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Solutions

Problem 1: There are at least 2 ways to find the desired slope.

a) Rewriting the equation of the line in the implicit form, we have kx−y− l = 0.
Thus, the vector n⃗ = (k,−1) is normal to this line and the vector τ⃗ = (1, k) is
parallel to the line (since n⃗.τ⃗ = 0). Let now y = mx is the desired orthogonal
line. Then vector τ⃗1 = (1,m) is parallel to it and we should have τ⃗ .⃗τ1 = 0. Thus
1 + km = 0 and m = −1/k.

b) We know that k = tanα where α is the angle between the line and the x-
axis. The desired orthogonal line then has the angle α + π/2 and m = tan α1 =
tan(α+ π/2) = − cotα = −1/k.

Problem 2: Also two solutions are natural:

a) The vector τ⃗ = (1, 2) is parallel to the given line. Let now y = mx be the
desired line. Then τ⃗1 = (1,m) is parallel to it and from the cosine rule we have the
condition

τ⃗ .τ⃗1 = |τ⃗ | · |τ⃗1| cosϕ, (1 + 2m) =
√
5 ·

√
1 +m2 cosϕ,

Taking a square, we end up with quadratic equation

(1 + 2m)2 =
5

2
(1 +m2)

Thus, m1 = 1/3 and m2 = −3.

b) Analogously to the solution of the first problem, let α be the angle between
the line and the x-axis. Then tanα = 2. Let α1 and α2 be the analogous angles for

identity

tan(x+ y) =
tan(x) + tan(y)

1− tan(x) tan(y)
,

we have m1 = 2−1
1+2 = 1

3 and m2 = 2+1
1−2 = −3.

Note: Although the second solutions look simpler, the first one are more im-
portant train you how to find vectors parallel/normal to a given line and how to
use the dot product for finding angles.
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the desired lines. Then α = α − π/4 and α = α + π/4. Using the trigonometric

where ϕ =pi /4 or ϕ = 3π/4 (both choices give the angle 45 grad between lines).



Problem 3: Let us introduce the coordinate chart in such way that O⃗C =

|OC|e⃗1 = ce⃗1, O⃗B = |OB|e⃗2 = be⃗2 and O⃗A = |OA|e⃗3 = ae⃗3. Then

O⃗C × O⃗B = bce⃗3, O⃗C × O⃗A = −ace⃗2, O⃗B × O⃗A = abe⃗1

and

SOAB =
1

2
ab, SOAC =

1

2
ac, SOBC =

1

2
bc.

Let us find SABC = 1
2 |A⃗B × A⃗C|, Indeed, A⃗B = O⃗B − O⃗A = be⃗2 − ae⃗3, A⃗C =

O⃗C − O⃗A = ce⃗1 − ae⃗3 and

A⃗B × A⃗C = (be⃗2 − ae⃗3)× (ce⃗1 − ae⃗3) =

= −bce⃗1 × e⃗2 − abe⃗2 × e⃗3 − ace⃗3 × e⃗1 = −abe⃗1 − ace⃗2 − bce⃗3

and

S2
ABC =

1

4
(a2b2 + b2c2 + a2c2) = S2

OAB + S2
OAC + S2

OBC .

Problem 4: We have two vectors τ⃗1 = A⃗B = (−2, 0, 0) and τ⃗2 = A⃗C =
(0,−2,−2). Since we may normalize these vector arbitrarily, we take instead τ1 =
(1, 0, 0) and τ2 = (0, 1, 1). Then, the normal vector

n⃗ = τ1 × τ2 = e⃗1 × e⃗2 + e⃗1 × e⃗3 = e⃗3 − e⃗2 = (0,−1, 1)

Since our plane should pass through point C = (1, 0, 1), we have

0(x− 1)− 1(y − 0) + 1(z − 1) = 0, −y + z − 1 = 0.


