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SOLUTIONS

Question 1.
a) To find the tangent plane, we need to linearize the function (¢, 0) — (z,y, 2)
at point (g, 0p) = (7/4,7/4). To this end, we first write the differentials:

dxr = —sin ¢ sin dy + cos ¢ cos 6 db,
dy = cos psinfdy + sinpcosfdf, dz = —sinfdb

and the differential at point (¢g, 6p) reads

1 1 1 1 1
—=d —df, dy=—d —df, dz=———=db
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(you may also write out these formulas in a vector form using the Jacobi matrix).
Replacing now dx — = — o, dy — y — yo .... df — 0 — 6y where (xq,y0,20) =

dr =

(%, %, \/Li)’ we obtain the desired parametric equations of the plane
1 1 T, 1 T 1 1 T, 1 1 s
——=——(p—=)+=(0—— ——=—(p——)+=(0— —— = 0——
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where (¢, ) € R? play the role of parameters. Replacing s := ¢ —
we may write them in the form

T 1/2 —1/2 1/2
yl=1| 1/2 | +s| 1/2 | +¢t| 1/2
z 1/\/§ 0 —1/\/§

b) To transform the equations of the plane from parametric to the implicit form, you
need to know the normal vector. You may find it either by the general rule as a cross
product of two generating vectors 7 = (—1/2,1/2,0) and 7 = (1/2,1/2, -1/1/2)
or utilizing the fact that the normal to the sphere is parallel to the radius vector.
This gives 7 = (1,1,+/2) and

(2—1/2)+(y—1/2) +V2(z—1/V2) =0, z+y+V2z—-2=0.
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Question 2. Since the speed is constant, we have /(t).U(t) = const. Differentiating
this in time and using the chain rule for differentiating the dot product, we get
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and @(t) is orthogonal to ¥(t).
Question 3. a) The map is locally one-to-one near (u,v) if the determinant of

the Jacobian is not zero.
g oz,y) [e* e
~ O(u,v) 1 1)

Thus det J = e" — € and the determinant is non-zero iff u # v.
b),c) Using the invariance of the 1st differential, we write

df = fodutfydv = frde+f,dy = f,(e"dute’dv)+f, (dutdv) = (e fo+f,)du+(e’ fo+f,)dv

and, therefore,

0 T(t).0(t)) = 26 (£).5(t) = 2a(t).T(t)

fu=e"fotfy fo=e'fot



