
Vector Calculus. Unassessed Coursework I. Spring 2012

Problem 1: Let the line in a space R3 be given by

x− 1

1
=

y − 2

2
=

z − 3

3

Write down the equation of the plane containing this line and the point (0, 1, 0).

Problem 2: Let f(x, y) = 1
x + 1

y . Find the steepest descent curve passing

through (x0, y0) = (1, 1).

Problem 3: Let f(x, y) = xy + yx, x, y > 0. Show that the point (e−1, e−1) is
a critical point of this function and determine its type using the 2nd order test.

Problem 4: Find the (minimal) distance from point (2, 2) to the ellipse 5x2 −
6xy + 5y2 = 2. Hint: use the Lagrange multipliers method.

Problem 5: Let the vector function f : R2 → R2

(
u
v

)
= f

(
x
y

)
be defined implicitly near (x0, y0) = (1, 1) as a solution of the following equations:

xu3 + yv3 − u− v = 0, u+ 2v = x+ 2y, f(1, 1) = (1, 1).

Show that this function is indeed well-defined in a neighbourhood of (1, 1) and

compute the Jacobi matrix J(f) = ∂(u,v)
∂(x,y) at point (1, 1).
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Solutions

Problem 1: The line is passing through point P = (1, 2, 3) and the vector τ⃗ =
(1, 2, 3) is parallel to the line. Thus the desired plane is parallel to τ⃗ and contains
points (1, 2, 3) and (0, 1, 0). Therefore, the vector τ⃗1 = (1, 2, 3)− (0, 1, 0) = (1, 1, 3)
is the second generating vector of the plane. The normal vector can be found using
the cross product:

n⃗ = τ⃗ × τ⃗1 = (3, 0,−1)

and the desired equation is 3(x− 0) + 0(y − 1)− (z − 0) = 0 or 3x− z = 0.

Problem 2: The differential equation for the steepest descent curves reads
dy
dx =

f ′
y

f ′
x
= x2

y2 . Solving this differential equation by separating variables, we see

that 1
y3 = 1

x3 + C. Since the curve should pass through (x0, y0) = 0, we conclude

that the integration constant C = 0 and the desired curve is a line y = x.

Problem 3: We compute the gradient of f and check that ∇f(e−1, e−1) = 0.
Indeed,

f ′
x = yxy−1 + yx ln y, f ′

y = xy lnx+ xyx−1, ∇f(x, y) =

(
yxy−1 + yx ln y
xy lnx+ xyx−1

)
and, indeed, ∇f(e−1, e−1) = 0, so (e−1, e−1) is a critical point. To determine the
type of this point, we need to compute the Hessian matrix:

f ′′
xx = y(y − 1)xy−2 + yx ln2 y, f ′′

yy = xy ln2 x+ x(x− 1)yx−2,

f ′′
xy = xy−1 + xy−1y lnx+ y−1yx + yx−1x ln y

Then, denoting α =
(
1
e

) 1
e > 0, at point (e−1, e−1) we have

f ′′
xx = α(1− e+ 1) = α(2− e) = f ′′

yy, f ′′
xy = α(e− 1 + e− 1) = 2α(e− 1).

Thus

H(f)
∣∣
(e−1,e−1)

=

(
α(2− e) 2α(e− 1)
2α(e− 1) α(2− e)

)
, detH = α2

(
(e− 2)2 − 4(e− 1)2

)
< 0

and the critical point is a saddle.

Problem 4: We need to minimize the function f(x, y) = D2 = (x−2)2+(y−2)2

under the constrain g(x, y) := 5x2 − 6xy+ 5y2 = 2. The point (0, 0) where ∇g = 0
does not belong to the curve, so the minimum is among the critical points of the
Lagrange function

L(x, y) = (x− 2)2 + (y − 2)2 − λ(5x2 − 6xy + 5y2),

The equation ∇L = 0 reads {
(2− 5λ)x+ 3λy = 2

(2− 5λ)y + 3λx = 2
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and these equations on the unknowns (x, y, λ) should be solved simultaneously with
the constrain equation g(x, y) = 2.

The determinant of the linear system: (2 − 5λ)2 − 9λ2 is not zero if λ ̸= 1
4 and

λ ̸= 1 and in that case we have a unique solution x = y. Inserting this to the
constrain equation, we have 4x2 = 2 and x = ± 1√

2
. Thus, we have found two

critical points: (x0, y0) = ±( 1√
2
, 1√

2
). In the case λ = 1, the linear system has no

solutions, so we need to consider the case λ = 1
4 where we have x+ y = 8

3 . In that
case the constrain equation reads

2 = 5(x2 + y2 + 2xy)− 16xy,

2 = 5(x+ y)2 − 16xy, 16xy = 320/3− 2 = 314/3, xy = 157/24.

The system of equations x + y = 4
3 , xy = 157/24 does not have real solutions, so

this case is also excluded and we finally have only two critical points

(x0, y0) = ±(
1√
2
,
1√
2
)

and the minimal value of f corresponds to sign + and f(x0, y0) = 2(2 − 1√
2
)2.

Finally, the desired distance D =
√
2(2− 1√

2
) = 2

√
2− 1.

Problem 5: Let

F (u, v, x, y) =

(
F1(u, v, x, y)
F2(u, v, x, y)

)
:=

(
xu3 + yv3 − u− v
u+ 2v − x− 2y

)

Then, the desired function f(x, y) :=

(
u(x, y)
v(x, y)

)
is determined implicitly as a solu-

tion of F (u, v, x, y) = 0 near (1, 1, 1, 1). The Jacobi matrix

∂(F1, F2)

∂(u, v)

∣∣
(1,1,1,1)

=

(
2 2
1 2

)
has non-zero determinant, so the desired function is well-defined due to the implicit
function theorem. To compute its Jacobian, we use the chain rule

0 =
∂(F1, F2)

∂(u, v)
· ∂(u, v)
∂(x, y)

+
∂(F1, F2)

∂(x, y)
,

so

0 =

(
2 2
1 2

)
J +

(
1 1
−1 −2

)
and J =

(
−2 −3
3
2

5
2

)
.


