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SOLUTIONS

Problem 1. We need to minimize f(x,y) = (v — 3)® + (y — 4)? under the
constrain g(z,y) = 2x + 3y —5 = 0. Vg(x,y) = (2,3) = 0 has no solutions, so,
to find the critical point(s), we need to solve V f(z,y) = AVg(z,y) together with
g(x,y) = 0. This gives

2(x —3) =2\, 2(y—4) =3\ 22+3y=>5.

Excluding A from first two equations, we have 6(z — 3) = 4(y — 4) or 3z — 2y = 1.
Solving the system
3r —2y=1, 2x 43y =35,

we obtain the only critical point (1,1) which must be a minmum of f(x,y) on the
line g(z,y) = 0. Thus, min f(z,y) = f(1,1) = 13 and the desired distance is v/13.

Problem 2. We need to find the critical points of f(x,y) = = + y under the
constrain g(z,y) = 23 +y> +x+y—4=0. Vg(z,y) = (322 +1,3y*>+1), 50 Vg =0
is impossible and we need to solve the system

Vf(z,y) = AVg(z,y), g(z,y) =0

or
1=X3Bz2+1), 1=X3y*+1), 2* +¢y® +ax4+y=4.

Excluding A # 0 from the first two equations, we have 22 — y? = 0, so z = y or
x = —y. The second choice is incompatible with the third equation since gives
0 = 4, therefore, x = y. This gives the cubic equation z® + z = 2. We may
guess that x = 1 is a root of this equation. Dividing it on x — 1, we see that
2> +x—2=(r—1)(2? + 2 +2). Since 2? + x + 2 = 0 has no real solutions, we
have the only solution (x,y) = (1,1).

Problem 3.
TR Ty T, cospsind Rcospcos —Rsinpsind
J=\Yr vp Y, | =| singsind Rsinpcosd Rcospsinf
Zp 2y 2, cos —Rsiné 0

Expanding the determinant with respect to the third row, we have

det J = R? cos f(cos? ¢ cos 0 sin 6 + sin® ¢ cos 0 sin 0)+
+ R?sin f(sin? 0 cos® o + sin? O sin? @) =
= R? cos? O sin §(cos? ¢ + sin? ¢) + R? sin® O(cos® ¢ + sin? ¢) =
= R?sinf(cos? § + sin® f) = R?*sin .



