
Vector Calculus. Part II. Differential equations
and multiple integrals. Questions for self-control

I. Second order differential equations.

– What is a second order differential equation (ODE)?

– What does it mean that this equation is linear? What is homogeneous and
non-homogeneous equations?

– How the initial data for the second order equation should be posed?

– State the theorem on the existence and uniqueness of solutions for the linear
second order ODE. Why the continuity of the coefficients is important?

– Why the space of all solutions of a homogeneous ODE is a linear space? What
is the dimension of this space?

– Let two linear independent solutions of a homogeneous equation be given.
How to write a general solution of this equation? How to express the integration
constants there if the initial data at t = 0 are given?

– What is a Wronskian? And what differential equation does it satisfy?

– Let one solution of a homogeneous ODE be given. How to find the second
linear independent one using the Wronskian?

– Let two linear independent solutions of a homogeneous equation and a partial
solution of the non-homogeneous equation be known. How to write out the general
solution for the non-homogeneous problem?

– Let two linear independent solutions of a homogeneous problem be known.
How to find a partial solution of a non-homogeneous equation (variation of constants
method)?

– How to find two linear independent solutions of a homogeneous equation with
constant coefficients? What is a characteristic equation? What happens in the case
of two different real/complex roots? What to do when the roots are equal?

– What is the method of undeterminate coefficients? And to what equations is
it applicable?

– What is the difference between non-resonant, single resonant and double res-
onant cases?

Typical problems: You may be given a linear homogeneous second order ODE
with constant coefficients and be asked to find a general solution or/and a solution
satisfying the given initial data (the equation and data can be taken from the air,
but tough calculations are excluded) OR you may be given a non-homogeneous
equation with constant coefficients and the right-hand side in the form where the
partial solution can be found by the undeterminate coefficients method (again, no
tough computations, but you should be able to distinguish between the resonant
and non-resonant cases and know what to do if the right-hand side contains sin
or cos) OR you may be given an equation with non-constant coefficients plus one
solution of a homogeneous equation and will be asked to find the second one, write
a general solution, etc.
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II. Intergation (scalar case).

– Why do we need to define the integral through Riemann sums? What are the
relations between the ”area” and integration?

– What are the Riemann and Darboux sums associated with a given partition?

– Why do the limit of the integral sums (as the diameter of the partitions tends
to zero) exist for ”good” functions?

– How to ”justify” the change of variables and Newton-Leibnitz formula using
the integral sums?

– What are the multiple (double, triple) integrals over the region D of R2 or R3?

– What are the iterated integrals?

– How to reduce the multiple integral to the iterated ones (Fubini theorem)?
What is the difference between the cases of the rectangular and non-rectangular
domains?

– Why do the correct finding of the limits of integration in the iterated integrals
is crucial for computing multiple integrals?

– How to change variables in multiple integrals? Where the Jacobian comes
from?

– What are polar/cylindrical/spherical coordinates? What are the Jacobians for
that changes of coordinates?

– What are the line and surface integrals?

– How to compute the length differential if the curve is a graph (2D) and if it is
given parametrically?

– How to compute the ares differential if the surface is a graph (3D) and if it is
given parametrically?

– How to reduce the curve/surface integrals to the single/double ones?

– What quantities (lengths, areas, volumes, etc.) can be computed using multiple
integrals and how to do that?

Typical problems: You may be asked to reduce some double integral to the
iterated one (over the simple, but non-rectangular domain, rectangular domains
are ”too simple”!) and/or compute its value OR you may be asked to change the
order of integration in some iterated integral OR compute some double integral
by passing to polar coordinates OR compute some simple curve integral with the
evident/given parametrization of the curve.

Good news: Triple/surface integrals are unlike on the Exam!!
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III. Integration of vector fields.

– How to find a unit tangent vector field τ⃗ to the curve given as a graph (2D)
or parametrically?

– How to find a unit normal vector field n⃗ to the curve (2D) or surface (3D)?

– What is the orientation of a curve/surface?

– Do you know any non-orientable surfaces?

– What does it mean that the curve is oriented anti-clockwise and what is the
outer normal to the surface?

– Why do we need to integrate the dot product of a vector field with t⃗au or n⃗
over the curve/surface?

– How to reduce these integrals to the scalar case?

– Do you know the alternative notations for that integrals? And what is the
reason to introduce such notations?

– What are div F⃗ and curl F⃗?

– State the analogues of the Newton-Leibnitz formulas for multiple integrals (the
Green, Gauss-Ostrogradsky and Stokes ones). For every of them, explain how the
orientations should be chosen.

– Why the continuity the vector field and its gradient is important for validity
of that theorems?

– What vector fields are called potential?

– What are the necessary and sufficient conditions for the vector field to be
potential?

– How to find a potential of the potential vector field?

Typical problems: You may be asked to compute div or/and curl of a given
vector field OR to compute a simple line integral of a given vector field (with evi-
dent/given parametrization) OR you will be given an example where the integration
by parts does not applicable and be asked to explain why OR you will be asked to
compute some line integral by transforming it to a double integral.

Warning: every problem which you will see on exam possesses a short solution!
Tough calculations most likely mean that you are doing something wrong!!


