CLASSTEST FOR ” (INTRODUCTION TO) FUNCTION SPACES” (MMATH AND BsC)

November 6, 2009

Problem 1. Let (X, d) be a metric space:

a) (1 point): Give the definitions of a closure V and of an interior point set
int(V) of aset V C X.

b) (1 point): Prove that

int(VUW) DintV Uint W

for any two subsets V and W of X.
c) (1 point): Give an example of two sets V and W in some metric space X
such that
int(VUW) 2 int V Uint W.

Problem 2. Let (X, d) be a metric space:

a) (0.5 points): Define what does it mean that a sequence z,, € X is convergent
to some xg € X.

b) (0.5 points): Let f : X — Y, where Y is another metric space. Define what
does it mean that the function f is continuous at xy € X.

c) (1 point): Let X = [y be a space of sumable sequences with the standard
norm and let €}, be the k-th coordinate vector in it. Let & = (21,22, ,Zp, -+) € [

be an arbitrary point and let 7y := Zflzl Tn€n € l1. Prove that
T — & In l; as k — oo.

d) (1 point): Let X = [, be the space of bounded sequences with the standard
sup-norm, & € l,, be arbitrary and Zj € [, be the same as in the previous question.
Is it always true that

— —

Tp— 2 In ly as k — oo?

Justify your answer.

Problem 3.

a) (1 point): Let (X,d) be a metric space. Define what does it mean that the
metric space (X, ci), X C X, is a completion of the metric space X.

b) (1 point): Give the definition of the Lebesgue space L2([0,1]) of square
integrable functions.

c) (2 points): Let f(x) := \/%E Does it belong a) to La([0,1]); b) to La([1,2])?

Justify your answer



SOLUTIONS

Problem 1.

a) The closure V of the set V consists of all points zg € X such that there exists
a sequence x, € V converging in X to xg.

The interior point set int(V") of the set V' consists of all points xy € V' such that
there exists an e-ball B.(z¢) C V for some positive e.

b) Let zp € int V Uint W. By definition, g € V or zyp € W and there exists a
ball B.(xg) such that B.(xg) € V or B:(xzg) € W. In both cases B.(xg) € VUW
and therefore xp € int(V U W).

c) Of course, there are many such examples. The simplest one is X = R with
the standard metric, V = (0,1] and W = [1,2). Then, int(V U W) = (0,2), but
int VUint W = (0,1) U(1,2).

Problem 2.

a) A sequence z, € X is convergent to zo € X if for every ¢ > 0 there exists
exists N = N(g) such that

d(xp,xo) <&, ¥Yn> N.

b) A function f : X — Y is continuous at xq if for every ¢ > 0 there exists
d = d(e) > 0 such that

d(f(z), f(xg)) <e, Vaxe X such that d(z,z) <4

c¢) Note that & — Z; = (0,0, ,0, 211, Tk12, -+ ). By definition of the norm in
lla
o>
1 = Zallty = Sk = D el
n=k+1

Since Z € Iy, we have ||Z]|;, := >~ |#n| < 0o and therefore the "tails” S, — 0 as
k — oo. Thus, ¥ — Z in [;.
d) This statement is not always true in lo,. Indeed, let ¥ = (1,1,1,--+) € 0.
Then
7% — 21, =1

for all k& and therefore we do not have the convergence.

Problem 3.

a) The space X is a completion of the space X C X if
1) (X, d) is complete;
2) X is dense in X;

3) d(z,y) = d(z,y) for all z,y € X.



3

b) The Lebesgue space Ls([0,1]) is a completion of the space C([0,1]) with
respect to the following norm:

1
£l = /O ()2 da.

c) The function f ¢ L2(0,1) since the Riemann integral fol |f(x)]?dx = oc.
Indeed, since z = 0 is a singular point of f,

1 1
d 1
/0|f(x)|2dx=€1ir§+/a fzmmg:oo.

Obviously, f € Lo([1,2]) since f € C[1,2].



