Carcurus II. COURSEWORK II. DEADLINE: MAY 9TH 2011.

Problem 1.
a) Find a general solution of the following 2nd order ODE:

2%y’ — dzy’ + 6y =0

Hint: Seek for the partial solutions in the form y(z) = x®, where a is a constant to
be determined.

b) Show that the initial value problem y(0) = yo, ¥'(0) = y; for that equation
has a solution only if yo = y1 = 0. Does it mean that the theorem on existence and
uniqueness of solutions stated in notes is wrong? Explain your answer.

Problem II. Compute the double integral

/ (z* + y?) dx dy,
D

where D is a bounded domain of a plane restricted by y = = and y = x2.

Problem IIT.

a) Change the order of integration in the following iterated integral:

/Oa (/Oﬂ”f@,y)dy) i

(a > 0 is a constant). Hint: present it as a double integral with respect to some
domain D to be found.

b) Using the previous result show that

I ( [ ) dy) o= [ @)ty

(f is a scalar function of one variable).

Problem IV. Compute the area of the sphere S = {22 + y? + 22 = a2} using
the surface integration and spherical coordinates.



SOLUTIONS.

Problem I. Inserting y = x in the equation, we have
a(a — 1)z — dax® +62* =0, ala—1) —4a+6=0, a®* —5a+6=0,

i.e., a =2 or a = 3. Thus two linear independent solutions are z? and 2> and the
general solution is

y(z) = Cra* + Coa®.
We see that for ALL solutions y(0) = 0 = 3/(0) (no matter what are C; and Cs), so
the initial value problem is solvable only if yo = y; = 0. This does not contradict
the existence theorem of the notes. Indeed, this theorem was stated for the equation

y' + A(x)y' + B(x)y =0
6

with continuous coefficients A and B. In our case, A(z) = —2 and B(z) = 5 are
discontinuous at x = 0 and the theorem is not applicable.

Problem II.
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Problem III. Let D be a bounded domain of R? restricted by lines y = 0, x = a
and y = x. Then,

| (/me,y)dy) to= [ fopdeay= [ (/yaf(x,y)dx) .

In the case where f(z,y) = f(y) (independent of z) the internal integral in the
right-hand side can be computed and is equal to (a —y) f(y). This gives the desired
formula.

Problem IV. We need to compute the surface integral I = [, ¢ dS over the
sphere x2 4 y? + 22 = a?. In spherical coordinates, the sphere is parameterized by

. x sin € cos ¢
RO,p)=| vy | =a| sinfsing
z cos 6

with 0 <60 <7, 0 < ¢ < 27. The surface differential is equal dS = | Ry, x pr|d0 dop,

el €9 es sin 6 sin ¢
Ry X le —a?det | cosfcosp cosfsing —sinf | =asinf | sinfcosyp
—sinfsingp sinfcosp 0 cos 0

and

|Rj x R,| = a®sin 0\/sin2 0(sin? ¢ + cos? ) + cos? 0 = a*sin 6.
Thus, dS = a?sinf df dy and

27 T
I:/ dS:az/ / sin 6 df dp = 4ma®
z24y2422=a? 0 0

(as expected).



