VECTOR CALCULUS. PART I. DIFFERENTIAL CALCULUS
FOR MANY VARIABLES. (QUESTIONS FOR SELF-CONTROL

I. Differentials, partial derivatives, Taylor expansions. Let f be a function
of many variables, many=2 or 3 (f = f(z,y) or f = f(z,y,2)) and let (zg, o) or
(0, Yo, z0) be a given point.

— What are the increments dx, dy, 6z and df7

— What are the partial derivatives f;, f, and f;? How to compute them?
— How to approximate f by the linear function near (xg, yo, 20)

— What does it mean that the function f differentiable at (zg, yo,20)?

— How to write out the total differential df in terms of dx, dy and dz?

— How to linearize f near (zg,¥0,20)? And how to find the equation for the
tangent (line/plane) at this point?

— What is a gradient V f of the function f? And what is its geometric meaning?
— What are the directional derivatives and how are they related with the gradient?
— What are the contour lines (surfaces) for the function f?

— How to find the normal and a tangent line/plane to the contour line/curve?

— How to compute the higher partial derivatives f;/., f,,, etc.? And how to find
the quadratic terms in the expansions of § f7

o Why ;:/y = g;/:c?
— What is a Hessian matrix H(f) of the function f7

— How to write the first and the second order terms of the Taylor expansions of
f using V f and H(f)?

— What is a matrix of a quadratic form? (linear algebra)

Typical problems: You will be given a function f of 2 or 3 variables (some
smooth function, taken from the air. Actually, the function can be indeed arbitrary!
However, tough calculations are unlike!!). And you will be asked to find V f at some
point or/and H(f) at some point, compute the directional derivative at some given
direction lj find the equation of a tangent at this point or/and a tangent /normal to
the contour line/curve passing through this point. In addition, you may be asked
to write out the Taylor expansions of this function at some point including the
quadratic terms. See Tutorial I for more examples.



II. Critical points, minima, maxima and saddles.

— How do the graphs z = 22 +y? (elliptic paraboloid) and z = 22 —? (hyperbolic
paraboloid) look like?

— What is a difference between local and global maximum/minimum?
— 1st order test: why Vf =0 at any max/min?
— What are the critical points and how to find them?

— 2nd order test: why the quadratic form associated with the Hessian matrix
H(f) should be positive (negative) definite at the point of local minimum (maxi-
mum)?

— Why the eigenvalues of the Hessian matrix H(f) are important?

— Two-dimensional case: how to determine that a critical point is a local mini-
mum, maximum or saddle using det H(f) and Tr H(f)?

— When the second order test is inconclusive?

— How to find the global maximum/minimum of a smooth function in a region?
(critical points inside of the region + critical points on the boundary).

— What are the critical points of a function f(x,y) on a curve g(z,y) = 0?7 (What
geometric condition should hold in that points and why?)

— What are the Lagrange multipliers and how to write the Lagrange function for
that case?

— How to find critical points on a curve using the Lagrange multipliers method
(what system of simultaneous equations should be solved and with respect to what
variables?)

— Why the points where Vg = 0 should be also treated as critical ones?

— What to do in the case of more than 2 variables and/or in the case of more
than one constrains?

Typical problems: You may be given a function f of 2 or 3 variables and
be asked to find its critical points (= to solve a system of simultaneous equations
V f = 0; something simple, like a system of linear equations or linear plus quadratic
or something else where the roots are easy to find!) and find the type of every/some
of them using the second order test. Or you may be asked to find minimum and
maximum of a function on a curve/surface using Lagrange multipliers (again, no
tough calculations, but the square roots may appear!). Or as a combination, you
may be asked to find a maximum and minimum value of a function in a region
restricted by some smooth curve (find the critical points inside of the region + the
critical points on the boundary). See Tutorial II for more examples.



ITI. Chain Rule, change of variables and implicit functions.

— How to compute the total differential for the vector function of a wvector vari-
able?

— What is a Jacobi matrix of a map f : R" — R™?

— What is the inverse map f~! for the map f: R® — R"?

— How does the inverse function theorem looks like in the case of many variables?
— How to check that the map f : R®™ — R" is locally one-to-one near some point?
— How to compute the Jacobi matrix of the inverse map f~1?

— How does the chain rule for the Jacobi matrices of the compound map y(z(t)),
y € R™, x € R", t € RF looks like?

— What is the "invariance of the 1st differential” and why is it useful?

— How to write the chain rule for partial derivatives of the scalar compound
function f(z(u,v),y(u,v))? And how is it related with the general matrix rule?

— How to differentiate the dot and cross product of two vectors?

— What is the Jacobi matrix and its determinant for the case of polar coordinates?

— How to express the partial derivatives 8% and % with respect to the ”old”

variables in terms of the partial derivatives a% and 8% with respect to "new” coor-
dinates (if z = z(u,v) and y = y(u,v))?

— How to change variables in differential operators?

— How does it look for the case of polar coordinates? How to write the Laplacian
in polar coordinates?

— How to find the derivatives of a function given implicitly? And what is an
implicit function theorem?

— How to find the singular points on a curve or surface given implicitly?
Warning: Last to questions are not relevant for the test, but may be useful for
the exam!

Typical problems: You may be given some transform of a plane (or the sim-
plest one for the 3D space) of the form z = z(u,v), y = y(u,v) and be asked to find
a Jacobi matrix, to analyze where this transform is locally one-to-one (=compute
the determinant of this matrix) or/and write out explicitly the inverse map and
check the formula of the derivative for the inverse map. Or/and to compute 0,
and 0, in terms of 9, and 9, and to change variables in some simple differential
operator. In addition, you may be asked to find a Jacobi matrix for some implicit
map and to find potentially singular points of some implicit curve like 22 —y3 =0
(for exam only!) See Tutorial III for more examples.



