VECTOR CALCULUS. CLASSTEST II. MAYy 191H 2011

Problem 1 (3 points). Find the solution y(x) of the equation

y' () +y'(x) — 2y(x) = 3¢

which satisfies y(0) = 1 and y'(0) = 2.

Problem 2 (2 points). Let D C R? be a square D = [a,b] X [a,b] and f :
[a,b] — R be a continuous function (of one variable!). Show that
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Problem 3 (3 points). Compute the following double integral over the whole

space R?
1
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Hint: Use polar coordinates

Problem 4 (2 points). Let v be the ellipse 22+4y? = 1 oriented anti-clockwise.
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Hint: Use the parametrization z(t) = cost and y(t) = 5 sint.

a) Compute

b) Using the previous result find the area of the interior I' of the ellipse 7.



SOLUTIONS

Problem 1. The characteristic equation reads \> + A —2 = 0 and \; = 1,
Ao = —2. Thus, we see the simple resonant case and should seek for the partial
solution in the form

y(z) = Aze® y" +y' — 2y = Aze® + 2Ae” + Aze® + Ae® — 2Axe” = 3Ae”
Thus, A = 1 and the general solution reads
y(x) = ve” + Cre” + Cae™?

Finally, y(0) =C; = 1,80 C; =1 and y'(0) =14+ 1 — 2Cy = 2, so C2 = 0 and the

desired solution is y(z) = (z + 1)e”
Problem 2. By the Fubini theorem for the rectangular domains
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Problem 3. Using that the Jacobian for the polar coordinates is r, we have
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Problem 4. Using the ”hint parametrization”, we have

27 1 ) 1 ) 1 2
xdy —ydr = [cost(= sint) — = sint(—cost)|dt = = dt =
" o 2 2 2 J,

By the Green formula,
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and S = /2.



