VECTOR CALCULUS. CLASSTEST
(25% OF THE FINAL MARK).
MAY 41H, 2012

Problem 1 (6 points): Write down the (implicit) equation of the plane in R3

which contains the line
r—1 y—-2 =z-3

1 2 3
and is orthogonal to the plane z + y + 2z = 5.

Problem 2 (6 points): Write down the Taylor expansions up to order 2 of the
function

1
f@,y)=o+—— +I(l+z+y)

at the point (xo,y0) = (0,0).
Problem 3 (7 points): Find the maximal and minimal values of the function
flay) =y —a* +2° +2y

on the circle ? +y? = 1.

Problem 4 (6 points): The map f : R? — R? is given by
G=f(@):=axz a:=(1,23), Z:= (1,273 € R’

Find the Jacobi matrix of that map. Is that map invertible? Justify your answer.



COMMENTS AND SOLUTIONS

General Comments: The Test is done not badly in average (with 60% averaged
mark). Most common problems are:

— incredibly many simplest arithmetic mistakes (pluses instead of minuses, wrong
division by 2, wrong cancelation of terms, wrong expanding brackets, etc.);

— mistakes in computing partial derivatives (please, check and train yourself
using, say, interactive programs like wolframalpha);

— logical errors (using wrong or inappropriate methods, losing solutions by di-
viding by zero, etc.

Problem 1 — Solution: The desired plane contains the generating vector 71 =
(1,2,3) of the line as well as the normal vector 75 = (1,1,1) to the given plane
(since it is orthogonal to that plane). Thus, the normal vector 7i can be found as
the cross product

n=7x7=(1,2,3)x(1,1,1) = (-1,2,-1).
Since the plane should also contain the point (1,2, 3), the desired equation is
—1(z—-1)+2(y—2)—1(2—3)=0, z—2y+2=0.

Problem 1 - Common mistakes: Using inappropriate methods or just doing
some mechanical senseless computations.

Problem 2 — Solution: Since 1~ =1+2z+ O(2?) and In(1 + z) = z — 22/2 +
O(2?), we have

fl@y) =a+1+ay+0((y)*) + (@ +y) — (z+1)*/2+ O((z +y)°) =

1
—(2* +y*) + HO.T.

:1+2x+y—2

Alternatively, you may obtain the same result computing the gradient V f(0,0) =
. . -1 0
(2,1) and the Hessian matrix H(f)‘(o,o) = ( 0 —1 )

Problem 2 — Common mistakes: Problems with computing partial deriva-
tives, arithmetic errors.

Problem 3— Solution: Noting that y* — 2* = (y? + 2?)(y? — 22) and that
2% 4+ y? = 1, we see that on the circle

flz,y) = (y* —2°) +2° + 2y = y* + 2y.

Moreover, y € [—1, 1] when (x,y) belong to the circle. So, we need to find minimum
and maximum of the one variable function F(y) = y? + 2y (parabola) when y €
[—1,1]. The minimum is -1 and is achieved at y = —1 and the maximum is 3 and
is achieved at y = 1.

Of course, the problem can be solved as a minimization problem with constrains:
find min/max of f(z,y) under the constrain g(x,y) = 22 + y? = 1.



The point (0,0) where Vg = 0 does not belong to the curve. The Lagrange
function is
L(z,y) = y* —o* + 2% + 2y — \(z? +?)

VL = (—423 + 2z — 2\x,4y® — 2\y + 2). Thus, we end up with simultaneous
equations:
—4x3 422 =2z, 4P +2=2\y, 2+ =1

To exclude A\, we multiply 1st equation by —y, second by x and take a sum. This
gives 4(x3y + y2r) — 2zy + 20 = 0 and using that 2% + y? = 1, we end up with
x(y+ 1) = 0. This gives z =0 or y = —1. & = 0 corresponds to (0,1) and (0, —1)
and y = —1 gives again (0, —1). Thus, we have two critical points (0,1) and (0, —1)
one of which should be a global minimum and another is the global maximum.
Computing f(0,1) = 3 and f(0,—1) = —1, we see that the maximal value of f is 3
and the minimal one is —1.

Problem 3 — Common mistakes:

a) Dividing by x the equation —4x3 + 22 = 2\x without considering x = 0. This
is done in ~ 80% of scripts and lead to the lost of the second critical point (0, 1).

b) Using the second order test to determine the type of critical points for the
problem with constrains. Warning: the 2nd order test for problems with constrains
is not studied in the course and has a different (more complicated form), so use it
only for problems without constrains! In the given problem, you should instead use
the fact that both global minimum and maximum exist and they are achieved at
the found critical points, so you determine where is min and where is max just by
computing the values of f at that points.

¢) Computing the critical points inside of the disk. This was not asked in the
problem and was just wasting time.

Problem 4 — Solution: The map is given by

f1(z1, 22, 23) 2x3 — 312
[(Z) = | fo(z1,22,23) | = 311 — 3
f3(x1, 22, 23) To — 211
and
0o -3 2
J = 3 0o -1
-2 1 0

The map is not invertible since it is linear and det J = 0 (skew-symmetric 3 x 3
matrix).

Problem 4 — Common mistakes: Problems with understanding what is the
Jacobi matrix.



