VECTOR CALCULUS. UNASSESSED COURSEWORK 1.
DEADLINE: TUESDAY, MAY15TH, 2012

Problem 1: Let Q C R? be the semi-disk restricted by 22 + 2 < 1 and y > 0.
Rewrite the double integral [, f(z,y) dx dy (f is some function) as iterated integrals

a) Integrating first in x then in y;
b) Integrating first in y then in z;

c¢) Using the polar coordinates.
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Problem 2: Using that > 7 | # = %, compute the double integral

1
/ dx dy,
ol—uzy

where (2 is the square [0,1] x [0,1]. Hint: use also that -~ =14z + 2% + -

Problem 3: Compute the line integral
}{ xy? dx + (y%z + 22) dy
2l

over the circle v = {22 + y? = 1}
a) Using the trigonometric parametrization of the circle;

b) Using the Green’s theorem.

Problem 4: Using the surface integrals, compute the area of the elliptic region
cut from the plane 2z + 2y + z = 1 by the cylinder 22 + y? = 1.

Problem 5: Consider the vector field on the plane
U(x,y) = (acex%ry2 + sinz, ye‘Tzﬂ’2 + cosy)

a) Check that this vector field is gradient;
b) Find the potential ® such that ¥ = V® and $(0,0) = 0.



SOLUTIONS

Problem 1:

[ reavay= [ ( / 11_2,; f(x,y)dw> -
:/_11 </Omf(x,y)dy> dx:/oﬁ (/Olrf(rcosgb,rsinqﬁ)dr) ds.

Problem 2:

/Q 1 —1xy dr dy = /Ol/oli(a:y)"dxdy:
-2 [ ([re) ST

Problem 3:
a) r = cost, y = sint, t € [0, 27| and

27
7{ xy? de + (yx® + 2z) dy = / (—costsin®t 4 cos® tsint 4 2 cos® t) dt = 2.
% 0
b) Using the Green’s theorem,
% xy? dx + (yz® + 22) dy =
y

= / [0, (yz? + 21) — 8y(xy2)]dx dy = / 2dx dy = 2,
z2+y2<1

$2—|—y2

where we have used that the area of the unit disk is 7.
Problem 4: The desired area is given by S = [ 5 1dS, where E is the elliptic
region. Using the parametrization z = f(z,y) = 1 — 2z — 2y, 2 + y? < 1, we have

ds = \/1+(f;)2+(f{/)2da:dy:3dxdy

and

S = 3/ dx dy = 3.
r24+y2<1

Problem 5: The vector field is gradient since d,v; = d,v2. The desired potential
is given by

x Yy 1
O(z,y) = / (xeﬁ +sinz) dx-i—/ (y6$2+y2 +cosy) dy = 565‘2”2 —cosz+siny+1.
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