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Solutions

Problem 1. Using the trigonometric parametrization: x(t) = cos t, y(t) = sin t,
t ∈ [0, π), we get∮

γ

x

x2 + y2
dy − y

x2 + y2
dx =

∫ 2π

0

(cos2 t+ sin2 t) dt = 2π.

Problem 2.

div F⃗ = ∂x

(
x

x2 + y2

)
+ ∂y

(
y

x2 + y2

)
= 0.

Problem 3. If the Green’s theorem works, we would have∮
γ

x

x2 + y2
dy − y

x2 + y2
dx =

∫
x2+y2≤1

div F⃗ dx dy = 0

which is wrong. The Green theorem is not applicable here since the vector field F⃗
has the singularity at (0, 0).

Problem 4. We apply the Green theorem to the to the annulus G restricted by
two lines: the circle γ = {x2 + y2 = 1} and the ellipse γ1 = {x2 + 3y2 = 100}. We

are allowed to do that since F⃗ has no singularities in G. Then,

0 =

∫
G

div F⃗ dx dy =

∮
γ1

x

x2 + y2
dy − y

x2 + y2
dx−

∮
γ

x

x2 + y2
dy − y

x2 + y2
dx,

where both line integrals are positively oriented. Thus∮
γ1

x

x2 + y2
dy − y

x2 + y2
dx =

∮
γ

x

x2 + y2
dy − y

x2 + y2
dx = 2π.
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