

c) (1 point). State the Cauchy-Schwarz inequality.
Problem 2. Let X := C[—1/2,1/2] endowed by the standard sup-norm and let
F : X — X be defined by
(P =+ [ f(s)ds, fex.
0
a) (3 points) Prove that F' is a contraction on X.
b) (3 points) Find the fized point of F.

Problem 3. (3 points). Let ((z) := > -, -& be the Riemann zeta function.
Prove that

C(3)* < ¢(2)¢C(4).
Hint: Use the Cauchy-Schwarz inequality in the space [s.



SOLUTIONS

Problem 1. a) The function F' : X — X is a contraction on a metric space
(X, d) if there exists k < 1 such that

d(F(z), F(y)) < rd(z,y)

for all x,y € X.

b) A function (-,-) : V2 — R is called an inner product on a vector space V if
the following axioms are satisfied:

i) Bi-linearity: (ax1+fz2,y) = a(z1,y)+5(x2,y) for all a, B € R and 1, 22,y €
V and (z,ay1 + By2) = alx,y1) + B(x,ys2) for all o, 5 € R and x,y1,y2 € V;

ii) Symmetry: (z,y) = (y,x) for all z,y € X;

iii) Positivity: (z,z) >0 for all x € V and (z,z) =0 iff z = 0.

Hilbert space is an inner product space which is complete with respect to the
norm ||z|| = v/ (x, ).

c) Cauchy-Schwarz inequality: for any z,y € H, |(z,y)| < ||z]|/||y]l-

Problem 2. a) Let f,g € X be arbitrary and « € [-1/2,1/2]. Then

FU@ - F@@] = [ () - o) s

Let £ > 0. Then we estimate the RHS as follows

|/O (f(s) ds|</ F(s) — g(s)] ds <
<1F = glloup / ds = 2.7 ~ gllaup < 217 ~ glloup

Let now z < 0. Then, analogously

[ = gtonast < [ 176) - gt6)1ds < 12115 = gl < 51 ol

Thus, in both cases, we have |F(f)(z) — F(g)(z)| < %||f — gllsup- Taking the
supremum over x € [—1/2,1/2] from both sides of this, we get

1
”F(f) _F(g)Hsup S §||f _gHsup

and F' is a contraction.
b) Fixed point p € X should satisfy the equation

pa)=a+ | “p(s) ds.

Taking z = 0, we see that p(0) = 0 and differentiating the equation in = we get the
equation for p:
p'(z) =p(x)+ 1.
Solving this equation, we find that p(z) = e* — 1.
Problem 3. We take two sequences z := {n~1}2°, and y := {n=2}>2,. Both
of them belong to Iy and ((2) = ||z||?, ¢(4) = ||y||* and ¢((3) = (x,y). By Cauchy-
Schwarz inequality (z,y) < ||z||||y|| which gives the desired inequality.



