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Solutions

Problem 1: The gradient ∇f (vector!!) is

∇f = (− 3

(3x+ 2y)2
+

2

(2x+ 3y)2
;− 2

(3x+ 2y)2
+

3

(2x+ 3y)2
)

and the value of the gradient at (1, 1) is ∇f(1, 1) = (−1, 1). Thus, at point (1, 1)

df = f ′
x(1, 1)dx+ f ′

y(1, 1)dy = −dx+ dy

To write down the equation of a tangent plane at (1, 1), we need to replace df →
z − z0, dx → x− x0 and dy = y − y0. Since z0 = f(1, 1) = 0, we have

z = −(x− 1)− (y − 1) = y − x, x− y + z = 0

The normal vector to this plane is n⃗ = (1,−1, 1) and the equation of a line normal
to this plane and passing through (1, 1, 0) is

x− 1 = t, y − 1 = −t, z = t,
x− 1

1
=

y − 1

−1
=

z

1
.

Problem 2: ∇f(x0, y0) = (2x0 − 2y0), df = 2x0dx− 2y0dy and the equation of
a tangent plane at (x0, y0) is

z − z0 = 2x0(x− x0)− 2y0(y − y0) or z = 2x0x− 2y0y − x2
0 + y20 ,

where we have used that z0 = x2
0 − y20 . To find the intersection of this plane with

the surface z = x2 − y2, we need to solve

z = x2 − y2 = 2x0x− 2y0y − x2
0 + y20 , (x− x0)

2 = (y − y0)
2

Thus, the desired two lines are

x− x0 = y − y0 and x− x0 = −y + y0.

Problem 3: To find the steepest descent curves, we need to solve the differential

equation dy
dx =

f ′
y

f ′
x
= y2

x2 . Separating variables, we have

dy

y2
=

dx

x2
,

1

y
=

1

x
+ C, y =

x

Cx+ 1
.

To recognize the type of the curves, we transform them as follows

y = C−1 Cx

Cx+ 1
= C−1(1− 1

Cx+ 1
) = C−1 − C−2 1

x+ C−1

and the curves are hyperbolas (xy = −C−2) shifted by the vector (−C−1, C−1).
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