


Solutions

Question 1. See the solutions of Question 3 in Tutorial 6 for a) and b).
c) From the chain rule (see b)), we know that

f ′
u = euf ′

x + f ′
y, f ′

v = evf ′
x + f ′

y

and, in order to find f ′
x and f ′

y, we need to solve this system with respect to f ′
x and

f ′
y:

f ′
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y =
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(−evf ′

u + euf ′
v).

To leave the answer in that form will be not a mistake, but you may write out it
also in terms of differential operators by ”canceling” fs:

∂
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.

Alternatively, you may write the chain rule in a matrix form
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)
and find that(
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)
which gives the same answer.

Question 2. a) The curve may be not smooth only in points where ∇f = 0,
where f(x, y) := x2−y2+2c(x+y−1), in all other points, the curve can be locally
presented as a graph of a smooth function x = x(y) or y = y(x) by the implicit
function theorem. This gives 2 equations

2x+ 2c = 0, −2y + 2c = 0 => x = −c, y = c.

Since this point should belong to the curve, we need f(−c, c) = 0 which gives c = 0.
Thus, there is only one point where the smoothness can be broken (0, 0) and only
on the curve which corresponds to c = 0.

b) The critical curve which corresponds to c = 0 is x2 − y2 = 0 which is the
pair of lines x = y and x = −y intersecting exactly at the origin where ∇f = 0.
For other values of c the curves are hyperbolas (x+ c)2 − (y− c)2 = 2c centered at
(−c, c). The picture on the next page shows what happens with hyperbolas when
the parameter c crosses zero.

Question 3. By the Newton-Leibnitz formula∫ b(t)

a(t)

f(x) dx = F (b(t))− F (a(t)), F ′(x) = f(x).

Differentiating this formula and using the chain rule, we have

d

dt

(∫ b(t)

a(t)

f(x) dx

)
= f(b(t))b′(t)− f(a(t))a′(t).



Blue hyperbolas:  c>0  (c=0.01);

Green hyperbolas:  c<0  (c=-0.01);

Red lines correspond to    c=0.


