
Calculus. Tutorial IV. March 28, 2011.

Problem I. Let f(x, y) := x2 + 2x + y3 + 4. Find all values of c ∈ R such that
the contour curve

f(x, y) = c

may be not smooth.

Problem II. Let x = x(u, v) = u2 + v2, y = y(u, v) = u3 + v3 be the change
of coordinates in R2. Find all values (u0, v0) ∈ R2 such that this map may be not
locally one-to-one near (u0, v0).

Problem III. Solve the initial value problem

y′′(x) + y(x) = sin x, y(0) = 1, y′(0) = 3.

Problem IV. Find a general solution of

(1 + x2)2y′′ = (6x2 − 2)y

if one solution y1(x) = 1
1+x2 is known. Hint: use the Wronskian in order to find

the second linear independent solution.
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Solutions

Problem I. Due to the implicit function theorem, the curve f(x, y) = c may be
not smooth at (x0, y0) only if the gradient ∇f vanishes at (x0, y0). In other words,
only the contour curves passing through the critical points of f may be not smooth
(and only in that critical points). In our case, ∇f = (2(x + 1), 3y2), so the only
critical point is (−1, 0) and the corresponding contour curve is f(x, y) = f(−1, 0) =
3. Actually, this curve is indeed not smooth (cusp singularity), see pictures at the
last page.

Problem II. Due to the inverse function theorem, the map (u, v) → (x, y) will
be locally one-to-one at all points (u0, v0) where the Jacobian is invertible. Thus,
the equation for the desired points is det J = 0. In our case

detJ = det
(

2u 2v
3u2 3v2

)
= 6uv(u− v).

Thus, we have 3 critical lines where the determinant vanishes: u = 0, v = 0 and
u = v. Near the other points the map is locally one-to-one.

Problem 3. First, we need to find the general solution. It has a form of general
solution for homogeneous equation plus a partial solution of the nonhomogeneous
problem. For the homogeneous one, the characteristic equation: λ2 +1 = 0, λ = ±i
and the general solution is

y(x) = C1 cos x + C2 sin x.

We see the resonant case (single resonance, λ1 6= λ2) : sin x in the right-hand side
is of the same frequency as the solutions of homogeneous equation. The partial
solution has the form

y∗(x) = Ax cosx + Bx sin x

where A, B are unknown coefficients to be determined, see lectures. Inserting
that to the equation, we find B = 0 C = −1/2, see example in lectures. Thus,
y∗(x) = − 1

2x cos x and the desired general solution of the non-homogeneous problem
is

y(x) = C1 cos x + C2 sin x− 1
2
x cosx.

Finally, we need to find C1 and C2 in such way that y(0) = 1 and y′(0) = 3

y(0) = C1 = 1, y′(0) = C2 − 1
2

= 3.

Thus, the desired solution is

y(x) = cos x + 3.5 sin x− 0.5x cos x.

Problem 4. Let y2(x) be the second linear independent solution. Then, the
Wronskian W (x) = y1y

′
2 − y′1y2 satisfies the equation W ′(x) = 0 (in our case

A(x) = 0, see lectures). Therefore, W (x) = const. Since y2 is defined up to
multiplication on any constant, we put

y1(x)y′2(x)− y2(x)y′1(x) = 1.
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Since y1(x) is known, that is a first order linear ODE for the second function y2.
Dividing it on y2

1(x) (integrating factor), we have

(
y2

y1

)′
= 1, y2(x) = y1(x)

∫ x

0

[y1(x)]−2 dx

(this formula is also derived in lectures). In our case,

y2(x) =
1

1 + x2

∫
(1 + x2)2 dx =

x + 2/3x3 + 1/5x5

1 + x2

and the general solution is

y(x) = C1y1(x) + C2y2(x) =
C1 + C2(15x + 10x3 + 3x5)

1 + x2
.
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