
Calculus. Unassessed Coursework I. Deadline: Monday, March 7.

Problem I. Let
z = f(x, y) := e2x+3y + sin(x− y)

a) Compute f ′x, f ′y, f ′′xx, f ′′xy and f ′′yy.

b) Find the equation of a tangent plane at (x0, y0) = (0, 0).

c) Write out the Taylor expansions up to order 2 inclusively for this function at
the origin (0, 0).

Problem II. Let z(x,y):=2x2 + xy + y2 + x + y + 1.

a) Find all stationary points of this function.

b) Determine the type of every stationary point (min, max, saddle).

Problem III. Find the maximum and minimum value of the function z = x+2y
on a circle x2 + 2x + y2 = 5. Hint: use Lagrange multipliers.

Problem IV. Let the function f : R2 → R2 be defined as follows:

(
x
y

)
= f

(
u
v

)
:=

(
2u + v2

v

)
.

a) Find the Jacobi matrix of this function.

b) Find the explicit formulae for the inverse map f−1 : R2 → R2.

c) Express the differential operators ∂
∂x and ∂

∂y in terms of ∂
∂u , ∂

∂v , u and v.

Hint: although y = v, ∂
∂y 6= ∂

∂v !!!
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Solutions

Problem I.
a) f ′x = 2e2x+3y+cos(x−y), f ′y = 3e2x+3y−cos(x−y), f ′′xx = 4e2x+3y−sin(x−y),

f ′′xy = 6e2x+3y + sin(x− y), f ′′yy = 9e2x+3y + sin(x− y).

b) f(0, 0) = 1, ∇f(0, 0) = (3, 2), z − 1 = 3x + 2y.

c) H(f)
∣∣
(0,0)

=
(

4, 6
6, 9

)
, f(x, y)− 1 = 3x + 2y + 1

2 (4x2 + 12xy + 9y2) + H.O.T

Problem II. ∇f = (4x + y + 1, 2y + x + 1). Stationary points should solve
4x+y+1 = 0 and x+2y+1 = 0 and x = − 1

7 , y = − 3
7 . We have only one stationary

point (x0, y0) = (− 1
7 ,− 3

7 ). H(f) =
(

4, 1
1, 2

)
. det H = 7 > 0, Tr H = 6 > 0 => two

positive eigenvalues and (x0, y0) is a local (in a fact, global) minimum.

Problem III. The Lagrange function is L(x, y) = x + 2y + λ(x2 + 2x + y2).
L′x = 1 + 2λx + 2λ, L′y = 2 + 2λy. For the stationary points, we need to solve

1 + 2λ(x + 1) = 0, 2(1 + λy) = 0, (x + 1)2 + y2 = 6.

From first two equations, x + 1 = − 1
2λ and y = − 1

λ and inserting this into the first

equation, we have 1
4λ2 + 1

λ2 = 6, 6λ2 = 5
4 and λ = ± 1

2

√
5
6 . Thus, we have two

critical points:

(x0, y0) =

(
−1−

√
6
5
,−2

√
6
5

)
, (x1, y1) =

(
−1 +

√
6
5
, 2

√
6
5

)

one of which should be minimum and the other is maximum. z(x0, y0) = x0+2y0 =
−1−√30, z(x1, y1) = −1+

√
30. Therefore, the maximum value is

√
30−1 (achieved

at (x1, y1)) and the minimal value is −√30− 1 (achieved at (x0, y0)).

Problem IV.

a)
(

dx
dy

)
=

(
2du + 2vdv

dv

)
=

(
2, 2v
0, 1

)(
du
dv

)
and, therefore, J(f) =

(
2, 2v
0, 1

)

b) We need to solve x = 2u + v2, y = v in terms of u and v. v = y and
u = (x− v2)/2 = (x− y2)/2. Thus,

f−1 (x, y ) =
(

(x− y2)/2
y

)
.

c) F (x, y) = F (2u+v2, v) by the chain rule, ∂
∂uF = 2 ∂

∂xF , ∂
∂v F = 2v ∂

∂xF + ∂
∂y F .

Thus,
∂

∂u
= 2

∂

∂x
,

∂

∂v
= 2v

∂

∂x
+

∂

∂y

and therefore, ∂
∂x = 1

2
∂

∂u and ∂
∂y = ∂

∂v − v ∂
∂u .


