PROBLEMS FOR TUTORIAL II. CALCULUS. FEBRUARY 28.

Problem I. Let f(z,y) = In(1 + 22 + y?) + cos(2? — y?).
a) Compute V f and H(f) at the origin (0, 0).
b) Determine the type of the stationary point (0, 0).

Problem II. Let f(z,y) = z+y+1 +§. Determine the type of every stationary
pOiIlt of (17 1)7 (17 _1)7 (_]—7 1)7 (_]—7 _1>

Problem III. Find the eigenvalues and the principal axis for the quadratic form
Q(z,y) = 2xy.

Problem IV. Let P = (zg,yo) be a stationary point of f. Show that

1) If(f). + zl/ly)}P > 0 and (f3, foy — ( ;’y)2)|P > 0 then P is a local minimum.

2) If (fil, + f},)| p < 0 and (f1, f1, — (f2,)%)| » > 0 then P is a local maximum.

3) If (I fr —( Q'E’y)Q)‘P > 0 then P is a saddle.

Hint: Use that, for any 2 x 2-matrix H

detH:)\l ')\2, TI“H:)\l—F)\Q,

where \; and Ay are the eigenvalues of H.



SOLUTIONS
Problem 1.
a) Straightforward solution:
/ 1 c2 2 / 1 L2 2
fo= me — 2xsin(z” —y°), f, = 2ym + 2y sin(x® — y*),

1 Ln? 1
—_—— l’ —
1+a22 +y? (1 + 22 +y?)?

—2sin(z? — y?) — 222 cos(z? — y?),

foy = (f2)y = —4ay

fro = (f2)e =2

5 +4xy sin(z? — y?),

(14 22+ y?)
f// — (f/)/ — 1 o 4y2 1 +
yy Y’y 1+x2+y2 (1+x2+y2)2

+2sin(z? — y?) — dxy cos(z? — y?).

Thus, substituting (x,y) = (0,0), we have Vf‘(o 0 = (0,0) (indeed, a stationary

point) and
_ ( f2x(0,0), 7 (070)) _ (2,0)
H = Y =
(Nl0.0 ( 7 (0,0), 7 (0,0) 0,2

b) Since H is diagonal, the eigenvalues are just entries on the diagonal. Thus,
both eigenvalues of the Hessian are positive (and both equal to 2) and, according
to the criterium, (0,0) is a local minimum. See the MAPLE picture of the graph
of z = f(x,y) at the last page. Very complicated surface with many other local
minima, saddles and local maxima! Actually, the local minimum at the origin is no
a global one!!

A bit more clever solution. We know that In(1+ &) = £ + O(£2), so In(1 +
22 +y?) = 22 + y? + H.O.T. near the origin. Analogously, cos(n) = 1+ O(n?) and
cos(z? — y?) = 1 + H.O.T. near the origin. Thus,

flz,y)=1+2%>+y*+ HO.T.

near the origin. Since, we know that

1
f(z,y) — f(0,0) = vf‘(o,O)' (x,y)+ 5(x,y)H(f)|(0’0)(a:,y)t +H.O.T.,

we conclude that Vf|(00) = (0,0) and H(f)‘(oo) = (2’0)_

0,2
2/23,0

Problem II. We know that H(f) = (0 2y

). Thus, for (1,1), we have

H = H(f) = ((2)’(2)), so both eigenvalues are positive which corresponds to the

local minimum. Analogously, for (-1, —1), H(f) = (6{’2), so both eigenvalues

are negative which corresponds to the local maximum. For (1, —1) we have H(f) =

(02’_02> and for (—1,1), H(f) = <_02’20> In both cases, we see one positive and

one negative eigenvalue which correspond to saddles.
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Problem III. The matrix A of the quadratic form @ is A = (?’é) since

Q(z,y) = 2xy = (v,y)A(z,y)'. Note that the Hessian matrix of @ is not A, but
2A since in the quadratic part of the Taylor expansions we have

Q(z,y) = = (z,y)H(Q)(z,y)".

N —

Now, we need to find the eigenvalues and the eigenvectors of A (=principal direc-
tions of the quadratic form). To find eigenvalues, we need to solve

_>\7]- 1\ 2 _
det(L_)\) =X —-1=0.

Thus, Ay = 1 and Ay = —1 are the desired eigenvalues. Let us find the eigenvectors.
For A =1, we need to solve

_151 P1 . . .

So, the normalized to the unit length eigenvector is p'= (\%, \%)

Analogously, taking Ay = —1, we find ¢ = (\/Li’ —%) Thus, the principal axes

are the lines © +y = 0 and  — y = 0. The associated linear change of variables
which diagonalizes A

zewyes = P4y 7 is x=1V2 +vy), y=1v2a' —1v)

And,
—day =2 ()
Q(z,y) y=27% V)5
Problem IV. By the criterium stated in lectures, the cases of minimum, max-
imum and saddle correspond to the case of two positive, two negative and one
positive and one negative eigenvalues of the Hessian matrix H(f) computed at P
respectively:
1) Ay > 0, A2 > 0 => minimum.
2) A1 <0, Ay < 0 => maximum.
3) A1 >0, Ay <0or A <0, A2 >0 => saddle.
Clearly, the third case is equivalent to Ay Ay < 0. In the cases, 1) and 2), we have
A A2 > 0 and A1 + A2 > 0 in the first case and less than zero in the second case. It
only remains to note that

(' +y) = () - ()

MAo =det H = f fir — (fr)? and TrH = A + Ao = fil, + fil..

ry



50 Zz=In(1+x"2+y"2)+cos(x"2-y"2)




