
Calculus MAT1015/1027. Test I. March 17, 2011.

Attempt ALL questions. Every subquestion carries 3 or 5 points
for MAT1015 or MAT1027 respectively.

Question 1. Let z = f(x, y) = x2 + y2 + 1
1−xy .

a) Compute the gradient ∇f and the Hessian matrix H(f).

b) Write out the Taylor expansions of f at (0, 0) up to order two inclusively.

c) Determine the type of the critical point (0, 0) for that function.

Question 2. Let x = x(u, v) = u + v, y = y(u, v) = v3 + v be the change of
coordinates on a plane.

a) Compute the Jacobi matrix J = ∂(x,y)
∂(u,v) .

b) Express the partial derivatives ∂
∂x and ∂

∂y in terms of ∂
∂u and ∂

∂v .
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Solutions.

Question 1.

a) ∇f = (2x + y
(1−xy)2 , 2y + x

(1−xy)2 ), H(f) =

(
2 + 2y2

(1−xy)3 ; 1+xy
(1−xy)3

1+xy
(1−xy)3 ; 2 + 2x2

(1−xy)3

)
.

b) f(0, 0) = 1, ∇f
∣∣
(0,0)

= (0, 0), H(f)
∣∣
(0,0)

=
(

2 1
1 2

)
and

f(x, y) = 1 +
1
2
(2x2 + 2y2 + 2xy) + H.O.T = 1 + x2 + xy + y2 + H.O.T.

c) detH = 3 > 0, Tr H = 2 > 0 and (0, 0) is a local minimum.

Question 2.

a) J =
(

1 ; 1
0 ; 3v2 + 1

)
.

b) Let f(u, v) = f(x(u, v), y(u, v)). Then f ′u = f ′x, f ′v = f ′x + (3v2 + 1)f ′y. Thus,
f ′y = 1

3v2+1 (f ′v − f ′u) and

∂

∂x
=

∂

∂u
,

∂

∂y
=

1
3v2 + 1

∂

∂v
− 1

3v2 + 1
∂

∂u
.


