VECTOR CALCULUS. TUTORIAL V. FRIDAY 13TH OF MAy 2011

Problem 1: Let f = f(z,y, z) be a smooth function and A = aa—; + 88—22 4+ 2
be the Laplace operator. Show that

Af =div(Vf)

Problem 2: Show that .
div(curl F') =0

for any smooth vector field F = (Fy, Fy, F3).

Problem 3: Let
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a) Show that div F' = 0.
b) Let S be the unit sphere S = {(z,y,2) € R3, 22 + y? + 2% = 1}. Show that

// F.iidS = 4n
S

Hint: express i = 7i(x,y, z) in Cartesian coordinates (for every (z,y,z) € S).
You may also use without proof that the area of a unit sphere is 4.

c) Why is the Gauss-Ostrogradsky formula not applicable here?



SOLUTIONS

Problem 1. Vf = (f., f/, f.) and

xrJys

div(V[f) = 0ufr + 0y fy + 011 = fow + fyy + [1. = Af

Problem 2. curl F = (OyFs — 0,F5,0,F1 — 03 F3,0,F> — 0yF1), see lectures,
and

div(curl F) = 0, (0, F3 — 0. Fy) + 0y (0. Fy — 0, F3) + 0.(0pF2 — 0, F1)) = 0
Problem 3. a) Let r = (22 4 42 4 22)"/2. Then
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Analogously, by symmetry, 0, Fy = = — 3?7{—2 and 0,F3 = T%, — 35—2 and
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b) The outer unit normal to the sphere is parallel to the radius vector, so 7 =
(z,y,z) (this vector has a unit length for every (z,y,2z) € S). Thus, F = @ on
S and F.ii = |ii]2 = 1 on S. By this reason, the integral gives the area of a unit
sphere which is 4.

c) If the Gauss-Ostrogradky theorem were applicable, the integral must be equal
to the volume integral over the ball from div F* = 0 which is zero. Thus, the
theorem is not applicable. The reason is that the vector field F is not continuous
at x =y = z = 0, so the assumptions of the theorem are not satisfied.



